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Abstract: In this paper we investigate the stability of buoyancy driven shear flows in inclined long cavities with end
wall temperature difference. Analytical expressions are found for the growth rate and stream function as a
function of wave number and the stability of the flow is discussed for different inclinations and a wide range of

Prandtl number.
1. Introduction

Convection in long inclined cavities driven by a temperature gradient along their longest axis is also
important for a variety of phenomena that occur in industry and nature. For instance in crystal growth for vapour
phase, larger transport arises. In the literature most of the published works considered cavities placed horizontally
(Daniels and Wang(1994)).

In the inclined cavity of shown in the figure, the basic flow arises for any temperature difference and its
intensity increases steeply with Rayleigh number as long as the isotherms are distorted by advection. The type of flow
that arises is similar to that described by Woods and Linz [1992] in inclined liquid —filled rock fractures with vertical
thermal gradient. Delgado —Buscalioni and Crespo del Arco (1999) studied the basic and secondary flow in an
inclined cavity filled with an incompressible viscous fluid. A classical review of earlier works can be seen in the
papers by Hart (1971, 1981, 2000).

In this work we study the stability of buoyancy driven shear flows in inclined long cavities with end wall
temperature difference. Using regular perturbation method, approximations of flow characteristics are found and

effect of various nondimensional numbers are discussed numerically with the help of graphs.
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2. Flow Description

We consider the flow in the two dimensional thermally driven shear flow in axially heated inclined long
cavities. The cavity is filled with an incompressible viscous fluid and inclined a degrees with respect to gravity. We
have employed Boussinesq approximation and assume that a convective motion is established due to a temperature
difference between the end walls. That is, it is assumed that in the inclined cavity under consideration, the basic flow
arises for any temperature difference and its intensity increases steeply with the Rayleigh number as long as the
isotherms are distorted by advection. The geometry of the problem and the structure of the basic flow are shown

below.
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g X (cross-stream direction)

Shear flow in long inclined cavities with end to end temperature difference

The equations governing the motion are given below

Vi =0 1)
p@* +(q*.v)q*} = —VP' g é eV @
‘ZI* +HGVOT = kV°T" 3)

PP = po(1—B*(T"=To)) 4)

Introducing h?/y, h,y/h and ATh/L as scales for time, length, velocity and temperature respectively in equations (1) to

(4), we get the nondimensional equations as follows.

V.% =0 (®)
L+ (5.7)F = ~Vp+ AG—RPr'Te, (6)

‘3—:+ (%.V)T = Pr-1AT @

where

e, = sinai — cos a k, is the gravity vector.
Subject to boundary conditions

=0
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Pl 0 atx = +1 8)
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Equilibrium velocity and temperature profiles are assumed to be
0, =(Uo, 0, Wo) and 9
To=— nz+ b+ BO(X) (10)

The equilibrium velocity and temperature are given by

o () = rt;:a (sinr sinh r;c(—rs)inhrsin rx) (11)

0,(x) = - ta:: a (smr sinh r;c-(l-:)mh rsinrx rx) (12)

where

d(r) = sinhr cosr + coshrsinr (13)
and

r = (MR cos a)/* (14)

In order to study the stability of the basic flow, the flow variables are written as the sum of the mean flow quantity
and a small perturbation.

w oy
0z W= ox’

We ascribe to the stream function and temperature perturbation

d2 2 d2 i H 62 2 "
(e (g ol i)

The stream function of the perturbation flow satisfiesu =

RP™(ik sin a0+ cosad’) (15)
d 2
M =P (d kZJH—ik(H;(o+W06?)—¢//' (16)
x?
Boundary conditions are ¢ (1) = @' (¥1)=0, @'(x1)=0 (17)
3 Analysis

In this section we analyze the behavior of the disturbances for long waves i.e., k is assumed to be small. We
attempt to find analytical expressions for the growth rate and stream using regular perturbation method.
Assuming

A=k +K2A+ ...

0 =To+KT1+KTo+......
@ =@otk 1+ K@+ ... (18)
And substituting in (15) — (18) and solving we get

@, = cosh (x)+ Az cosh (R2X)

To = Azcosh (yJA,B-X) + Az sinh ({/A, Px)+ R - ——F——sinh (R x)+

1 (o]

R,A .
———=2 gsinh (R,x
Pr’lez—/lo (R.x)
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Applying the boundary conditions we get the eigenvalues and eigen functions as follows.

Rz sinh (Ry1) cosh (R2) — Risinh(R2) cosh(R1) =0
Rz cosh (Ry1) sinh (R2) — R:icosh(R2) sinh(R1) =0

The above expressions do not give explicit values for Ao. Hence the values of Ao are obtained using the software

Mathematica 8.0.

@, = Ascosh (Rix) + Aessinh (Rix) +A7 cosh (R2x) +Assinh (R2x)

+Aghicosh (A, B-X)

+ Azo A1 Xsinh (R1X)

+ A1 A Xsinh (RzX)

+ Az2 xcosh (R1X)+ A1z xcosh (RzX)

+ Awussinh ((r+R1)x) + Assinh ((r-R1)x)
+As6Sinh ((H‘Rz)X) + Az7sinh ((I’-Rz)X)
+ Agg sin ((r+iR1)x) + Ao Sin((r-iR1)x)
+Az0sinh ((r+iR2)x) + Azisinh ((r-iR2)X)

+Ag2 sinh((r+4/ A, B-)X) + Azs sinh((r-y/A, B-)X)
+ Az sinh((r-i\/A, B-)X)+Ags sinh((r+iy/A, B-)X)

For brevity, the constants are given in Appendix.

4. Results and Discussion

We consider the flow in the two dimensional thermally driven shear flow in axially heated inclined long
cavities. The cavity is filled with an incompressible viscous fluid and inclined a degrees with respect to gravity. We
have employed Boussinesq approximation and assume that a convective motion is established due to a temperature
difference between the end walls. The effect of inclined boundaries on the stability of the basic flow in axially heated
long inclined cavity is the main concern of this work. Hence we have found the value of the growth rate as a function

of Prandtl number, Rayleigh number and angle of inclination numerically and plotted them in figures (1) —(6).

Growth rate Vs wave number
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Figure 1 Growth rate as a function of wave number (Pr =0.7, R=10.0)
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Growth rate Vs wave number
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Figure 2 Growth rate as a function of wave number (alpha = pi/3.0, R=10.0)

Frequency vs wave number
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Figure 3 Growth rate as a function of wave number (alpha = pi/6.0, Pr=0.7)
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Growth rate vs Prandtl number
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Figure 4 Growth rate variation with respect to Prandtl number (alpha = pi/6.0,R=10.0)

Frequency Vs inclination angle
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Figure 5 Growth rate variation with respect to Angle of inclination (Pr=0.7,R=10.0)
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Frequency Vs Rayleigh number
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Figure 6 Growth rate variation with respect to R (Pr=0.7,alpha=pi/3)

It was found from these figures that Rayleigh number plays a significant role in enhancing the stability of the
flow. We can see that the real part of the growth rate decreases due to increase in Rayleigh number. Angle of

inclination and Prandtl number is found to increase the growth rate.

Stream function Vs x
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Figure7 Stream function variation wrt x (Pr=0.7,R=10.0)
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Stream function for different Pr
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Figure 8 Stream function variation wrt x (alp=pi/3,R=10.0)

Stream function vs R
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Figure 9 Stream function variation wrt x (alp=pi/3,Pr=0.7)

Figures (7) — (9) show that increase in angle of inclination, Prandtl number and the wave number are found to

decrease the stream function of the disturbances. Hence we can infer that by increasing the angle of inclination we can

stabilize the flow.
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Temperature vs X
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Figure 10 Temperature distribution as a function of x (k=0.5,Pr=0.7, R=10.0)
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Figure 12 Temperature distribution as a function of x (k=0.5R=10.0, alp = pi/6)
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Temperature vs X
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Figure 13 Temperature distribution as a function of x (Pr=0.7,R=10.0, alp = pi/6)

Temperature Vs Pr

2.00E+02

0.00E+00 [—= —

-2.00E+02 \ ~—

-4.00E+02 \ —x=-1.0

-6.00E+02 x=0.0
\ e x=1.0

-8.00E+02

-1.00E+03

Temperature

-1.20E+03

Pr

Figure 14 Temperature distribution as a function of Pr
(k=0.4,R=10.0, alp = pi/6)
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Temperature vs alpha
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Figure 15 Temperature distribution as a function of alpha (k=0.4,R=10.0, Pr=0.71)
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Figure 16 Stream function as a function of Pr (k=0.4,R=10.0, alp=pi/6.0)
From Figures (10) — (16) it can be seen that temperature profile increases with the increase in the Rayleigh

number, Prandtl number and wave number. Increase in the angle of inclination of the cavity decreases the temperature

of the flow.

5. Conclusions

In this work we investigated the stability of buoyancy driven shear flows in inclined long cavities with end

wall temperature difference. Analytical expressions are found for the growth rate and stream as a function of wave

number and the stability of the flow is discussed for different inclinations and a wide range of Prandtl number.

Some of the important findings are
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» Rayleigh number plays a significant role in enhancing the stability of the flow. Real part of the growth rate
decreases due to increase in Rayleigh number.

» Angle of inclination and Prandtl number are found to increase the growth rate.

» Increase in angle of inclination, Prandtl number and the wave number are found to decrease the stream
function

» Temperature profile increases with the increase in the Rayleigh number, Prandtl number and wave number.

» Increase in the angle of inclination of the cavity decreases the temperature of the flow.
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Appendix
1
T = (1R cos )+
dr = sinhr cosr + coshrsinr
C _ T tana sinr
1 B Pr dar
C _ T tana sinhr
2 B Pq ar
_ n ana sinr
C3 B - r . dar b
E ana sinnr
C4 - r dar
Cs = ntana
Wy = C; sinh(rx) + C, sin(rx)
0, = C; sinh(rx) + C,sin(rx) + Csx
1
[ 1B
Ao(14PT) + J/lg(l—Pr)2+4R cosa
R4 =
2
“1
[ 1B
Ao(14PT) + J/lg(l—Pr)2+4R cosa
R, =
2
_ i cosh(R,)
Al B - cosh(R;)
Polx) = cosh(Ryx) + A, cosh(R,x)
— Ry
Cs - Pr—1RZ -1,
_ Ry
Co - Pr—1RZ-1, A4
_ _ 1
Coa B \/PrAq cosh(,/Pray)
A, = Coq(CgRq cosh(Ry) + C9R, cosh(R,))
to = A, sinh(,/Pr/lox) + A3 sinh(R,x) + A, sinh(R,x)
Cio = Ci(Rf —12)
€11 = C,(R? + R3)
Ci2 = 1‘1161(1{12 -r?%)
Ci3 = A1C, (R +717%)
C2o = C3
(21 = Cy .
R —_
C22 = Cig ( 12r ) [(r + R1)? = 4]
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C23 = Cig (R1 — ) [(r — R)? = 4]
C24 = C1841 ( ) [(r + Ry)? — 4]

Cos = CigA1 (R%_Tz) [(r = R2)? — 4]
Ca6 = Ci9 (R1+r ) [(r +iR1)? — Ao]
Cy7 = Ci9 (R1+r ) [(r —iRy)? — o]
Cog = C1044 (RZ il ) [(r +iRy)? — 2]
Ca9 = C1944 (RZ - ) [(r —iR;)? — 4]
Cso = iRPr~1R; sina
Csq = iRPr~1A,R, sina
Cs = CZ"T (r + R)iRPr~lcosa
Css3 = % (r —R)iRPr~lcosa
C34 = C“T =L (r +iR)iRPr ' cosa
C3s = %(r — 1R1)1RPr cosa
(¢ = %(r+ R,)iRPr~cosa
C3; = % (r — R,)iRPr~lcosa
C3g = % (r +iR,)iRPr ' cosa
C39 = % (r —iR,)iRPr~'cos a
Cso = @(T +/Pry)iRPr=tcos a
Cyy = C18A2 (r — \/Prig)iRPr~' cosa
Cip = % (r —iy/Prag)iRPr~'cosa
Cyz = —%(r +i,/Prao)iRPr~1 cos &
Cae = % (r + R)iRPr~'cosa
C4s = - % (r — Ry)iRPr~'cosa
Cue = C19A31 (r —iR,)iRPr~lcosa
Cy7 = C19A31 (r +iR,)iRPr~ cosa
Cig = CISA“ (r + Ry)iRPr~tcosa
Cs9 = —%(T — R,)iRPr~'cosa
Cso = 2228 (r — iR,)iRPr ! cos
Cs;y = C“’A“ (r +iR,)iRPr~lcosa
A, = RZ(RZ (C30 +ntanaR,)
Az = m((fgl +ntanaR, A;)
A = (r+R1)2((r+R1)21—1R§)((r+R1)2—R§)
Ais = (r—R)?((r—R)?>—R%)((r—R;)?>—RZ)
A = (r+R2)2((r+R2)2—1R§)((r+Rf)2—R§)
Ay = (r-R;)2((r+R2)?—R2)((r+R,)?-R%)
Mg = (r+iR)2((r+iR;)2—R2)((r+iR;)?>—R3)
A9 = (r—iR1)2((r—iRl)Z_—Rf)((r—iRl)Z—Rg)
Ay = —

(r+iR2)2((r+iRz)2+R%)((r+iR2)2+R3)

(r+iR2)%((r—iR2)2+R%)((r—iR2)2+R3)
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-1
(r+yPrio) ((r+yPrig) +RE)((r+yPrig) +R3)
-1
(r—yP0) " (r+y/Pr) +R2)((r+(PrAo)" +R3)
(r=iyPrao) ((r+i/Prio) +R2)((r+i/PrAo) +R2)

-1
(r=iyPrig) ((r+iyPriy) —RZ )((r+iyPrig) —R3)
Cs, =—Aq; cosh(Ry) — Ajz cosh(R,) — Ay sinh(r + Ry) — Ay sinh(r — Ry)
—Aqgsinh(r + R,) — Ay; sinh(r — Ry) — Aygsin(r +iR;)
—Aqgsin(r —iRy) — Ayg sin(r + iRy) — Ayq sin(r — iR;)
—Ay; sinh(r + w/Pr}LO) — Ays sinh(r - 1/P?‘AO)

—Agy sin(r — i,/Pr/lo) — Ays sin(r + i,/Pr)lO) Cs3 =—A;, sinh(Ry) — Ay, cosh(R;) — A13R, sinh(Ry) —
A13 COSh(Rz)

—A14(r + Ry) cosh(r + Ry) — Ay5 (r — Ry)cosh(r — Ry).
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