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1. Introduction 

Consider the following quadratic functional differential equation on unbounded intervals,, 
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Where ( ), : \{0}a CRB R f R R R    , : : .g R R C Rand h R R C R                                        

The quadratic functional differential equation (1) is new to the theory of nonlinear differential equations 

and some special cases of these quadratic functional differential equation with 𝑎 = 1 have been studied in 

the literature on closed and bounded intervals for various aspects of the solutions Hale [13] , Ntouyas [16] 

Dhage [11].The QFDE (1)is not discussed  on closed but unbounded intervals of real line. In this paper,we 

discuss the quadratic perturbations of the first order ordinary differential equation for existence as well as 

for different characterizations of the solutions such as attractivity, asymptotic attractivity and ultimate 

positivity of the solutions using hybrid fixed point theory. 

2. Existence Results 

Let X be a non-empty set and let T : 𝑋 → 𝑋. An invariant point under T in X is called a fixed point of T, 

that is, the fixed points are the solutions of the functional equation T 𝑥 = 𝑥. Any statement asserting the 

existence of fixed point of the mapping T is called fixed point theorem for the mapping T in X. We  give 

some fixed point theorems useful in the attrratctivity and ultimate positivity of the solutions for functional 

differential equation (1) on unbounded intervals.  

 Theorem 2.1 (Granas and Dugundji) [12]. Let S be a non-empty, closed, convex and bounded subset of 

the Banach space X and let 𝑄 ∶ 𝑆 → 𝑆 be a continuous and compact operator. Then the operator equation

Q x x  has a solution in S. 
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  The following  fixed point theorem of Burton [3] which is a special case of a hybrid fixed point 

theorem [11] of Banach spaces. 

Theorem2.2 (Dhage[7]). Let S be a closed, convex and bounded subset of the Banach space X and let 

𝐴: 𝑋 → 𝑋 𝑎𝑛𝑑 𝐵: 𝑆 → 𝑋 be two operator such that  

(i) A is nonlinear D-contraction, 

(ii) B is completely continuous, 

(iii) .x Ax By x S for all y S      

Then the operator equation Ax Bx x   has a solution in S. 

Theorem2.3 (Dhage[10]). Let S be a non-empty, closed convex and bounded subset of the Banach algebra 

X and Let : :A X X and B S X   be two operators such that  

(i) A is D-Lipschitz with D-function 𝜓, 

(ii) B is completely continuous, 

(iii) ,x Ax By x S for all y S and       ( ) , ( ) sup{ : }M t r where M B S Bx x S      

Then the operator equation Ax Bx x  has a solution in S. 

3. Characterizations of Solutions 

We find the solutions of the FDE (1) in the space
0( , )BC I R R of continuous and bounded real-valued 

functions defined on
0I R  . Define a standard supremum norm || .|| and a multiplication “ . ” in BC

0( , )I R R by  

    
0

sup | ( ) | ( ) ( ) ( ) ( ),
t I R

x x t and xy t x t y t t R



 

    

Clearly, BC 0( , )I R R becomes a Banach algebra with respect to the above norm and the multiplication 

in it. By 1( , )L R R
 we denote the space of  lebesgue integrable functions on R

and the norm

1

1( , )
L

in L R R  is defined by 

    1
0

| ( ) | .
L

x x t ds


   

We  assume that 𝐸 =
0( , )BC I R R and let Ω be a non-empty subset of X. Let Q : 𝐸 → 𝐸 be a operator 

and consider the following operator equation in E, ( ) ( )Qx t x t for all 
0 .t I R    

 We  give different characterizations of the solutions for the operator equation ( ) ( )Qx t x t  in the space

0( , )BC I R R  . 

Definition 3.1. We say that solutions of the operator equation ( ) ( )Qx t x t are locally attractive if there 

exists a closed ball 
0( )rB x in the space

0( , )BC I R R  for some 0 0( , )x BC I R R  such that for arbitrary 

solutions ( ) ( )x x t and y y t  of equation ( ) ( )Qx t x t  belonging to 
0( )rB x  we have that  

     lim( ( ) ( )) 0
t

x t y t


   
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In the case when the limit ,is uniform with respect to the set 
0( )rB x , i.e., when for each ∈> 0 there exists 

T >0 such that 

     | ( ) ( ))x t y t  

for all 𝑥, 𝑦 ∈ 
0( )rB x  being solutions of ( ) ( )Qx t x t  and for 𝑡 ≥ 𝑇, we will say that solutions of equation

( ) ( )Qx t x t  are uniformly locally attractive on
0 .I R

 

Definition 3.2. A solution 𝑥 = 𝑥(𝑡) of equation ( ) ( )Qx t x t  is said to be globally attractive if 

lim( ( ) ( )) 0
t

x t y t


   holds for each solution 𝑦 = 𝑦(𝑡) of ( ) ( )Qx t x t  in
0( , )BC I R R

.
 In other words, we 

may say that solutions of the equation ( ) ( )Qx t x t are globally attractive if for arbitrary solutions x(t) and 

y(t) of ( ) ( )Qx t x t  in
0( , )BC I R R The condition lim( ( ) ( )) 0

t
x t y t


   is satisfied. In the case when the 

condition lim( ( ) ( )) 0
t

x t y t


   is satisfied uniformly with respect to the space 
0( , )BC I R R i.e., if for 

every ∈>0 there exists T>0 such that the inequality lim( ( ) ( )) 0
t

x t y t


   is satisfied for al x,y,∈

0( , )BC I R R  being the solutions of ( ) ( )Qx t x t  and for 𝑖 ≥ 𝑇, we will say that solutions of the equation

( ) ( )Qx t x t are uniformly globally attractive on
0 .I R  

We  introduce the new concept of local and global ultimate positivity of the solutions for the operator 

equation ( ) ( )Qx t x t  in the space
0( , )BC I R R . 

Definition 3.3 . A solution x of the equation ( ) ( )Qx t x t  is called locally ultimately positive if there exists 

a closed ball 
0( )rB x  in the space

0( , )BC I R R  for some 𝑥0 ∈ 
0( , )BC I R R  such that 𝑥 ∈ 

0( )rB x  and  

            lim | ( ) | ( ) 0.
t

x t x t


   

In the case when this limit, is uniform with respect to the solution set of the operator equation ( ) ( )Qx t x t  

in 
0( , )BC I R R  i.e., when for each ∈ > 0 there exists T > 0 such that                                                        

                                                         ( ) ( ) ( )x t x t x t  

For all x being solutions of ( ) ( )Qx t x t  in 
0( , )BC I R R and for 𝑡 ≥ 𝑇, we will say that solutions of 

equation ( ) ( )Qx t x t  are uniformly locally ultimately positive on R
. 

 

Definition 3.4 .A solution 𝑥 ∈ 
0( , )BC I R R of the equation ( ) ( )Qx t x t  is called globally ultimately 

positive if  lim | ( ) | ( ) 0.
t

x t x t


    is satisfied. In the case when the limit ( ) ( ) ( )x t x t x t  is uniform 

with respect to the solution set of the operator equation ( ) ( )Qx t x t  in 
0( , )BC I R R i.e., when for each ∈

 > 0 there exists T > 0 such that limit, is satisfied for all x being solutions of ( ) ( )Qx t x t  in 

0( , )BC I R R . 

and for 𝑡 ≥ 𝑇, we will say that solutions of equation ( ) ( )Qx t x t  are uniformly globally ultimately 

positive on  
0I R . 
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Main Result 

We  prove the global attractivity and positivity results for the functional differential equation(1) on 

0I R  under some suitable conditions. Let I be a closed interval in R and let ( , )AC I R  be the space of 

functions which are defined and absolutely continuous on I. 

First, we prove the global attractivity and ultimate positivity results for the functional differential equation 

(1) on 
0I R . 

Definition3.5. By a solution for the functional differential equation (1) we mean a function

0( , ) ( , )x BC I R R AC R R     𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

the function 
( ) ( )

( , ( ))

a t x t
t

f t x t
is absolutely continuous on R

 and 

x  satisfies the equations in (1) on 
0I R . 

where ( , )AC R R
 is the space of absolutely continuous real-valued functions on right half real axis R

. 

Consider the following set of hypotheses. 

(𝐴1). There exists a continuous function h : R R  such that         | ( , , ) | ( ) . .g t x y h t a e t R   

              for all x R  and y C . Moreover, we assume that  
0

lim| ( ) | ( ) 0
t

t
a t h s ds


  

2( ) (0) 0A  
.
 

(𝐴3). The function ( ,0,0)t f t is bounded on R
 with  

0 sup{| ( ,0,0) | : }.F f t t R   

(𝐴4) .The function :f R R R    is continuous and there exists a function  ( , )BC R R  and a 

real number K > 0 such that 

                              

| |
| ( , ) ( , ) | ( )

| |

x y
f t x f t y t

K x y




 
 

                        for all ,t R and x y R  Moreover, we assume 
0sup ( ) .t t L   

 (𝐴5).    
 lim | ( , ) | ( , ) 0 .

t
f t x f t x for all x R


  

 

6( ) (0, (0)) 0.A f    

(𝐴7) . (0, (0)) 1f    

(𝐴8). The function 
(0, )

x
x

f x
 𝑖𝑠 𝑖𝑛𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑖𝑛 R

. 

Theorem 3.1. Assume that the hypotheses (𝐴1), (𝐴3), (𝐴4), (𝐴7) and(𝐴8)) hold. Further, assume  that 

 max{|| ||,| (0) | || || } .L a W K                                                               (3) 

Then the functional differential equation (1) has a solution and solutions are uniformly globally attractive 

on
0I R

   .
 

Proof. Now, using hypotheses (𝐴7) and (𝐴8 ) it can be shown that the FDE (1) is equivalent to    the 

functional integral equation 
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  0

0

( , ( )) (0) ( ) ( ) ( , ( ), ) ,
( )

( ),

t

sf t x t a t a t g s x s x ds if t R
x t

t if t I







  

 



      

(4) 

Set 
0( , )X BC I R R  and define a closed ball (0)rB  in X centered at origin of radius r given by 

   0max 1, max || ||,| (0) | || ||r L F a W     

Define the operators A on X and B on (0)rB  by 

                               
0

( , ( )),
( )

1,

f t x t if t R
Ax t

if t I


 



                                                 (5) 

And    
 

0

0

(0) ( ) ( ) ( , ( ), ) ( , ( ), ) ,
( )

( ), .

t

s sa t a t g s x s x h s x s x ds if t R
Bx t

t if t I






   

 




                                   

(6) 

 Then the FIE (4) is transformed into the operator equation as 

             
0( ) ( ) ( ), .Ax t Bx t x t t I R                                             (7) 

We Show that A and B satisfy all the conditions of  Theorem 2.3 on 
0( , )BC I R R First we show that the 

operators A and B define the mappings : : (0) .rA X X and B B X    be arbitrary. Obviously, Ax is a 

continuous function on 
0I R . We show that Ax is bounded on

0I R . Thus, if t R , then we obtain: 

                 
0 0

| ( )| | ( , ( ))| | ( , ( )) ( ,0) | | ( ,0) |

| ( ) |
( )

| ( ) |

Ax t f t x t f t x t f t f t

x t
t F L F

K x t

   

   


 

Similarly, 
0| ( ) | 1 .Ax t for all t I  Therefore, taking the supremum over t, 

 0|| || max 1,Ax L F N    

Thus Ax is continuous and bounded on 0I R  . As a result 𝐴𝑥 ∈ 𝑋. It can be shown that 𝐵𝑥 ∈ 𝑋 and in 

particular, :A X X and : (0) .rB B X  We show that A is a Lipschitz on X. Let 𝑥, 𝑦 ∈ 𝑋 be  arbitrary. 

Then, by hypothesis (𝐴3), 

0

0

|| || sup | ( ) ( ) |

max sup | ( ) ( ) |,sup | ( ) ( ) |

| ( ) ( ) |
max 0, sup ( )

| ( ) ( ) |

|| ||

|| ||

t I

t I t

t

Ax Ay Ax t Ay t

Ax t Ay t Ax t Ay t

x t y t
t

K x t y t

L x y

K x y







 

 



  

 
   

 

 
  

  




   

for all 𝑥, 𝑦 ∈ 𝑋. This shows that A is a D-Lipschitz on X with D-function 𝜓 ( )
Lr

r
K r




 next, it can be 

shown that B is a compact and continuous operator on X and in particular on (0)rB Next , we estimate the 
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value of the constant M. By efinition of M, one has 

 



0

0

(0)

0

|| ( (0)) || sup || || : (0)

sup sup | ( ) | : (0)

sup max sup | ( ) |,sup | ( ) | : (0)

sup max || ||, | (0) || ( ) |

sup| ( )| | ( , ( ), ) ( , ( ), ) | }}

r

r r

r
t I

r
t I t

x B

t

s s
t

B B Bx x B

Bx t x B

Bx t Bx t x B

a t

a t g s x s x h s x s x ds

 







 

 





 

 
  

 

  
    

  



 

 

 

max || ||, | (0))|| ||

,

|| || max || ||, | (0) | || ||

a W

Thus

Bx a W M

 

 

 

  



 

for all 𝑥 ∈  𝐵̅𝑟(0). Next , let 𝑥, 𝑦 ∈ 𝑋 be arbitrary. Then, 

              

 

   
0

0

| ( ) | | ( )| | ( ) |

|| || || ||

|| ( ) || || ( (0)) ||

max 1,

max 1, max || ||,| (0) | || ||

r

x t Ax t By t

Ax By

A X B B

L MF

L a WF

r

 







 

  



 

For all 𝑡 ∈ 0I R . Therefore, we have: 

   0|| || max 1, max || ||,| (0) | || ||x L F a W r      

This shows that 𝑥 ∈ (0)rB  and hypothesis (c) of Theorem 2.3 is satisfied. Again,  

         

 max || || | (0) | || ||
( )

L a W r
M r r

K r

 



 


 

For r>0, because 

 max || || | (0) | || || .L a W K     

Therefore, hypothesis (d) of Theorem 2.3 is satisfied. Now we apply Theorem 2.3 to the operator equation 

𝐴𝑥 𝐵𝑥 = 𝑥 to yield that the FDE (1) has a solution on 0I R  Moreover, the solutions of the FDE (1) are 

in (0)rB  Hence, solutions are global in nature. 

Finally, let 𝑥, 𝑦 ∈ (0)rB be any two solutions of the FDE (1) on 0I R  . Then 

    
    

  

0

0

0

| ( ) ( ) | | ( , ( )) (0) ( ) ( ) ( , ( ), ) ( , ( ), )

( , ( )) (0) ( ) ( ) ( , ( ), ) ( , ( ), )

| ( , ( )) ( , ( )) | (0) ( ) ( ) ( , ( ), ) ( , ( ), )

| ( , ( )) ( ) (

t

s s

t

s s

t

s s

x t y t f t x t a t a t g s x s x h s x s x ds

f t y t a t a t g s y s y h s y s y ds

f t x t f t y t a t a t g s x s x h s x s x ds

f t y t a t g







   

  

   









     0
, ( ), ) ( , ( ), ) ( , ( ), ) ( , ( ), )

t

s s s ss x s x g s y s y h s x s x h s y s y ds  
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 
 

0

0

| ( , ( )) ( , ( ))| | (0)|| ( ) | | ( ) | ( )

2 | ( , ( )) ( ,0) | | ( ,0) | ( )

| ( ) ( ) |
( ) (| (0) | || || )

| ( ) ( ) |

( ) | ( ) |
2 ( )

| ( ) |

(| (0) | || || ) | ( ) ( ) |

| ( ) ( )

t

f t x t f t y t a t a t h s ds

f t x t f t f t w t

x t y t
t a W

K x t y t

t y t
F w t

K y t

L a W x t y t

K x t y t







  

  


 

 

 
  

 

 


 



02( ) ( ) (8)
|

L F w t 

                              

Taking the limit superior as 𝑡 → ∞ in the above inequality yields, 

lim | ( ) ( )| 0
t

x t y t


   

Therefore, there is a real number T > 0 such that |𝑥(𝑡) − 𝑦(𝑡)| < ∈ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ≥  𝑇. Consequently, the 

solutions of FDE (1) are uniformly globally attractive on 0I R
.
This completes the proof. 

Theorem 3.2. Assume that the hypotheses (𝐴1) – (𝐴6) hold. Then the functional differential equation (1) 

has a solution and solutions are uniformly globally attractive and ultimately positive defined on 
0I R

.
 

Proof. By Theorem 4.1 the FDE (1) has a global solution in the closed ball (0)rB
.
where the radius r is 

given as in the proof of Theorem 4.1, and the solutions are uniformly globally attractive on 0I R . We 

know that for any  𝑥, 𝑦 ∈ 𝑅, one has the inequality, 

                                | | | | | | ,x y xy xy   

and therefore, 

|| | ( )| | | | | | | || | | | |xy xy x y y x x y                                                                 (9)  

for all  𝑥, 𝑦, ∈. 𝑅. Now for any solution  𝑥 ∈ (0)rB on has 

  
  

0

0

|| ( )| ( ) | | [ ( , ( ))] (0) ( ) ( ) ( , ( ), ) ( , ( ), ) |

([ ( , ( ))] (0) ( ) ( ) ( , ( ), ) ( , ( ), )

t

s s

t

s s

x t x t f t x t a t a t g s x s x h s x s x ds

f t x t a t a t g s x s x h s x s x ds





   

  




 

 

Taking the limit superior as  𝑡 → ∞ in the above inequality , we obtain  lim || ( )| ( )| 0
t

x t x t


   Therefore, 

there is a real number T > 0 such that  ||𝑥(𝑡)| − 𝑥(𝑡)| ≤ ∈ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ≥ 𝑇. Hence, Solutions of the FDE 

(1) are uniformly globally attractive as well as ultimately positive defined on  0I R . This completed the 

proof. 
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