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Abstract- In this paper, I introduce the concept of weakly ultra-ℳ𝑋 �̂�𝛽 -separation of two sets in a 𝑚-space using 

ℳ𝑋 �̂�𝛽 -open sets. The ℳ𝑋 �̂�𝛽 -closure and the ℳ𝑋 �̂�𝛽 -kernel are defined in terms of this weakly ultra- 

ℳ𝑋 �̂�𝛽 -separation. I also investigate some of the properties of the ℳ𝑋 �̂�𝛽 -kernel and the ℳ𝑋 �̂�𝛽 -closure. It is the 

aim of this paper to offer some weak separation axioms by utilizing ℳ𝑋 �̂�𝛽 - open sets and the ℳ𝑋 �̂�𝛽 -closure 

operator.   Also I introduce 𝑆𝑜𝑏𝑒𝑟-ℳ𝑋 �̂�𝛽𝑅0. Further, we obtain some characterizations and some properties. 

 

Keywords: ℳ𝑋 �̂�𝛽 -closed set, ℳ𝑋 �̂�𝛽 -closure, ℳ𝑋 �̂�𝛽 - interior, weakly ultra- ℳ𝑋 �̂�𝛽  separation, ℳ𝑋 �̂�𝛽 -

kernel, 𝑆𝑜𝑏𝑒𝑟- ℳ𝑋 �̂�𝛽𝑅0. 

I. Introduction 

In 1950, H. Maki, J. Umehara and T. Noiri [3] introduced the   notions of minimal structure and minimal space. 

Also they introduced the notion of 𝑚𝑋-open set and 𝑚𝑋-closed set and characterize those sets using 𝑚𝑋– 𝑐𝑙 and 

𝑚𝑋 − 𝑖𝑛𝑡 operators respectively. Further they introduced 𝑚 -continuous functions [11] and studied some of its 

basic properties. They achieved many important results compatible by the general topology case. Some other results 

about minimal spaces can be found in [4–11]. For easy understanding of the material incorporated in this paper we 

recall some basic definitions. For details on the following notions we refer to [4], [3] and [7]. I introduced ℳ𝑋 �̂�𝛽 

-closed sets [13]. In this paper we introduce the ℳ𝑋 �̂�𝛽 -closure and the ℳ𝑋 �̂�𝛽 - kernel are defined in 𝑚 -spaces. I 

also investigate some of the properties of the ℳ𝑋 �̂�𝛽 -kernel and the ℳ𝑋 �̂�𝛽 -closure. It is the aim of this paper to 

offer some weak separation axioms by utilizing ℳ𝑋 �̂�𝛽 -open sets and the ℳ𝑋 �̂�𝛽 -closure operator. Using this 

concept I introduce 𝑆𝑜𝑏𝑒𝑟-ℳ𝑋 �̂�𝛽𝑅0 in minimal structures.  

2. Minimal Structures 
 

In this section, we introduce the ℳ -structure and define some important subsets associated to the ℳ -structure and 

the relation between them. 

 

Definition 2.1:[1][2].A subfamily 𝑚𝑋 of the power set 𝑃(𝑋) of a non-empty set 𝑋 is called a minimal structure 

(briefly, 𝑚 -structure) on 𝑋  if ∅ ∈ 𝑚𝑋 and 𝑋 ∈ 𝑚𝑋. In this case (𝑋, 𝑚𝑋)  is called 𝑚 -space. Each member of 𝑚𝑋 is 

said to be 𝑚𝑋 -open and the complement of an 𝑚𝑋 -open set is said to be 𝑚𝑋 -closed set and 𝑐(𝑚𝑋)  the collection of 

all  𝑚𝑋 -closed sets.  
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Definition 2.2: [1][2].Let (𝑋, 𝑚𝑋) be a 𝑚 -space, for a subset 𝐴 of 𝑋 , the 𝑚𝑋 - closure of 𝐴 and the 𝑚𝑋 -interior of 

𝐴 are defined as follows: 

(i) 𝑚𝑋 − 𝑐𝑙(𝐴)  = ∩ {𝐹 ∶  𝐴 ⊆  𝐹, 𝐹 ∈ 𝑐(𝑚𝑋 ) } 

(𝑖𝑖)𝑚𝑋 − 𝑖𝑛𝑡(𝐴) = ∪ { 𝑈 ∶ 𝑈 ⊆ 𝐴, 𝑈 ∈ 𝑚𝑋 } 

Note that 𝑚𝑋 −  𝑐𝑙(𝐴) is not necessarily 𝑚𝑋 -closed, also 𝑚𝑋  −  𝑖𝑛𝑡(𝐴) is not necessarily 𝑚𝑋 -open. 

Lemma 2.3: [1][2].Let (𝑋, 𝑚𝑋)  be a 𝑚 -space, for a subset 𝐴 of 𝑋 , the following hold : 

(i). 𝑚𝑋 − 𝑖𝑛𝑡(𝐴)𝑐 = [𝑚_𝑋 − 𝑐𝑙(𝐴)]𝑐 and 𝑚𝑋 − 𝑐𝑙(𝐴𝑐) =  [𝑚𝑋 − 𝑖𝑛𝑡(𝐴)]𝑐 

(ii). If 𝐴 ∈  𝑐(𝑚𝑋), then 𝑚𝑋  −  𝑐𝑙(𝐴)  =  𝐴 and if 𝐴 ∈ 𝑚𝑋 ,then 𝑚𝑋  −  𝑖𝑛𝑡(𝐴)  =  𝐴 

(iii). 𝑚𝑋  −  𝑐𝑙(∅)  =  ∅ , 𝑚𝑋  −  𝑐𝑙(𝑋 ) =  𝑋 , 𝑚𝑋 −  𝑖𝑛𝑡(∅)  =  ∅ and 𝑚𝑋 −  𝑖𝑛𝑡(𝑋)  =  𝑋 

(iv). If 𝐴 ⊆  𝐵, then 𝑚𝑋  −  𝑐𝑙(𝐴)  ⊆  𝑚𝑋 −  𝑐𝑙(𝐵) and 𝑚𝑋 −  𝑖𝑛𝑡(𝐴)  ⊆  𝑚𝑋  −  𝑖𝑛𝑡(𝐵) 

(v). 𝐴 ⊆  𝑚𝑋  −  𝑐𝑙(𝐴) 𝑎𝑛𝑑 𝑚𝑋  −  𝑖𝑛𝑡(𝐴)  ⊆  𝐴 

(vi). 𝑚𝑋  −  𝑐𝑙(𝑚𝑋  −  𝑐𝑙(𝐴))  =  𝑚𝑋 −  𝑐𝑙(𝐴) and 𝑚𝑋  −  𝑖𝑛𝑡(𝑚𝑋 −  𝑖𝑛𝑡(𝐴))  =  𝑚𝑋 −  𝑖𝑛𝑡(𝐴) . 

Definition 2.4: [1][2]. An 𝑚 -structure 𝑚𝑋 on a non-empty set 𝑋 is said to have property (𝛽) if the union of any 

family of subsets belonging to 𝑚𝑋 belonging to 𝑚𝑋. 

Lemma 2.5:[1].For an 𝑚 -structure 𝑚𝑋 on a non-empty set 𝑋 , the following are equivalent: 

(i) 𝑚𝑋 has property (𝛽). 

(ii) If 𝑚𝑋  −  𝑖𝑛𝑡(𝑉 )  =  𝑉 , then 𝑉 ∈  𝑚𝑋. 

(iii) If 𝑚𝑋 −  𝑐𝑙(𝐹)  =  𝐹, then 𝐹 ∈  𝑐(𝑚𝑋). 

Lemma 2.6:[1][2]. Let (𝑋, 𝑚𝑋) be an 𝑚 -space with property (𝛽).For a subset 𝐴 of 𝑋, the following properties hold: 

(i) 𝐴 ∈  𝑚𝑋 iff 𝑚𝑋 −  𝑖𝑛𝑡(𝐴)  =  𝐴. 

(ii) 𝐴 ∈  𝑐(𝑚𝑋) iff 𝑚𝑋 −  𝑐𝑙(𝐴)  =  𝐴. 

(iii) 𝑚𝑋 −  𝑖𝑛𝑡(𝐴) ∈  𝑚𝑋 ,and 𝑚𝑋  −  𝑐𝑙(𝐴)  ∈  𝑐(𝑚𝑋). 

Definition 2.7:[3]. Two sets 𝐴, 𝐵 in an 𝑚 -space (𝑋, 𝑚𝑋) are said to be weakly separated if there are two 𝑚𝑋 -open 

sets 𝑈, 𝑉 such that 𝐴 ⊆  𝑈, 𝐵 ⊆  𝑉 and 𝐴 ∩ 𝑉 =  𝐵 ∩ 𝑈 =  ∅. 

𝟑. 𝓜𝑿 �̂�𝜷 Closed Set, 𝓜𝑿 �̂�𝜷 Kernel and 𝓜𝑿 �̂�𝜷 Closure 

Definition 3.1: Let (𝑋, 𝑚𝑋) be an 𝑚-space. A subset 𝐴 of 𝑋 is said to be 𝑚�̂�𝛽 – closed if 𝑚𝑋 − �̂�𝑐𝑙(𝐴) ⊆ 𝑈 

whenever 𝐴 ⊆ 𝑈 and 𝑈 ∈ 𝑚𝑋 − 𝛽 open. 

Definition 3.2: Let (𝑋, 𝑚𝑋) be an 𝑚-space and let 𝐴  be the subset of 𝑋. Then 

(a) The intersection of all ℳ𝑋 �̂�𝛽 open subsets of (𝑋, 𝑚𝑋) containing 𝐴 is called the ℳ𝑋 �̂�𝛽 Kernel of 𝐴. (ie) 

ℳ𝑋 �̂�𝛽𝑘𝑒𝑟(𝐴) =∩ {𝐺 ∈ ℳ𝑋 �̂�𝛽𝑂(𝑋): 𝐴 ⊆ 𝐺}. 

(b) Let 𝑋 be a 𝑚 space and let 𝑥 ∈ 𝑋. A subset N  of 𝑋 is said to be ℳ𝑋 �̂�𝛽 nbhd of 𝑥 if there exists a ℳ𝑋 �̂�𝛽 open 

set G such that 𝑥 ∈ 𝐺 ⊂ 𝑁 which is denoted by ℳ𝑋 �̂�𝛽 𝑁(𝑋). 

(c) The union of all ℳ𝑋 �̂�𝛽-open sets that are contained in 𝐴 is called the ℳ𝑋 �̂�𝛽-interior of 𝐴 and is denoted by 

�̂�𝛽ℳ𝑋 
𝑖𝑛𝑡(𝐴).  

(d) The intersection of all ℳ𝑋 �̂�𝛽-closed sets containing 𝐴 is called the ℳ𝑋 �̂�𝛽 -closure of 𝐴 and is denoted by 

�̂�𝛽ℳ𝑋 
𝑐𝑙(𝐴). 

  

Theorem 3.3: Let 𝑋 be a 𝑚 -space. Then for any nonempty subset 𝐴 of 𝑋, ℳ𝑋 �̂�𝛽𝑘𝑒𝑟(𝐴) = {𝑥 ∈ 𝑋 ∶  �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥} ∩

𝐴 ≠ ∅}. 

http://www.jetir.org/


© 2023 JETIR April 2023, Volume 10, Issue 4                                                                           www.jetir.org (ISSN-2349-5162) 

JETIR2304A06 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org k31 
 

Proof. Let 𝑥 ∈ ℳ𝑋 �̂�𝛽𝑘𝑒𝑟(𝐴). Suppose that �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥}) ∩ 𝐴 = ∅. Then 𝐴 ⊆ 𝑋 − �̂�𝛽ℳ𝑋 

𝑐𝑙({𝑥}) and 𝑋 −

�̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥}) is ℳ𝑋 �̂�𝛽 -open set containing 𝐴 but not 𝑥, which is a contradiction. 

Conversely, let us assume that 𝑥 ∉ ℳ𝑋 �̂�𝛽𝑘𝑒𝑟(𝐴) and  �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥}) ∩≠ ∅. Then there exist an ℳ𝑋 �̂�𝛽 -open set 𝐷 

containing 𝐴 but not 𝑥 and 𝑦 ∈ �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥}) ∩ 𝐴. Hence an ℳ𝑋 �̂�𝛽 -closed set 𝑋 − 𝐷,  contains, and {𝑥} ⊂ 𝑋 −

𝐷, 𝑦 ∉ 𝑋 − 𝐷. This is a contradiction to 𝑦 ∈ �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥}) ∩ 𝐴. Therefore 𝑥 ∈ ℳ𝑋 �̂�𝛽𝑘𝑒𝑟(𝐴).  

 

Definition 3.4: In a space 𝑋, a set 𝐴 is said to be weakly ultra ℳ𝑋 �̂�𝛽 -separated from a set 𝐵 if there exists an ℳ𝑋 �̂�𝛽 

-open set 𝐺 such that 𝐴 ⊆ 𝐺 and 𝐺 ∩ 𝐵 = ∅ or 𝐴 ∩ �̂�𝛽ℳ𝑋 
𝑐𝑙(𝐵) = ∅. 

 

Definition 3.5: For any point 𝑥 of a space 𝑋, is called  

(a) ℳ𝑋 �̂�𝛽 -derived (briefly, ℳ𝑋 �̂�𝛽𝐷({𝑥}) set of 𝑥 is defined to be the set. ℳ𝑋 �̂�𝛽𝐷({𝑥}) = �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥}) − {𝑥} =

{𝑦: 𝑦 ≠ 𝑥 and {𝑦} is not weakly ultra ℳ𝑋 �̂�𝛽 separated from {𝑥}}. 

(b) ℳ𝑋 �̂�𝛽 -shell (briefly,ℳ𝑋 �̂�𝛽𝑠ℎ𝑙({𝑥})) of a singleton set {𝑥} is defined to be the set. ℳ𝑋 �̂�𝛽𝑠ℎ𝑙(𝐴) =

ℳ𝑋 �̂�𝛽𝑘𝑒𝑟({𝑥}) − {𝑥} = {𝑦 ∶ 𝑦 ≠ 𝑥 and {𝑥} is not weakly ultra ℳ𝑋 �̂�𝛽-separated from {𝑦}}. 

 

Definition 3.6: Let 𝑋 be a 𝑚 -space. Then we define  

(a) ℳ𝑋 �̂�𝛽𝑁𝐷 = {𝑥 ∶ 𝑥 ∈ 𝑋  and ℳ𝑋 �̂�𝛽𝐷({𝑥}) = ∅}, 

(b) ℳ𝑋 �̂�𝛽𝑁𝑠ℎ𝑙 = {𝑥 ∶ 𝑥 ∈ 𝑋 and ℳ𝑋 �̂�𝛽𝑠ℎ𝑙({𝑥}) = ∅} and 

(c) ℳ𝑋 �̂�𝛽 − 〈𝑥〉 = �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥}) ∩ ℳ𝑋 �̂�𝛽𝑘𝑒𝑟({𝑥}). 

 

Theorem 3.7: Let 𝑥, 𝑦 ∈ 𝑋, Then the following conditions hold.  

(a) 𝑦 ∈  ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑥}) if and only if  𝑥 ∈ �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑦}) 

(b) 𝑦 ∈  ℳ𝑋 �̂�𝛽
𝑠ℎ𝑙

({𝑥}))  if and only if 𝑥 ∈ ℳ𝑋 �̂�𝛽𝐷({𝑦}) 

(c) 𝑦 ∈ �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑥}) implies �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑦}) ⊆ �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑥}) and  

(d) 𝑦 ∈ ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑥}) implies ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑦}) ⊆ ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑥})  

Proof. The proof of (a) and (b) are obvious.  

( c ). Let 𝑧 ∈ �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑦}) . Then {𝑧} is not weakly ultra-ℳ𝑋 �̂�𝛽 -separated from {𝑦}. So there exists an ℳ𝑋 �̂�𝛽 -

open set containing 𝑧 such that 𝐺 ∩ {𝑦} ≠ ∅ . Hence 𝑦 ∈ 𝐺 and by assumption 𝐺 ∩ {𝑥} ≠ ∅. Hence {𝑧} is not weakly 

ultra-ℳ𝑋 �̂�𝛽 -separated from {𝑥} . So 𝑧 ∈ �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥}). Therefore �̂�𝛽ℳ𝑋 

𝑐𝑙({𝑦}) ⊆ �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥}). 

(d).Let 𝑧 ∈ ℳ𝑋 �̂�𝛽𝑘𝑒𝑟({𝑦}). Then {𝑦} is not weakly ultra-ℳ𝑋 �̂�𝛽 -separated from {𝑧}. So 𝑦 ∈ �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑧}). Hence 

�̂�𝛽ℳ𝑋 
𝑐𝑙({𝑦}) ⊆ �̂�𝛽ℳ𝑋 

𝑐𝑙({𝑥}). By assumption 𝑦 ∈ ℳ𝑋 �̂�𝛽𝑘𝑒𝑟({𝑥}) and then 𝑥 ∈  �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑦}) so �̂�𝛽ℳ𝑋 

𝑐𝑙({𝑥}) ⊆

�̂�𝛽ℳ𝑋 
𝑐𝑙({𝑦}). Ultimately �̂�𝛽ℳ𝑋 

𝑐𝑙({𝑥}) ⊆ �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑧}), that is 𝑧 ∈ ℳ𝑋 �̂�𝛽𝑘𝑒𝑟({𝑥}). Therefore ℳ𝑋 �̂�𝛽𝑘𝑒𝑟({𝑦}) ⊆

ℳ𝑋 �̂�𝛽𝑘𝑒𝑟({𝑥}). 

 

Theorem 3.8: Let 𝑥, 𝑦 ∈ 𝑋. Then,  

(a) for every 𝑥 ∈ 𝑋, ℳ𝑋 �̂�𝛽𝑠ℎ𝑙({𝑥})) is degenerate if and only if for all 𝑥, 𝑦 ∈ 𝑋, 𝑥 ≠ 𝑦, ℳ𝑋 �̂�𝛽𝐷({𝑥}) ∩

ℳ𝑋 �̂�𝛽𝐷({𝑦}) = ∅.  

(b) for every 𝑥 ∈ 𝑋, ℳ𝑋 �̂�𝛽𝐷({𝑥}) is degenerate if and only if for every 𝑥 ∈ 𝑋, 𝑥 ≠ 𝑦, ℳ𝑋 �̂�𝛽𝑠ℎ𝑙({𝑥}))∩

ℳ𝑋 �̂�𝛽𝑠ℎ𝑙({𝑦})) = ∅.  

Proof. (a) Let ℳ𝑋 �̂�𝛽𝐷({𝑥}) ∩ ℳ𝑋 �̂�𝛽𝐷({𝑦}) ≠ ∅ . Then there exists a 𝑧 ∈ 𝑋, such that 𝑧 ∈  ℳ𝑋 �̂�𝛽𝐷({𝑥}) and 𝑧 ∈

ℳ𝑋 �̂�𝛽𝐷({𝑦}) . Then 𝑧 ≠ 𝑦 ≠ 𝑥 and 𝑧 ∈ �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑥}) and 𝑧 ∈ �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑦}), that is 𝑥, 𝑦 ∈ ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑧}). Hence 

ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑧}) and so ℳ𝑋 �̂�𝛽
𝑠ℎ𝑙

({𝑧})) is not a degenerate set. 
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Conversely, let 𝑥, 𝑦 ∈ ℳ𝑋 �̂�𝛽
𝑠ℎ𝑙

({𝑧})) . Then we get 𝑥 ≠ 𝑦, 𝑥 ∈ ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑧}) and 𝑦 ≠ 𝑧, 𝑦 ∈ ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑧}) and 

hence z is an element of both �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑥}) and �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑦}) , which is a contradiction. 

(b) Obvious. 

 

Theorem 3.9: If 𝑦 ∈ ℳ𝑋 �̂�𝛽 − 〈𝑥〉, then ℳ𝑋 �̂�𝛽 − 〈𝑥〉 = ℳ𝑋 �̂�𝛽 − 〈𝑦〉.  

Proof. If 𝑦 ∈ ℳ𝑋 �̂�𝛽 − 〈𝑥〉, then 𝑦 ∈ �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑥}) ∩ ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑥}). Hence 𝑦 ∈ �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑥}) and 𝑦 ∈ ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑥}) 

and so we have �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑦}) ⊆ �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑥}) and ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑦}) ⊆ ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑥}) . Then �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑦}) ∩

ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑦}) ⊆ �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑥}) ∩ ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑥}). Hence ℳ𝑋 �̂�𝛽 − 〈𝑦〉 ⊆ ℳ𝑋 �̂�𝛽 − 〈𝑥〉. The fact that 𝑦 ∈ �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑥}) 

implies 𝑥 ∈ �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑦}) and 𝑦 ∈ ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑥}) implies 𝑥 ∈ �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑦}). Then we have that ℳ𝑋 �̂�𝛽 − 〈𝑥〉 ⊆

ℳ𝑋 �̂�𝛽 − 〈𝑦〉. So ℳ𝑋 �̂�𝛽 − 〈𝑥〉 = ℳ𝑋 �̂�𝛽 − 〈𝑦〉. 

 

Theorem 3.10: For all 𝑥, 𝑦 ∈ 𝑋, either ℳ𝑋 �̂�𝛽 − 〈𝑥〉 ∩ ℳ𝑋 �̂�𝛽 − 〈𝑦〉 = ∅ or ℳ𝑋 �̂�𝛽 − 〈𝑥〉 = ℳ𝑋 �̂�𝛽 − 〈𝑦〉.  

Proof. ℳ𝑋 �̂�𝛽 − 〈𝑥〉 ∩ ℳ𝑋 �̂�𝛽 − 〈𝑦〉 ≠ ∅, then there exists 𝑧 ∈ 𝑋, such that 𝑧 ∈ ℳ𝑋 �̂�𝛽 − 〈𝑥〉 and 𝑧 ∈ ℳ𝑋 �̂�𝛽 − 〈𝑦〉. So 

by Theorem 2.9, ℳ𝑋 �̂�𝛽 − 〈𝑧〉 = ℳ𝑋 �̂�𝛽 − 〈𝑦〉 = ℳ𝑋 �̂�𝛽 − 〈𝑥〉. Hence the result. 

 

4. Sober 𝓜𝑿 �̂�𝜷 𝑹𝟎 spaces 

 

Definition 4.1 A 𝑚-space (𝑋, ℳ𝑋 ) is said to be Sober  ℳ𝑋 �̂�𝛽 𝑅0 if ⋂ �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑥}) = ∅.𝑥∈𝑋  

Theorem 4.2 A 𝑚 -space (𝑋, ℳ𝑋 ) is Sober ℳ𝑋 �̂�𝛽 𝑅0  if and only if ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑥}) ≠ 𝑋, for every 𝑥 ∈ 𝑋. 

Proof. Suppose that the space (𝑋, ℳ𝑋 ) be Sober ℳ𝑋 �̂�𝛽 𝑅0. Assume that there is a point 𝑦 in 𝑋 such that 

ℳ𝑋 �̂�𝛽𝑘𝑒𝑟({𝑦}) = 𝑋. Then 𝑦 ∉ 𝑂 which 𝑂 is some proper ℳ𝑋 �̂�𝛽 -open subset of 𝑋. This implies that 𝑦 ∈

⋂ �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥}).𝑥∈𝑋  But this is a contradiction.  

Now assume that ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑥}) ≠ 𝑋 for every 𝑥 ∈ 𝑋. If there exists a point 𝑦 in 𝑋 such that 𝑦 ∈ ⋂ �̂�𝛽
ℳ𝑋 

𝑐𝑙({𝑥}),𝑥∈𝑋  

then every �̂�𝛽-open set containing 𝑦 must contain every point of 𝑋. This implies that the space 𝑋 is the unique ℳ𝑋 �̂�𝛽-

open set containing 𝑦. Hence ℳ𝑋 �̂�𝛽
𝑘𝑒𝑟

({𝑥}) = 𝑋 which is a contradiction. Therefore is (𝑋, ℳ𝑋 ) is Sober ℳ𝑋 �̂�𝛽 𝑅0. 

Theorem 4.3 If the 𝑚-space 𝑋 is Sober ℳ𝑋 �̂�𝛽 𝑅0 and 𝑌 is any 𝑚-space, then the product 𝑋 x 𝑌 is Sober 

ℳ𝑋 �̂�𝛽 𝑅0.  

Proof. By showing that ⋂ �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥, 𝑦}) = ∅(𝑥,𝑦)∈𝑋×𝑌 , we are done. We have: ⋂ �̂�𝛽ℳ𝑋 

𝑐𝑙({𝑥, 𝑦}) ⊂(𝑥,𝑦)∈𝑋×𝑌

 ⋂ �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥})(𝑥,𝑦)∈𝑋×𝑌 ×   ⋂ �̂�𝛽ℳ𝑋 

𝑐𝑙({𝑦})(𝑥,𝑦)∈𝑋×𝑌 =  ⋂ �̂�𝛽ℳ𝑋 
𝑐𝑙({𝑥})𝑥∈𝑋 ×  ⋂ �̂�𝛽ℳ𝑋 

𝑐𝑙({𝑦}) ⊂ ∅ × 𝑌 = ∅𝑦∈𝑌 . 
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