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ABSTRACT

In mathematics, rings are algebraic structure that generalizes fields. It is not necessary that
multiplication should be commutative and multiplicative inverse exist. In other words, a ring is a set equipped
with two binary operation satisfying properties analogous to those of addition and multiplication of integers.
Ring element may be numbers such as integers or complex number, but they may also be non numerical objects

such as polynomial, square matrix, functions and power series.
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INTRODUCTION

In 1817, Rechard Dedekind ! defined the concept of the ring of integers of a number. He introduced the
term “ideal” but did not use the term “ring” and concept of ring in general. Rechard Dedekind was a German
mathematician who made important contribution to number theory and abstract algebra particularly in ring
theory. His best contribution is definition of real numbers which is known as Dedekind cut in mathematics.

The first formal definition of ring was given by Adolf Fraenkel in 19151 but his axioms were stricter
than those in the modern definition. For Example, he required every non-zero-divisor to have a multiplicative
inverse. In 1921, Emmy Noether [ gave a modern axiomatic definition of commutative rings (with and without
1) and developed the foundations of commutative ring theory but did not include multiplicative identity.
Fraenkel included multiplicative identity in ring.

CONCEPT

Aring is an ordered triple (R, +, *) consisting of a non-empty set R and two binary operations on R
called addition (+) and multiplication (*), satisfying the following properties:

1- (R, +) is an abelian group, that is,
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(@) -Closure law:

a+tb=b+a, foralla,binR
(b)- Associative law:
at(b+c)=(a+b)+c, foralla,b,cinR
(c)- Existence of identity:
There is an element 0 € R satisfying,
a+0=a, forallainR.
(d)- Existence of inverse:
For every a € R thereisanelementb € R
Such that, a+ b =0.
(e)- Commutative law:
a+tb=b+a, foralla binR.
2- R is associative under multiplication: i.e.,
@*b)*c=a*(b*c),foralla b, ceR.
3- Multiplication is distributive (on both sides) over addition:
a*(b+c)=a*b+a*c
and(@a+b)*c=a*c+b*c,foralla b, cinR.

(These two distributive laws are respectively called the left distributive law and the right distributive law.)

Some common uses in ring:

(1)- We usually refer simply to the ring as R, rather than (R, +, *).

(2)- We usually write a b instead of a*b.

(3)- The identity of the additive Abelian group is called zero element of the ring R and is unique. We

denote the zero element of a ring by 0.
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(4)- The additive inverse of an element a of the additive Abelian group (R, +, *) shall as usual and denoted by
-a. Thus, inaring R;
a+(-a)=0,forallae R.
(5)-Ifa-b e R,wedenotea+ (-b) bya-b.
(6)- If aring R contains only one element, i.e.,

R ={0}, thenitis called a trivial ring or zero ring.

In other words we can define ring as below also:
If (R, +, *) isaring, then:
(1) - (R, +) is an abelian group.
(2) - (R, *) is semi group.
(3) - The additive identity is unique.
(4) - The additive inverse of any element in R is unique.
(5) - The cancellation law for addition holds.
le.,ifa,b,ce R.witha+b=a+c,
=>b=c
Commutative ring: A commutative ring (R, +, *) isaring forwhichab =ba, forall a, b € R. Ifaringis not
commutative it is called non commutative.
Ring with unity:
A ring with identity e, which is also called a ring with unity, is a ring R which contains an elemente € R
(with e is not equal to [1zero) satisfying,
ea=ae=a,forallae R.
Generally, the unity or identity element of a ring R is denoted by 1 or 1R.
Finite Ring:
A ring which has finite many elements is called finite ring.
Theorem: Let R be aring. Then forall a,b,c € R
(1):a0=0=0a.
(2:a(-b)=-(ab)=(-a)h.
(3):a(b-c)=ab-ac
and(@a-b)c=ac-bc.
(4): (-a) . (-h)=ah.
Proof:
(1):a0=a(0+0), (since0=0+0)
=a0+a0 (By leftdistributive law)
Thus, a0+ (-(@0))=a0
So, 0=a0
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Similarly we can show that 0 =0 a

Hencea0=0=0a

(2): 0=ao0
=a (b + (-b))
=ab+a(-b) (By left distributive law)
Thus, - (a b) = a (-b).
Similarly we can show that —
-(@ab) = (-a)b
Hence a (-b) =-(ab) =(-a) b.

(3): a(b-c)=a(b+(-c))
=ab+a(-c) (By left distributive law)
=ab-ac.
Similarly, we can show that,
(a—-b)c=ac-bc
Hence, a(b-c)=ab-ac

and (a-b)c=ac-bc

(4): (-a) (-b) =-(a (-b)) (by property (2))
=-(-(ab)) (by property (2))
=ab

Definition: Let (R, +, *) be aring, and S a nonempty subset of R. If (S, +, *) is also a ring under the same
operations as R, then S is called a subring of R,

In other words, let R be ring. A non empty set S of the set R is said to be a subring of R if s is closed with
respect to operations of addition and multiplication in R and S itself is a ring for these operations.

If Sis asubring of aring R, it is obvious that S is a subgroup of the additive group of R.

Improper subring:

Every ring R has two trivial sub rings 0 and R itself. These are also known as improper subring.

Example:
(1): (Z, +, *) is a subring of the ring (Q, +, *).
(2): (Q, +, *) is a subring of the ring (R, +, *).
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Theorem: Prove that the necessary and sufficient condition for a non empty subset S of a ring R to be a

subring of R are,
l-ae S;beS =a-besS
2-a€ S,be S =abesS
Proof: First we prove necessary part.
Let (S, +, *) is subring of (R, +, *).
Since s is a group with respect to addition,
Therefore,b € S=-be S
Since S is closed with respect to addition.
Therefore,a€ S,b € S =a€ S,-be S
=>a+(-b)esS
=a-besS
Hence the condition is necessary.

Now we prove sufficient part.

Let S is non empty subset of Rand condition (1) and (2) is satisfied.

From eq. (1), we have,
a€ S,-aeS =>a-a€ S
=20€S
Hence element zero belongs to S.
Now since 0 € S, therefore from eg. (1) we have
0e S,aeS =0-a€ S
=-a€ S
= Each element of S possess additive inverse.
Now ifa,beSthen-be S
Hence from eq. (1) we have
a€e S -beS =a-(besS
=2a+hesS

Hence S is closed with respect to addition.

Since S is subset of R. Therefore, associative and commutative law of addition must hold in S. Since, it holds

inR.
~ (S, +) is an abelian group.

From eq. (2),S is closed with respect to multiplication.

Associativity of multiplication and distributivity of multiplication over addition must hold in S, since they hold

in R.

Hence S is subring of R.

Theorem: Prove that the intersection of any two subring of a ring R is a subring of R.
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Proof: Let S; and S be two subring of a ring R. Then S11S; is non empty.
Thus, 0 € S1, 0 € Szand hence, 0 € S1 NS
Since, S; € Rand S; € R, we have, S1 nS; € R and hence,
S1n Sz is a non-empty subset of R.
Leta,b€ S1 Sz thusa, b€ S;anda,b e Sy
Since S; and S are subring of R, we havea-b,a*b € Sianda-b,a*be S,
This is theorem that non-empty subset S of aring (R, +, *) is a subring if and only if for all a, b € S we have
a-be Sanda*be S.

Thena-b,a*b e S1 nSzand hence Sin Sy is a subring of R of (R, +, *).

Theorem: Prove that the intersection of the family of subring which contain a given subset m of aring R is
the smallest subring containing the subset M.

Proof: Let R is a ring and m is any subset of R. Further we suppose that S is a subring of R
Such that M< R and T is any subring of R containing M then SS€ T
Then S is called the subring of R generated by the subset M.
In short we say, If S is the smallest subring of R containing M, and then S is called the subring generated by M.
We shall now introduce another algebraic subsystem of a ring called ideal which is more special than subring.

The ideal of a ring and normal subgroup of a group are quite parallel.

Definition:

Left ideal: A non empty set S of aring R is said to be a left ideal of R if
1- Sis subgroup of R with respect to addition.

2-rse SforallreRandforallse S

Right ideal: A non empty set S of a ring R is said to be a left ideal of R if,
1- S is subgroup of R with respect to addition.
2-sre SforallreRandforallse S

Ideal: Let (R, +, *) be aring. Then (S, +, *0) is an ideal of (R, +, *). if and only if-
1-a,be S=a+(-h)e S

2-se SandreR=rse Sand sre SforallreRand forallse S

Another definition of idea: A subset S of a ring R is called an ideal of R. If

1- Sis a subgroup of the additive group R and

2-se SandreR=rse Sand sre SforallreRandforallse S

If R is a commutative ring, then every left ideal also be right ideal. Hence in commutative ring every left or

right ideal is an ideal.
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Every ring always possess two improper ideals one R itself and the other consisting of 0 only. Any other

ideals are called proper ideals.

Simple Ring: A ring having no proper ideals is called a simple ring.

Theorem: Prove that every ideal is a subring.
Proof: Let (R, +,*) isaring and (S, +,*) be an ideal in (R, +,%).
Hence it is given that-
l-a,be S=> a+(-b)e S
2-a€ SandreR=rae Sand are SforallreRandforallae S
For showing S is a subring of R we have to show that
(i)-a,be S=a+(-b)e S
(i)-a€ S,be S=abe s
It is clear that condition (1) and (i) is same. Hence, now we have to prove only condition (ii).
Letae S,be S
Since Sissubsetof R.=b € S
Hence by condition (2) we geta € S,be S=abe S
Since both the condition (i) and (ii) is satisfied. Hence theorem is proved.
Converse of this theorem is not true. i.e., there are many sub rings which are not ideals. Some example of

such type of subring is given below.

Example: The set Q of rational numbers with usual operation of addition and multiplication is a
commutative ring.
The set | of integers is a subset of Q and is a commutative ring.
Hence | is subset of Q but I is not an ideal of Q. Because we can find an integer a € | and one rational number r
€ Qsucharel
For example: let a =1 and r =1/2 and we take,
ar=1x1/2=1/2 ¢l

Theorem: Prove that intersection of two ideals in a ring is also an ideal in the ring 1.
Proof: Suppose S; and S be two ideals in aring R.
LetS=S1n S,
Since every ideal is a subring, therefore each of S; and S; is a subring.
We know that intersection of two sub rings is a subring.
Therefore S1 » Sz = s is a subring.
Thus in order to prove that s is an ideal. We need to show that

a€e SandreR=ar € S
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Since a € S, thereforea € S;anda€ S

Alsoa€ S;andre R=are S;
(Because Sy is an ideal)

Similarlya € S;andreR=are S
(Because S is an ideal)

Hencear€ S1nS;>are S

Similarly we can provera € S

Hence S is an ideal in R.

Theorem: Prove that intersection of any collection of ideals in a ring is also an ideal in the ring.
Proof: Suppose R be aringand letS=nS,
Since every ideal is a subring.
Hence each of S is a subring.
We know that the intersection of arbitrary collection of subring is a subring.
Therefore NSy = S is a subring.
Now leta € S,forafixedaandr e R
Since S qisanideal in R
Hence ar € S, for each a
=ar e NS, for each a
=ares
Similarly it can be shown thatra € S

Hence Sis an ideal inr.

Proposition: Let R be a ring with identity 1 and let | be a left (respectively right) ideal of aring R. Then | is
a proper left (respectively right) ideal of R iff 1 # I.

Proof: Suppose that I is a proper left ideal of R. Thus there isr € R withr & I.
Assume that 1 € I, thenr =r.1 € and this is a contradiction.

Thus, 1 # |, Suppose that 1 = I, thus | R and hence I is a proper left ideal of R.

Proposition: Let R be a ring and let a be an element of R.
ThenRa={ra|re R }isaleftideal of R.
Proof: Since 0 = 0. a, we have 0 € Ra and hence
+#RacR,Letx.ye Raandr eR
Thus x =sia and y = sa, for some s;n s, € R.
Then, x-y=sia-s2a
=(s1-s2)a€ Raand

rx = r(sia)
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=(rsy)a€ Ra

Hence Ra={ra|re€ R }isaleftideal of R.

Prime Ideal:

Definition: Let R be aring and nis an ideal in R. If, N has the property that when a b € N then eithera € N
or b € N, then N is called a prime ideal.

Example: We consider the ideal {5} = {0, +5,£10,£15,...... } in ring of integers 1.

In the above ideal, ifa. b € 5, Then either a is a multiple of 5 or b is multiple of 5 i.e., eithera € {5}, orb
€ {5}

Hence {5} is prime ideal.

NCLUSION
Ring is algebraic structure with two binary operation.
It obeys some definite laws such as closure law, associative law, existence of identity, existence of inverse,
commutative law and multiplication associative and distributive. Its properties are interesting and useful in
solving many problems. A sub ring of ring R is subset of the ring R and ideal of a ring is special subset of its its

element.
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