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ABSTRACT :

In this paper, we have found a static cylindrically symmetric solution of Einstein’s
field equation for a distribution of disordered radiation. The expressions for pressure,
density and non-vanishing components of conformal curvature tensor have been obtained.
We find that the space-time is non-degenerate Petrov Type |I. We have also investiaged

Newtonian analogue of force in the model obtained.
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1. INTRODUCTION

Various researchers have paid their attension towards the study of Einstein’s field
equations for distribution of disordered radian. In fact an interesting application to an

investigation of a state in which a radiation is concentrated around a star is found in general
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relativity. In this line, the pioneering work is that of Klein (7). He has obtained an
approximate solution to Einstein’s field equations in spherical symmetry for a distribution
of diffuse which he has presented as a set of series expansions. Hargreaves [5] has discussed
the stability of static spherically symmetric fluid spheres which consists of a core of ideal
gas and radiation in which the ratio of gas pressure to the total pressure is a small constant
and an envelope consisting of an a disabetic gas. Singh and Abdussattar [15] have obtained
an exact static spherically symmetric solution of Binstain field equations for disordered
radiation and to overcome the difficulty of infinite density at the centre, they assumed that
the distribution has a core of finite radius vo and constant density ,which is fitted on to the
solution of disordered radiation. Recently Singh and Kumar [16] have obtained some exact
static spherical solution of Einstein’s field equation with cosmological constant A =0and
equation of state p = ap with a suitable choice of metric potential gi11 and gss. Exact
solutions of Einstein’s field equation have been also obtained by various all Thors [9, 10,
19, 26] using equation of state p = p. Singh and Yadav [11] have investigated static fluid
sphere with equation of state p = p. Further study in this line has has been made by Yadav
and Saini [17] which is more general than one due to Singh and Yadav [17]. Solutions to
Einstein’s field equations with simple equation of state have been found by many workers
in different cases e.g. for p + 3p = const (Whittakar [24]) for p = 3 [Klain [6]), and for p =
p + constant (Buchdahl and land [2], Allnut [1]. But if we consider, e.g. polytropic fluid
sphere p = ap'*™ (Klein [8] or a mixture of ideal gas radiation (Suhohen [18]. We have to

use numerical methods. Davidson [3] has provided a solution for non-stationary analog to

the static case when p = 3i Some other workers in this line are Thomas [22], Yadav and
p

Sharma [27] and Tolman [23] etc.
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A non-static plane symmetric space-time filled with disordered radiation has been
obtained by Roy and Singh [14]. Recently an exact solution of physically analogous systems
with plane symmetry has been obtained by Teixeira, Wolk and Som [20]. Their solution
tends asymptotically to the plane vacuum solution of Levi-Civita [11] and presents a larger
condensation in the innermost regions which dilutes outwards. Teixeira, Wolk and Son [21]
have also considered a source free disordered distribution of electromagnetic radiation in
general relativity and obtained time independent exact solution with cylindrical symmetry.

They considered the metric in the form

(1.1) ds® =e**dx; —e*’dr® —e’*(dz® +r’d¢’)

where o and 3 are functions of r — alone. They found a finite maximum concentration on
the axis of symmetry which decreases monotonically to zero outwards.

In this paper, we have obtained a static cylindrically symmetric solution of Einstein’s
field equation for a distribution of disordered radiation. The expressions for pressure,
density and non-vanishing components of conformal curvature tensor have been obtained.
We find that the space-time is non-degenerate Petrov Type |I. We have also investiaged

Newtonian analogue of force in the model obtained.
2. The Field Equations

We consider the most general cylindrically symmetric metric in the form given by

Marder [12]
(2.1) ds® = o®(dx* —dt?) + B>dy” +y*dz?
where o, B and y are functions of x-alone. The non-vanishing components of Ricci tensor

Rijand Weyl conformal curvature tensor for this metric have been given in the appendix of

this chapter.
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A disordered distribution of radiation can be regarded as a perfect fluid having energy

momentum tensor.

(2.2) T, =(p+p)u'u; —ps;

Characterized by the equation of state

(2.3) p=3p

where p is density, p the pressure and u' the flow vector satisfying
(2.4) gyu'u) =-1

(2.5) R\~ L, R&) + A8\ =8nT,

Where Tji is given by (2.2). Also we assume the coordinates to be comoving so that (2.6) u*

1
=u?=ut=0and u*=.
(04

The field equation given above with A = 0for the metric (2.1) given

2.7) i_OMBl Lo +B1Yl:|:8np
o'l ap Ay By

2
(z.za)i2 Tu, % h gy
(0 i Y (0 0(,2_

B 2
(2.9)i2 ﬁ+%—“—; — 8np
a’| P a o

(2.10) i|:a1B1 +OL1Y1_131V1 _Bll_Y1l:|:8np
o'l ap oy By B v

He suffix indicate ordinary differentiation with respect to x.
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3. Solution of the Field Equations :

Equations (2.7) — (2.10) are four equations in five unknowns A, B, C, p and p. Thus

the system in indeterminate. For complete determination of the system, we use the extra

condition given for disordered radiation. Therefore from equations (2.7) and (2.10) when

p = 3p, we have

(3.1) o, B, alYl +2B1 + Bll _
aB ay Py 2y 28

From equations (2.8) and (2.9), we have

(3.2) Pn_Tu
Y

Equations (2.7) and (2.8) lead to

(3.3) oy L %N Bﬂ’l _Yu Gy +a1 ~0

ap oy Py v a0
From equations (3.1) and (3.2), we have

(3.4) af O(‘lyl 251Y1 Y11 ~0
B ay Py v

Subtracting (3.3) from (3.4), we have

(2.3.5) (o /), + Bézl » —1 =0

From equations (3.3) and (3.5) we have

(3.6) %(Bv) = —(2By11+By,y)

Equations (3.5) and (3.6) lead to
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(3.7) {%(BI’)} =3(Byv1 +Bvw)

1

Equation (3.7) on integration leads to

(3.8) %(Bv) =3By, +A

Where A is a constant of integration. Equation (3.8) leads to

(3.9) o _A 3y

o PBr vy

From equations (3.4) and (3.9), we have

(3.10) APY): B 3\(212 L g
B Br v v

Putting B =vyand BC = p in equations (3.2) and (3.10), we have

Y

(3.11) ALy + Ay _5“2 +7“1H1 4 Mu Ay A
242 4ut ap 2n 2h

where D is a constant of integration. Equation (3.11) and (3.12) lead to
(3.13) 2up, +6Dp, —5uf +4Ap, = D?

Letting p1 = f(w) in equation (2.13), we have

D°+5¢° —p(6D+4A)

which on integration leads to

(3.15) 1= (¢—n-C) 5:+c
K(¢-n+C)*
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2
Where 1’]:3D'|5'216\’|:; _nz :—C2

and k is a constant of integration. From (3.11) and (3.19), we have

(3.16) A = i{M}SC
M|d—n+C

Where M is a constant of integration. Hence

(3.17) B> =hp= @‘“‘Clmc
MK(¢-n+C) °°

and
(n-D+C)
p_ (M(¢p-n-C) *°
(3.18) y* === it
K(¢-n+C) °°

From (3.9), (3.17) and (3.18), we have

(2n-3C)
N’K*(¢-n-C) *¢
(3.19) o = (2n+3C)

M*(9-n+C) =

where N is a constant of integration. Hence the matric reduces to the form

(2n-3C)
N°K*(¢-n-C) *°
(3.20) dS* = mvere
M*(¢-n-C) =

(n+D+C)

+ (d) —N- C) m— dy2

MK($-n+C) *

(n-D+C)

M(d—n—C " s5Cc
+ ((I) n )(nDC) dy2

K(o-n+C)
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By the following transformations

(3.21a) o—mn =X,

(3.21b) —2— -,

JMK
JM

32lc) —2Z=2,
(3.21¢) =

NVK®
\/W

The metric (3.20) goes to the form

(3.21 d) =T,

(4n-11C)

(3.22) ds® =¢

X=C) % 1 »(X=0)

(4n+11C)
(X+C) s¢ (X-C) ¢
n-D+C
(X-C) °¢
+ 5 dz?
(X+C) *¢
2n-3C
(X _ C) 5C
o 2n+3C dT’
(X+C) *¢
where
2
C= 4N'K 1n,C, Kand M are +ve constants.

-~ 25M3

4.  Some Physical and Geometrical Features

The pressure for the model (3.22) is given by
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4n+C

(X+C) 5
4n-C

5(X-C) 5¢

(4.1) 8np=

{(C-X)(C+X)}

The model has to satisfy the reality condition (Ellois [4]
(42) () (p+p)>0
(i) (p +3p) >0
Which are equivalent to the condition p > 0. This requires that
0<X<C

The non-vanishing comoonehts of conformal curvature tensor are

4n+6C

2 (X+C) = D2—(X+m)? 2D(x-2")
(43) C12 - 4n-6C + 5(x2 _CZ) + 5()(2 _CZ)
105(X -C) *¢
(4n+6C)
o ___(X+C) = +D"’—(X+n)2_2D(x—2”)}
(4.4) 78 lOC(X—C)‘mS_CGC 5(X*—-C?) 5(X*-C?
4n+6C
(X+C) s¢ D? — (X +mn)?
(4.5) ng = aneC | =T 5(X? —C2)
5[(X-C) ®¢

Hence the space-time is non-degenerate petrov Type | (Cﬁ # Cig) It is found that flow
vector is non-expanding, non-shearing and non-rotating.
5. Newtonian Analogue of force in the Model

The vector Ri and S; representing the Newtonian analogue of force (Narlikay and

Singh [13]) are depend as
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i Q,i
2.)) R =AL =—
( ) 1 ji C

i i y
(5.2) Si = A;lkg kgpi =g Jgji,k _%

where

_[s
- s

4n—uC

C(X-=C) ** (X-=C)

(5.3) 9; = d

iag 4n—pC °

(X-C) ¢ (X+C)

(n-D+C) 213C)

+(X—C) 5C _(X—C) 5C

(n+D-C) 2n+3C

(X+C) =  (X+C) *¢

(8n+2C)

(5.4) g=-C (X=C) (snizc) ’

(X-C) 5¢

4n+11C)

(X+C) ¢ (X+C) ®¢

(55) gij = diag

4n-11C) *

(X-0) *  (X-C) =

n-D-C (2n+3C)
(X+C) ° (X+C) =¢
n-D+C (2n-3C)

(X-C) ¢ (X-C) =

we take the corresponding flat metric Y11 to be that of special retativity given by

(5.6) dS* =dX* —aT? +dy* +dZ?
For the line element (5.6), we have

(5.7) v, = diag(1,1,1,-1)
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(5.8) y=-1

Therefore from (5.1) and (5.2), we find that

@5 R {M,o,o,o}
5(X? —C?)

(4.6) S :{M,0,0,0}
5(X? ~C)
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Appendix

The surviving components of the Ricci tensor R‘jfor the metric are
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R! = 1AL +A4B4 +A4C4 _Azzt
1 2 2
Al A AB AC A
RZ — 1 _B44 + B4C4
7.) ° A’ B BC
R3 — 1 _C44 + B4(:4
3 2
A’ C BC
R4 _ 1 A44 + B44 + C44 _ A4C4 _ A4B4 _ Ai
4 2 2
i A i A B C AC AB A
And

2
(7.2) R = 22 Ay Ag 4 Bu n Cu + B,C,
Al A A B C BC

The non-vanishing components of G| = R} —%Rg}are therefore given by

_Gi — 1 B44 + C44 + B4C4 _ A4B4 y A4C4
i~ A2
A B C BC AB AC
G2 = 1 C44 + A44 _AZ
2 2 2
A C A A
(7.3) - V-
3 _ 1 B44 A44 _A4
GB - 2 + 2
A i B A A i
Gj _ 12 _A4B4 N B,C, N AC,
i A°| AB BC AC

The non-vanishing components of the Weyl conformal curvature tensor C';l'( for the metric
(2.1) are

(7.4)
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1 [Bu, Cu 2Au Al 2BG, |
6A2l B C A A’ BC

Ay + B _ 2C,, n 3A,C, _ Azzt
Cl2 % _ 1 A B C AC A?
Y BA*| 3AB, , B.C,
AB BC

14 _ ~23
Ch=Cx=

+ N 2
1/A C B AB A
6A*| 3A,C, , B.C,
AC  BC

13 _ 24
C13 = C24

**k%k
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