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Abstract: Approximative atomic decompositions in Banach spaces have been formally defined, and a
characterization for these decompositions has been established. It has been proven that a Banach space E
possesses an approximative atomic decomposition if and only if it satisfies the bounded approximation
property. Additionally, sufficient conditions for the existence of approximative atomic decompositions in
separable Banach spaces have been identified. As an application of these decompositions, it has been
demonstrated that if both E and F are Banach spaces with the bounded approximation property, then their
Cartesian product ExF also possesses this property.

1. Introduction

Frames for Hilbert spaces were first introduced by Duffin and Schaeffer [3] while addressing significant
challenges in non-harmonic Fourier series. Feichtinger and Grochenig [6] extended the concept of frames to
Banach spaces and termed them atomic decompositions.Atomic decompositions have been pivotal in the
advancement of wavelet theory and Gabor theory. Frazier and Jawerth [7] constructed wavelet atomic
decompositions, known as ¢-transforms, for Besov spaces. Feichtinger [5] developed Gabor atomic
decompositions for modulation spaces, which are Banach spaces similar to Besov spaces, characterized by
conditions of smoothness and decay.Walnut [13] extended many results to weighted ( L2 ) spaces,
demonstrating that Gabor atomic decompositions in ( L2,(R) may not necessarily be Hilbert frames.
Feichtinger and Grochenig [6] established a general theory applicable to a wide range of function spaces and
group representations.

In [8], Grochenig explored atomic decompositions as a broader concept than frames. In this paper, we will build
on this work by introducing the concept of approximative atomic decompositions for Banach spaces. This paper
aims to provide a characterization of these decompositions. The paper has established that a Banach space E has
an approximative atomic decomposition if it satisfies the bounded approximation property. Moreover, sufficient
conditions for the existence of such decompositions in separable Banach spaces have been derived. As an
application, it has been shown that if both Banach spaces E and F have the bounded approximation property,
then the product space E x F with the £1-norm also possesses this property.

JETIR2308762 ] Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | h531


http://www.jetir.org/

© 2023 JETIR August 2023, Volume 10, Issue 8 www jetir.org (ISSN-2349-5162)

2. Preliminaries

In the paper, E denotes an infinite-dimensional Banach space over the scalar field K (either real numbers or
complex numbers). E* and E+ refer to the first and second conjugate spaces of E, respectively. B(E) represents
the Banach space comprising all continuous linear mappings on E, while L(E, E) denotes the Banach space of
all linear mappings on E. Ed denotes a specific associated Banach space of scalar-valued sequences indexed by
N (natural numbers).The notation [ fn ] denotes the closed linear span of the sequence { fn } in E*, and [pPfn ]
represents the closed linear span of { fn } in the o(E*, E)-topology. A sequence { fn } c E* is termed complete
if its closed linear span [ fn ] equals E*, indicating that it densely covers E*. It is considered total if the set of
elements x in E such that fn(x) = 0 for all n in N is solely the zero vector in E, meaning { fn } provides a full
description of Ex without leaving any significant gaps.

Definition 2.1 from reference [6] states: In a Banach space E with an associated Banach space Ed of scalar-
valued sequences indexed by N, a pair ({ fn }, {xn }) is termed an atomic decomposition for E with respect to
Ed if

(a) {f,(x)}cE; forallxeE
(b) there exist constants A, B with 0 <A < B < oo such that

Allx|lg = I1{falx)}lg, < Bllx|lz, forallx€E

(c) x= i fi(x)x,, forall x € E.

The positive constants A, B are called atomic bounds for the atomic decomposition ({ fn},  {Xn }).

Definition 2.2 from reference [12] defines the bounded approximation property for a Banach space E as
follows: E is said to have the bounded approximation property if there exists a constant A > 1 such that the
identity operator IE : E — E can be uniformly approximated on every compact subset of E by finite-rank linear
operators with norm < A. Formally, for every compact subset Q < E and for every € > 0, there exists an
endomorphism u = uQ,e € L(E, E) (linear mappings from E to E) of finite rank, satisfying |[ull < A, such that
[lu(x) — x|l < ¢ for all x € Q.

The result referenced in this paper is presented in the form of a lemma.

Lemma 2.3, as stated in references [11, 12], asserts that if E is a Banach space and { fn } < Ex is a total
sequence over E, then E is linearly isometric to the associated Banach space Ed = { { fn (X)} : x € E }, where
the norm in Ed is defined as [I{ fn (x)}IEd = |IXII[E for all x € E. This means that E and Ed are essentially the
same in terms of their linear structure and norm, despite being expressed in different forms (E via its elements
and Ed via sequences indexed by { fn }).

3. Main Results

Definition 3.1 defines an approximative atomic decomposition for a Banach space E with respect to an
associated Banach space Ed of scalar-valued sequences indexed by N. Specifically, given {xn} < E and
{hn,i} fori=1, 2, .., mn (where mn is an increasing sequence of positive integers) c Ex, the pair ({hn,i},
{xn}) is termed an approximative atomic decomposition for E with respect to Ed if
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(a) {h,;(x)}-i2 n €Ey forallx € E
(b) there exist constants A, B with 0 <A < B < co such that

Allx||g = [l{h, ()} 12 me IIE“ = B|lx|z, forall xeE

(€ x = lim ¥ h,,(x)x;, for all x € E.
=1

Indeed, it can be observed that if ({ fn }, {xn}) is an atomic decomposition for E with respect to Ed, where Ed is
an associated Banach space of scalar-valued sequences indexed by N, then for hn,i=fn,i=1,2, ..., n;n € N,

({hn,i}, {xn}) forms an approximative atomic decomposition for E with respect to some associated Banach
space EdO. This relationship holds because

.II]idrrleZn:h”_, (x)x, = I]I_.nl Zn:f, (x)x;=x.

It can be observed that if hn,i(x) =0 forall i = 1, 2, ..., nand n € N, then by equation (3.1), X must be zero.
Therefore, according to Lemma 2.3, there exists an associated Banach space EdO = {{hn,i(x)} : i=1,...,n, n€EN :
x € E} with the norm defined as [I{hn,i(X)} : i=1,2,...,n, n€EN ||EdO = [IX|IE, where X belongs to E. In this space
EdO, ({hn,i}:i=1,2,...,n, neN, {xn}) constitutes an approximative atomic decomposition for E.

However, it's important to note that ({hn,i} : i1=1,2,...,n, n€N, {xn}) in itself may not necessarily be an atomic
decomposition for E with respect to EdO.

Based on the above discussion, we can make the following observations and queries:

() If E possesses an atomic decomposition with respect to Ed, then E also possesses an approximative atomic
decomposition with respect to some EdO.

(1) The relationship between Ed and EdO needs further investigation and remains an open question.
(111) The converse of observation (1) is affirmed (Remark 3.4).
Regarding the existence of approximative atomic decompositions, we provide the following characterization:

Theorem 3.2 states that a Banach space E has an approximative atomic decomposition if and only if there
exists a sequence {vn} c B(E) consisting of non-zero endomorphisms of finite rank such that

e T

tx= 2 v(x) x €E and sup

i=1

g e e e

—
il
2, v
i=1

= A, for some A = 0.

Proof. Suppose {xn} c E and {hn,i} c Ex* are sequences such that ({hn,i} : i=1,2,....mn, neN, {xn}) forms an
approximative atomic decomposition for E with respect to an associated Banach space Ed, where {mn} is an
increasing sequence of positive integers. Define

uy(x)= Z"h_.,.,-(xjx,-, xeEneH.
=1
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Then, for each n € M, u, is a well defined continuous linear mapping on E with
dimu,[E) < oo such that lim u,(x) = x, x € E. Also, by using principle of uniform
boundedness, sup |lu,|| < oc. Without any loss of generality, we may assume that

1 =n<an
u; #0and u, # u,.,, for all n € M. Define
1
V1 =l Vo = Vopp1 = Efun+l_uu}= neM.

Then {v,} is a sequence of non-zero endomorphisms of finite rank in B(E) such

that

> T vilx) = uy(x) + %{{szl’] —uy(x)) + (uz(x) — uy (x))}

+ %{[uﬂﬁx}— () + (us(x) — up(x))} + -+

=u,(x), x=E.

Therefore, we have

lim vi{x)= limu,(x)=x, xe<E.
n—o0 n—o0
i=1
Also
n
SuUp Zv:- = sup ||u,| =oo.
1 =hi=ad i=1 1€n<as

Conversely, taking u, = »,v, n € M, we have lim u,(x) = x, x € E. Since for
I.=.I n—0o0
each n € M, u,(E) is finite dimensional, there exist a sequence {y,;}._, 41 inE

and a total sequence {g, };= +1 in E such that

mﬂ

u,(x)= Z gni(x)y.;s x€E, neHN,

i=m,_;+1

where {m_} is an increasing sequence of positive integers with m, = 0. Define
{x,} CEand {h,;} -2 CE" by

X =¥u» t=my_,;+1,....m, neM and

0, ifi=12..,m,._,
By =
o gn.l' if I:=r'n,|-|_1"':I.,-..J"i'.l.

Then, for each x € E, n e H,
lim » h, (x)x; = lim u,(x) = x. (3.2)
n—as = n—a

Let x € E be such that h,(x) =0, foralli = 1,...,m, and n € M, then by
(3.2), x = 0. Therefore, by Lemma 2.3, there exists an associated Banach space
E, = Hh".j{x}}--lil-;-n.. : x € E} with norm given by |I{hn1|-[x.}}l-l.:"_-im: e, = llxllg.
x=E.

Hence, ({h, ;} ~—= ,{x,}) is an approximative atomic decomposition for E with
respect to E;. - O

Note: For the converse part of Theorem 3.2, we do not need to assume
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2. Vi

i=1

sup < oo,

1=n<ad

Let E= £ . For eachn € N, define vn : E > E by vn (x)=&nen, x= {&n } wi=1 € £ oo Then [lvn (X)II = lI&n
enll = |&n | < IIXIl, n € N. Therefore vn € B(E), n € N. Further, note that dim vn (E) = dim(span{en }) = 1 and
sup Yn i=1 vi < 1. But E is nonseparable. Hence E does not have an approximative atomic decomposition. In
view of the above discussion, we have the following problem

Problem. Does a Banach space E has an approximative atomic decomposition (or atomic decomposition) if
there exists a sequence {vn } c B(E) such that x =) i=1 vi (X), X € E?

The following result describes the relationship between approximative atomic decompositions and the bounded
approximation property.

Theorem 3.3. A Banach space E has approximative atomic decomposition if and only if E has bounded
approximation property.

Proof: Let ({hn,i} : i=1,2,...mn, neN, {xn}) be an approximative atomic decomposition for E with respect to
Ed, where {mn} is an increasing sequence of positive integers. Therefore, following the approach in Theorem
3.2, there exists

linear mappings {un } with dim un (E) < oo such that limn—o0 un (x) = x, x € E and sup 1<n< 0. Let Q be any
compact subset of E. Let € > 0 be arbitrary and { yi } r i=1 be a finite € 2(1+AL) -net for Q, where A = sup 1<n<
. Then, for any x € Q, there exists some j such that

l1=7=r.

[
Ilr—:r’,.llﬁm. =

Since foreach i = 1,2, ... r, y; € E, there exists a positive integer n; such that
Ny =, (¥l < % forall n=n, and i=1,2,...,r.
Thus
Il =, ()l = e = ;1 + Ny — (Nl Gy ) — (DI
<e, ftorall n=n;.
Since x € Q and € = 0 is an arbitrary, we have

lim sup||x —u,(x)|| = 0.
A—20 o

Thus, E possesses the bounded approximation property. The converse part of the theorem can be derived from
Theorem 2.10 in reference [1] and Observation (I).

Remark 3.4: Based on Theorem 3.3 and Theorem 2.10 in [1], we can conclude that a Banach space E possesses
an approximative atomic decomposition if and only if it has an atomic decomposition.It can be observed that if
E has an approximative atomic decomposition, then E must be separable. However, according to Remark 3.4
and the example provided in [4], the converse statement does not necessarily hold true. Below is a diagram
illustrating the relationships among these various concepts.
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£ has approximative

atomic decomposition

7N

Ir'-l'.uil"\: -::lll'lll'lll'll nas atorm

il E n ]
approximabion property Clecomposition

N

F is separable

Given that a separable Banach space does not always guarantee an approximative atomic decomposition, it is
pertinent to inquire about conditions under which such a space does possess this property. The following results
provide sufficient conditions for a separable Banach space to have an approximative atomic decomposition.

Theorem 3.5. A separable Banach space E has an approximative atomic decomposition if there exists a
constant A 2 1 such that for every finite dimensional subspace G of E and every & > 0 there exists a finite rank
endomorphism u € B(E) satisfying

flull = A and ||ju(x)—x|| < &|x|, xe0G.

Proof. Let { yn } be a sequence in E such that [ yn ] = E. Then, by hypotheses, for each n € N there exists a finite
rank endomorphism un € B(E) such that

lu <A, neM and

1 .
e, (x) — x|l < ;lel. x€G,=[¥1.¥2.--¥s), nEM.

Since Gn € Gn+1, n € N and [lun]l <A, n € N, it follows that limn—>oe un (x) = x, x € E. Also sup 1<n< oo,
Hence, proceeding as in Theorem 3.2, E has an approximative atomic decomposition.

In reference [10], it has been demonstrated that if two Banach spaces possess Banach frames, then their product
space also possesses a Banach frame. Similarly, the following result pertains to approximative atomic
decompositions.

Finally, as an application of approximative atomic decompositions, we have the following corollary.

Corollary 3.7. If E and F are Banach spaces having bounded approximation property, then the product space E
x F also has bounded approximation property.

Proof. Follows in view of Theorem 3.3.
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