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Abstract:

This paper focuses on the batch arriving and batch service queuing system where customers arriving according to
the general bulk rule (az, b1) and follows the Poisson distribution. Customers are served in bulk manner according to
the different four types of optional distribution. If there are not sufficient number of customers for receiving the
service, then may or may not go for the vacations until the available numbers of customers are lies between a; and
b1. Server comes back for the vacation if arrived numbers of customers are sufficient for giving the service. Here
we have also included the balking and reneging behaviors of customers due to have insufficient amount of time.
Here we have determined the dependent probability generating function by using the corresponding steady static
equations and number of customer waiting in the system.

Keywords: bulk rule, probability generation function, Poisson distribution.

Introduction:

Delay queueing problems are most common in our daily life activities also at a bank, a supermarket and public
transport, also considered in the technical conditions such as in computer networking, telecommunication and
manufacturing etc. Queueing models with multi-server have wide range of applications such as railway station ,
supermarket, airport etc. in the study of multi server queueing system, we assumes that server should be reliable in
which individual service rates are same for all the servers in the service system. In the queueing system in which
human servers are included is more reliable than others. the multi server queueing model leads to two or more than
two servers.

In this work, we have considered here that customers receive the service in multi phase system. There are four types
of services in which three types of optional services and one essential service. Customers come to the service
system for receiving the optional service, after getting it they have the choice to go for any types of optional service
or leave the service system.

JETIR2309383 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | d760


http://www.jetir.org/

© 2023 JETIR September 2023, Volume 10, Issue 9 www.jetir.org(ISSN-2349-5162)
Model description:

Here, we consider the batch Markovian queueing System with bulk arrival and bulk departure. Arrival rate of
customer follows the Poisson distribution with rate A. Here we consider the four optional services and one essential
service which follows the exponential distribution with service rate u. In this model server provide the service to
customers in bulk manner with (A, B) rule. Server provides the service to at most b customers and at least a
customer. The batch size of the serving batch will lie between a and b. customers arrive to receive the service at the
service station but after arriving, first they will go to the essential service after that they will decide to one of them
optional services from the available services or leave the service station. If customer does not join any of the service
then he/she may leave the service station with probability p or may join the any service with probability q Such that

p+q=1

Customer comes to service station for receiving the service, if server is busy to providing the service to other
customers. Then customers have to wait in the service centre till the server gets free.

We consider some assumptions to explain the mathematical queueing model.

(i) Customer come to the service centre in group/bulk manner and rate of arrival follows the Poisson
distribution.

(ii) We consider the mathematical model in which service pattern follows the bulk service rate (a,b), under
this rule server provide the service to at least a customers and at most b customers. If number of
customer present at service station lies between a, and b, (i.e greater than a and less than b) then server
will provide the service to all customers, again if number of customers present, at service station are
greater than b, then server will provide the service to at most b, customers. Left customers will be served
in next round of service.

(iii) Suppose that &; is the probability of arriving ‘i’ length of batch at any interval of time t. Assume that the
total probability of customers

ifi =1
i=1

for 0<¢,<1
We also consider that A is the arrival rate of customers and pu is the service rate of customers at any
instant of time.
(iv)  We consider aj (j=1,2) be the optional service rate. It follows the exponential distribution with
distribution function F(a) for i=1, 2 be the probability density.
(v) Let u;(x)denots the conditional probability distribution function at a time t for any x

pj(x)is defined by

fi(x)

orj=1,234
1—fj(x) forj

Hj (x) =

(vi)  Customer will go any of the optional service. Customer chooses the first optional service with rate d, if
he/she does not choose the first optional service than rate will be 1-d; If whole batch of customers
arrives the service at a time then the size of batch will lie between a,and b;.

(vii)  If no one customer is present at the service station then server can go for the vacations for same time
after that arriving customers will have to wait until server will come for giving the service to customers.
After coming from vacation period server starts the service if there is availability of batch of size a;and
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b4 i.e customers are present in the service system are greater than a,; and less than b,. Server will serve
to at most b; customers at one time. Remaining customers will serve in the next round.

(viii) ~ Server will go for the vacation with the Poisson distribution function with vacation rate G.

(ix) If customers come for the service and server is busy to providing service to another batch. Then arriving
batch may or may not leave the service centre, it depends on the time he/she or whole batch have. If they
have less time for receiving the service then they leave the system with probability (1 — ¢4) and stay at
the service system with probability c;. Another way, we consider our second assumption is that, if whole
batch come for receiving the service and server is not available at service centre, he is on vacation
period. Then customers may leave the service system with probability (1 — c¢;) and stay at the service
system with probability (c;).

(x) Here we consider these parameters which are not dependent to each other.

Definitions and Notations

I. fooo Pmi(x,t) dx is the Probability that m customers in the service system are present at a time t with not
accepting the batch of size [ (a; <1 < b,) is receiving service for any i =1,2

ii. M(t) will be the probability that number of customers is less than a; which is not sufficient for giving the batch
service at that time. We are required to at least a; customers should be present in the service system for
receiving the service at any instant of time.

iii. v, (t) represents the probability there are m customers are present in the system for receiving the service when
server is on the vacation and not available to giving the service.

Mathematical formulations

By considering above description, we have given this system of the equations-

0 0
— P (xt) + a9t Po,1 (%, )

ox
by
= =P (x, 1) — Z Hy ()P 1 (%,1) + A(1 —cq) Py 4 (x, 1)
m=a,
+ ACIPO,I(XI t) (3)

d
Pm,1 xt) += P (x,1)

ox ot

b1 bl
0
= A P = ) W GOPa D+ D gg(IPmga(e) A =€) Py (D)

m=a, m=a,
+ AciPp1(x,t) . (4)
d d
I Po2(x,t) + 3t Py (%, )
by
= —APy,(x,t) — z Mz (OPy (%, 1) + A(1 — ¢q) Py (x, 1)
m=a,
+ AciPyo(x, 1) ..(5)
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0 0
a Pm,z (x, t) + a Pm,z (x,t)

b1 bl
9
= A Bna(x0) z 15 ()P (5, 0) + Z 8q()Pn_gq2(6 D) +A(L = ¢1) Pz (x,£)

m=a, m=a,
+ AcyPpo(x,1) ..(6)

d d

apos(x' t) + Epo,s (x,t) = —APy3(x,t) — uz(x)Py3(x, t) + A(1 — c1)Pos(x,t) +

Ac1Py3(x, t) i (7)

d da b
_Pm,3 (x; t) + _Pm,3 (x: t) =N Aclpm,3 (x: t) — ZT’Lal Uz (x)Pm,3 (x: t) +

dx dt
c1A2 g1 9q Pm-q3(x,t) + A(1 — 1) Py 5(x, t) +

Ac1 P 3 (%, ) ..(8)
:—xPOA(x, t) + %POA-(x' t) = —APp4(x,t) — p3(x)Py4(x,t) + A(1 — c1)Poz(x,t) +
Aci Py 4(x, t) ..(9)

d d b
_Pm,4 (x' t) + a Pm,4(x; t) = - APmA_(X, t) - 2"%=a1 273 (X)Pm,4(xr t) +

dx
1A X451 9q Pm-q3(6,t) + A(1 — ¢1)Pp3(x, t) +
Ac1 P, 3(x) ..(10)
S om() + A+ O (©) = A6, Ty v (6) + A1 = c)um(6) + (1-d)(1-
d)[ [, P (6, s (x)dx + [ Py (6, Dpp () dx +

Jy Pz 06, Opz () dx [ Prya (6, Opa () dx ...(11)

%Vo(t) + A+ V() =21 -V () + (1 —dy)(A — dz)[fooo Po1(x, t)uy (x)d,, + fooo Py (x, ) (x)d,y +
Jy Pos(e Dz (O] + fy Poa(x, )pa(x)dy (12)

%m(t) + Am(t) = Gm(t) + A(1 — by)m(t) + A(1 — by,)m(t) ..(13)
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With the boundary condition

Pm,l(o’ t) = GVinta, () + GVintp, () -.(14)
Pr1(0,8) = G Xpisy Vi (£) + Abym(t) + A(1 — bp)m(t) ..(15)
Pm,2(0! t) = dl fooo Pm,l(x’ t) .uq (x)dx + d2 fooo Pm,Z (x' t) :ul(x)dx (16)

Pm,S(Or t) = (1 - dl) f0°° Pm,l(xv t) Mq(x)dx + (1 - dZ) f0°° Pm,z(x' t) .uz(x)dx
..(17)

Pia(0,8) = (1 = C1) [, P G, g ()dx + (1= cz) [ Prn2 (x, D) (x)dx
...(18)

By considering assumptions, server will be idle if number of customers will be less than as

Vo) = 0
Vowy =0
m(0) =1
Pricoy =0
form=20,1,23, .. ..
i=1234 ...(19)

Here, we are considering some generating functions.

P;(x,z,t) = Z Ppi(x,t)z™ fori=12,3,4

m=0

Pi(z,t) = Z Pni()z™ fori=1,234
m=0

[e¢]

V(zt) = V() z™

m=0
0(z) = Xh-10m2™ ...(20)
By taking the Laplace transform of Equations (3) to (13) and using the Equation (20), we have

= Pa(6,5) + (s + A+ 13 ()Py1 (x,5) ) = ACL T2y 9q Pyga(x,5) +
AL = C1)Pya (5, 5) +
AC1Pp 1 (%, 5) ..(21)
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%PO,l(x' $)+(s+ A+ X1 (¥)Py1(x,5)) = A1 —CPyi(x,s) +
AC1Po1(x,s) (22)

d _
aPm,z (x,8) + (s + A + uz(8) P2 (x, 5))

= ACy 2g=19q Pm—gz(x,5) + A(1 — C1)Pyy2A(s, x)+AC, Py 2 (x, 5) ...(23)

%Fo,z(x, S)+(s+Ai+ Z?nl=a1 12(x))Po2(x,5)) = A(1 — Cl)Po,z(x: s)+ )\Clpo,z (%,5)...(24)
= Prz(cs) + (S + A+ ta(@Prz(x5) = AC; T, gq Prga(xs) + A(1 -
Cl)Pm-B(x, S) + 7\C1Pm’3(x, S) (25)

b1l

d
—Pos(69) + (5 2+ ) is(0Pe3(5) = AL = C)Py3(x,8) +ACPo3(x,5) ... (26)

m=al
d
aPm—A(x, s) + (S+ A+ w@Pmalxs) =AC; XiL19q Prgs(® s) + A(1 — Cy)Pmz(x,s) + AC; Prz(x, s)
...(27)

b1l

d
Py (55) + (s + 2+ Z e () Pg(,5) = (1 — C1)Pys(,) + AC1 Pos(,s) . (28)

m=al

(542 + G)Vin(S) = AC, Ty g Ving(6) + AL — C)Vi(8) + (1 — d;)(A =
dz)[[fooo Pr1 (6 8)py (X)dx + fooo Ppo (x,s)pp (x)dx +

Jy Pz (o Iz (X + [ P (5, 9)1aGOdX] 1 (29)
(s+ 2+ &Vo(s) = 2(1 — C)Vo(s) + (1 — d1) (1 = d) [y Po,1 (x, )i, )dx +
Jo Po2 (6, )R, dx + f3” Po3 (x, )y (x)dx + Jo_ Po,a (x, $)p, (x)dx]
...(30)
(G+s+2)m(t) = A(1 — Cy)m(s) ..(31)

Also taking the Laplace transform of boundary conditions

Pp1(0,) = GVipga1(8) + GViyp1(s) .(32)
Pp2(0,5) = GXEL 1V, (s) + ACy m(s) + A(1 — C; )m(s) (33)

Prs(©,5) = (1= d)) [ Py (5.0 + (1= ) [ Py (5, 2)q (D0
0 0

...(34)
Pina(0,5) = (1 = C1) [§ Py (6 pg()dx+ (1 = C3) [ Pz (2, g (x)dx

...(35)
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Now By Multiply z™ in Equation (21) and summing from 1 to «o and adding Equation (22), We have
obtained

o) ) b1l
z %PmJ(X’ s)z™ + Z Pp1(x5) <s + A+ Z ul(x)> 7"+ 6;i—xPO,l(X, s) + ((s + A+ |J-1(X))P0,1(X' S)

m=1 m=1

= Z AClz g(q)(%8) + A(1 — C)Pp1(x%,5) + A(1 — C1)Py 4 (%, S) P (x,2,5)

m=1 q=1

m=al

+ AC;1 Py 1 (%, s) P(x Z,5)

...(36)

Similarly we have other equations, by doing the same operation

b1l

- d
z Pps(x,5) <s a4 z ds (x)> b 2P 8) + (5 + A+ 1 G0)Po o (x,)

m=1 m=al

= d
Z ——Pra(9)2" +
m=1

oo m
d_
- Z aC, z 82y (%5 + A0 = €)Pra(5) +A(1 = C)Po»(x,5) P (x,2,5)

m=1 q=1

+ AC1 Py 5 (%, s) P (x,2,5)
.(37)

Yim= 1d Pp3(x,8)2" + Yone a1(5+/1+l13(X)+ Pos(x, S)) Py 3(x,5)z" +_P03(X S)+(S+/1+I13(X)+
Pos(%,5)) = By 201 B 9,5 (%,5) + AL = C1)Pr 3 (%,5) + A1 — C)Po(x,5) =P (x,2,5) +
A(C1)Po3(%,5) =P (x,2,5) .(38)

1o Pra(%,S)2" + Ty (5 + A+ X0y 1y (0) + Py (,5)" + —PO4,(X $)+ (54 2+ 100 Poa(x,5)) =

Yim=1AC1 Xgty 94 (x,8) + A(1 — C1)Ppa(x,5) + A(1 = C1)Pgy 4(x,5) & P (x,2,5) + AC1Py4(x,5) &P (x,2,s)
...(39)

Now by solving the equations (36),(37),(38),(39), we have

Ym=1Pr (0,2,9) + {s + 10, (1 — 9)(2) + Th— g1 AC1 1, (X)}xPy (x,2.5) = 0 ..(40)
Y= Py (,2,8) +{s + 1C;(1 — g)(2) + Thlog1 AC1 1, () }xP, (x,2.5) = 0 ..(41)
Ym=1P3 (%,2,8) + {s + 1C;(1 — 9)(2) + The a1 AC1 U, (X) }xPs (x,2.5) = 0 (42)
Y1 P (x,2,5) + {s + 2C;(1 — 9)(2) + Xhleaa AC1p, () }xPy (x,2.5) = 0 ..(43)

G+s+20,(1—g)()V(z,s) =1 —-d)(1 - dz)[f()Oo Py (x,2,8)uy (x)dx + fooo P, (x,2,8)py (x)dx +
fooo P; (x,2,5)us (x)dx + fooo Py (x,2,8)uy (x)dx | ...(44)
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Multiply by z™™ in equations (32) and summing over n from 0 to « and adding equation (33) by multiplying
z™ Also using generating function definitions we have

P1(0,2,5) = [AC; (s + Dz~ Im(s) + Gz~ v(z,8) + G XjLy Ving (5) + GVo(s)z™%1 ... (45)

Similarly we have other Equations
P,(0,2,5) = G X5 11 Vi (5) ..(46)

P;(0,z,s) = (1 — dl)f P (x,2,8)ug (x)dx + (1 — dz)f P, (s, x)ug (x)dx
0 0

P0.2,5) = (1= ) | Prua G 5Dttg x4 (L= C) [ P (7, 5Dy ()
0 0

By integrating the Equations (40),(41),(42) and (43) between the limits 0 t «o we get

P,(x,2,5) = P;(0,2,s)e Is+Ae1 (1=g(@)] fooo Yo a1 Acypg (x) ...(47)
P,(x,z,5) = P,(0,z, S)e_[s-mcl (1=g(z)] fooo Z?nl=a1 Acypip (x) ..(48)
P3(x,2,5) = P3(0,z,5)e~1stAe1 (1=g(@)] fooo Yo a1 Acy s (x) ..(49)
Py(x,2,5) = P4(0, z, s)e~[s*Ac {1=g(2)] fooo Y a1 ey (x) ...(50)

Again integrating the Equations (49),(50),(51) and (52) between limits 0 to x

1(s+2¢1(1-9(2)))

[ PG 2,8)dx = Py (0, 2,5) [ [e [+ 0-0@)] 4 [P0t A€, (x) = o &
Jy P2(x,2,5)dx = P,(0,2,5) [[e-[mcl(l—g(z))] +fy Zog, ACip, (x) = % ~(52)
Jy Ps(x,2,5)dx = P (0, 2,5) [[e—[swl(i—y(z))] +f, Toia, ACyps (x) = % ...(53)
fo" P,(x,z,5)dx = P, (0,2,5) [[e—[swl(l—y(z))] + f0°° zj’nl:al AC,uy (x) — % ...(54)

Now Assuming that
s+ Ac; (1 —g(z))=E; ...(55)

s+ Ac, {1 —g(z)) =E, ...(56)
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By Applying these two Conditions on the above Equations, we get

f P, (x,z,s)dx = P,(0, z, s)[ —E +f YhL i Aciug (x) — mil)] (57)

f P, (x,z,5)dx = P,(0, z, s)[ —E +f ¥hl o Acipy (x)— 1(E1)] ...(58) fox P; (x,z,s)dx =
P3(0,2,5) [t + [T EhL g derps (x) = 2] L. (59)

fox P, (x,z,s)dx = P,(0,z,5s) [ —E1 4 f YhL L Acius (x) — &11)] ...(60)

By solving the equations (59),(60),(61) and (62), and using
P.(0,2z,5), P,(x,2,5), P3(x,2,5) and P4(x, z,s)

P,(z,5) = [AC; — (S + AC)z % |m(s) + Gz ="V (z,s) + z7% + GZZLal Vmg (s) +

GVo(s)z™ ™ [e‘El Jo Emay A @) —% ...(61)
Po(z,5) = G Nieg, Vi () [0 Ziniay ACaka) _ e .. (62)
P;(z,s) = [(1 —d,) fooPl(x, z,8)pq(x)dx + (1 — dy) foon(x, z, S)HB(x)dxl [e—E1+f;°2f,3=alzcly1(x) _ %
0 0
..(63)
Py(z,s) = [(1 - Cy) fooPl(x, z,5)pg(x)dx + (1 = C3) foon(x, Z, s)ﬂ4(x)dxl [e—E1+f0°°)Lc1u1(x) _ 142‘_51)]
0 0

..(64)
How calculate the probability Vn (t)

I.e n customers are present in the systems when server is on vacation

[G +5+2C,(1 = g(@)Vz,s)= (1 = d)(1 = d)[[; Py (%, 2, )i ()dy + [ P2 (2,5, )pz () +
Jy P (x,2,9)p3(x)dy + Py(2, 5, 0)pa ()] .(65)

Values of P,(x,z,s),P,(x,2,5),P3(x,2,5), P,(x, z,s) we have obtain in the above section

1
[G+s+AC,(1—-g(2))]

V(zs)= (1= d)(1 = d)Pi(0,2,5) (e + J;7 A Cun () - 1(?))]#1(@ +
Po(0,2,8) |e7F1 4 [)" Thi g, ACiua () — 22| () +

_ o I3(E
P5(0,2,s) [e Bt Z%:al AC;p3(x) — %11)] p3(x) +
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Pi(0,2,5) [ + [ ThLy, ACua () = 72 s () .(66)

Equation (68) represents the required probability

Therefore equation (63),(64),(65),(66) represents required probabilities for one essential and three types of optional
services which can be given by the service system

Waiting time for the essential services can be determined by

d
L,(s) = - Cqy(z, s)|z=1 ..(67) Where C,; (Z) can be
determined by summing over these all probability functions

Cq(z,5) = P1(z,5) + P2(z,5) + P3(z,5) + P4(z,5) + v(z,s) ..(68)  Utilization factor of this
system can be determined by

U=1-Cy(z5) ...(69)
This equation represents the utilization factor for the mathematical queuing model
Conclusion

In this paper, we have studied the queueing model with bulk arrival and four types of batch services in which one of
them is essential service and three of them are optional services. This model is useful to reduce the customers
waiting time and increase the customer’s satisfactory rate. Here we have calculated the total probability of served
customer’s utilization factor for the mathematical model by using the generating function techniques.
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