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Abstract: 

A quaternion is a four- element vector that can be used to encode any rotation in a 3D coordinate system. The 

quaternion are a number system that extends the complex numbers. A quaternion with zero real part is called a 

pure quaternion with unit modulus ia called a unit quaternion. The imaginary part of a quaternion has three 

components and may be associated with a 3-space vector. 

The aim of our work is the convolution structure of Mellin-Wavelet transform. Also we have proved some basic 

properties like linear, shifting, distributive, conjugation property for the convolution of Mellin-Wavelet transform. 

Keywords: Mellin transform, Wavelet transform, Testing function space, Mellin-Wavelet transform, quaternion 
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1. Introduction 

The discovery of the quaternion is one of the most well documented discoveries in Mathematics. In general, it is 

very rare that the date and location of a major mathematical discovery are known. In the case of quaternion, we 

know that they were discovered by the Irish mathematician, William Rowan Hamilton on october16th, 1843. 

The ideas of this calculus of quaternion, as distinguished from its operations and symbols, are fitted to be of the 

greatest use in all parts of science. 

 The Quaternion algebra over R denoted H is an associative, non-commutative 

𝐻 = {𝑞 = 𝑞0 + 𝑞1𝑖 ̅ + 𝑞2𝑗 ̅ + 𝑞3𝑘̅, 𝑞0,𝑞1,𝑞2,𝑞3 ∈ 𝑅} 

and multiplication laws: 

𝑖𝑗 = −𝑗𝑖 = 𝑘, 𝑗𝑘 = −𝑘𝑗 = 𝑖, 𝑘𝑖 = −𝑖𝑘 = 𝑗, 𝑖2 = 𝑗2 = 𝑘2 = 𝑖𝑗𝑘 = −1  

Quaternion play an important role in animation field because it compose rotation nicely and mainly it gives 

spherical interpolation[1]. In this paper we discussed the definition of quaternion Mellin-Wavelet transform, the 

convolution structure and some properties of quaternion Mellin-Wavelet transform. 
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2. Conventional Mellin-Wavelet Transform 

  The conventional Mellin-Wavelet transform is defined as  

MWΨ{f(t, x)} = MWΨ F(p, a, b) = ∫ ∫ 𝑓(𝑡, 𝑥) 𝐾(𝑡, 𝑥, 𝑝, 𝑎, 𝑏)

∞

−∞

∞

0

 𝑑𝑡. 𝑑𝑥 

where    𝐾(𝑡, 𝑥, 𝑝, 𝑎, 𝑏) =
1

|𝑎|
1
2⁄
 𝑡(𝑝−1) 𝑒𝑖𝜋(

𝑥−𝑏

𝑎
)
2

 

3. Testing Function Space 𝐌𝐖𝛙,𝐩,𝐚,𝐛 : 

 An infinitely differentiable complex valued smooth function Φ(𝑡, 𝑥, 𝑝, 𝑎, 𝑏) define over −∞ < 𝑥 < ∞, 

0 < 𝑡 < ∞ with parameter p, a, b is said to belong to MWψ,p,a,b  for each 𝑚,𝑛 ∈ 𝑅2, if 

𝛾𝑚,𝑛,𝑞,𝑘Φ(𝑡, 𝑥) = 𝑆𝑢𝑝
𝐼
|𝜉𝑚,𝑛(𝑡)𝑡

𝑞+1𝐷𝑡
𝑞𝐷𝑥

𝑘Φ(𝑡, 𝑥)| 

                                                  < ∞ 

                              Where 𝑞, 𝑘 = 0,1,2,3⋯ 

𝜉𝑚,𝑛(𝑡) = {
𝑡−𝑚    ,   0 < 𝑡 ≤ 1
   𝑡−𝑛    ,   1 < 𝑡 < ∞

 

Now we have proved the kernel of Mellin- wavelet transform belongs to the space MWψ,p,a,b. 

4. Quaternion Mellin-Wavelet Transform  

 Quaternion Mellin-Wavelet transform is defined as  

𝑀𝑊Ψ
𝑖,𝑗(𝑝, 𝑎, 𝑏, 𝑞, 𝑎, 𝑑) 

= 𝑀𝑊Ψ
𝑖,𝑗𝑓(𝑡, 𝑙, 𝑥, 𝑦)(𝑝, 𝑎, 𝑏, 𝑞, 𝑎, 𝑑)  

= ∫ ∫ ℎ(𝑡, 𝑥) 𝐾𝑖(𝑡, 𝑥, 𝑝, 𝑎, 𝑏) 𝐾𝑗(𝑙, 𝑦, 𝑞, 𝑎, 𝑏) 𝑑𝑡 𝑑𝑥

∞

−∞

∞

0

 

Where  𝐾𝑖(𝑡, 𝑥, 𝑝, 𝑎, 𝑏) = 
1

|𝑎|
1
2⁄
 𝑡(𝑝−1) 𝑒𝑖𝜋(

𝑥−𝑏

𝑎
)
2

 

            𝐾𝑗(𝑙, 𝑦, 𝑞, 𝑎, 𝑏)  = 
1

|𝑎|
1
2⁄
 𝑙(𝑞−1) 𝑒𝑖𝜋(

𝑦−𝑑

𝑎
)
2

      

5. Convolution Structure of Quaternion Mellin-Wavelet transform 

Statement: For any real, scalar or complex signal 𝑓(𝑡, 𝑥) and convolution kernel 𝑔(𝑡, 𝑥) and ℎ(𝑡, 𝑥) =

(𝑓 ∗ 𝑔)(𝑡, 𝑥). Also F, G and H denote Mellin-Wavelet transform of 𝑓, 𝑔 & ℎ respectively. 
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𝑀𝑊Ψ
𝑖,𝑗𝑓(𝑡, 𝑙, 𝑥, 𝑦)(𝑝, 𝑎, 𝑏, 𝑞, 𝑎, 𝑑) =

1

|𝑎|2
𝐹(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝐺(𝑚, 𝑛, 𝑞, 𝑎, 𝑎, 𝑑) 

Where  ‘ ∗ ’  is the Quaternion Mellin-Wavelet transform operator. 

Proof: 𝑀𝑊Ψ
𝑖,𝑗𝑓(𝑡, 𝑙, 𝑥, 𝑦)(𝑝, 𝑎, 𝑏, 𝑞, 𝑎, 𝑑) 

= ∫ ∫ ℎ(𝑡, 𝑥) 𝐾𝑖,𝑗(𝑡, 𝑙, 𝑥, 𝑦) (𝑝, 𝑎, 𝑏, 𝑞, 𝑎, 𝑑) 𝑑𝑡 𝑑𝑥

∞

−∞

∞

0

 

= ∫ ∫
1

|𝑎|
1
2⁄
 𝑡(𝑝−1) 𝑒𝑖𝜋(

𝑥−𝑏
𝑎
)
2 1

|𝑎|
1
2⁄
 𝑙(𝑞−1) 𝑒𝑖𝜋(

𝑦−𝑑
𝑎
)
2

ℎ(𝑡, 𝑥)  𝑑𝑡 𝑑𝑥

∞

−∞

∞

0

 

= ∫ ∫

1

|𝑎|
 𝑡(𝑝−1) 𝑙(𝑞−1) 𝑒𝑖𝜋(

𝑥−𝑏
𝑎
)
2

 𝑒𝑖𝜋(
𝑦−𝑑
𝑎

)
2

                                         

{
 
 

 
 

1

|𝑎|
1
2⁄
 𝑡−(𝑝−1) 𝑒−𝑖𝜋(

𝑥−𝑏
𝑎
)
2 1

|𝑎|
1
2⁄
 𝑙−(𝑞−1) 𝑒−𝑖𝜋(

𝑦−𝑑
𝑎
)
2

[∫ ∫ 𝑓(𝑢, 𝑣) 𝑔(𝑡 − 𝑢, 𝑥 − 𝑣)  𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

]
}
 
 

 
 

  𝑑𝑡 𝑑𝑥

∞

−∞

∞

0

 

=
1

 |𝑎|2
∫ ∫ ∫ ∫

1

|𝑎|
1
2⁄
𝑓(𝑢, 𝑣) 𝑢(𝑝−1)

∞

−∞

∞

−∞

∞

−∞

∞

0

𝑒𝑖𝜋(
𝑣−𝑏
𝑎
)
2

 

 
1

|𝑎|
1
2⁄
𝑔(𝑡 − 𝑢, 𝑥 − 𝑣) (𝑡 − 𝑢)(𝑞−1)𝑒

𝑖𝜋(
(𝑥−𝑣)−𝑑

𝑎
)
2

𝑑𝑢 𝑑𝑣 𝑑𝑡 𝑑𝑥              

put 𝑡 − 𝑢 = 𝑚    and  𝑥 − 𝑣 = 𝑛 

     𝑑𝑡 = 𝑑𝑚       and  𝑑𝑥 = 𝑑𝑛 

=
1

 |𝑎|2
∫ ∫ ∫ ∫

1

|𝑎|
1
2⁄
𝑓(𝑢, 𝑣) 𝑢(𝑝−1)

∞

−∞

∞

0

∞

−∞

∞

0

𝑒𝑖𝜋(
𝑣−𝑏
𝑎
)
2

 

 
1

|𝑎|
1
2⁄
𝑔(𝑚, 𝑛) 𝑚(𝑞−1)𝑒

𝑖𝜋(
𝑛−𝑑
𝑎
)
2

𝑑𝑢 𝑑𝑣 𝑑𝑚 𝑑𝑛              

=
1

 |𝑎|2

{
  
 

  
 
(∫ ∫

1

|𝑎|
1
2⁄
𝑓(𝑢, 𝑣) 𝑢(𝑝−1)𝑒𝑖𝜋(

𝑣−𝑏
𝑎
)
2

𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

)              

(∫ ∫
1

|𝑎|
1
2⁄
𝑔(𝑚, 𝑛) 𝑚(𝑞−1)𝑒𝑖𝜋(

𝑛−𝑑
𝑎
)
2

𝑑𝑚 𝑑𝑛

∞

−∞

∞

0

)        

}
  
 

  
 

              (5.1) 

=
1

 |𝑎|2
{∫ ∫ 𝑓(𝑢, 𝑣) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

} 
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{∫ ∫ 𝑔(𝑚, 𝑛) 𝐾𝑖,𝑗(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 𝑑𝑚 𝑑𝑛

∞

−∞

∞

0

}                                               

 =
1

 |𝑎|2
 𝐹(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝐺(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 

∴ 𝑀𝑊Ψ
𝑖,𝑗𝑓(𝑡, 𝑙, 𝑥, 𝑦)(𝑝, 𝑎, 𝑏, 𝑞, 𝑎, 𝑑)  

=
1

|𝑎|2
𝐹(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝐺(𝑚, 𝑛, 𝑞, 𝑎, 𝑎, 𝑑)                                                     (5.2) 

6. Properties of Quaternion Mellin-Wavelet Transform:  

6.1 Linearity Property: 

i) (𝐴1𝑓 + 𝐴2𝑓) ∗ ℎ = 𝐴1(𝑓 ∗ ℎ) + 𝐴2(𝑔 ∗ ℎ)   

ii) ℎ ∗ (𝐴1𝑓 + 𝐴2𝑓) = 𝐴1(ℎ ∗ 𝑓) + 𝐴2(ℎ ∗ 𝑔)   𝑤ℎ𝑒𝑟𝑒 𝐴1, 𝐴2 ∈ 𝐻  

Proof: Consider, 

L.H.S. = (𝐴1𝑓 + 𝐴2𝑓) ∗ ℎ 

           = 𝛽 ∗ ℎ                  where  𝛽 = 𝐴1𝑓 + 𝐴2𝑓 

By using the equation (5.1) and (5.2), we get  

L.H.S. = 𝛽 ∗ ℎ                   

           = 𝐶2 𝛽(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) ℎ(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 

                                     

            = 𝐶2  {𝐶 ∫ ∫  𝑢(𝑝−1)𝑒𝑖𝐶1(𝑣−𝑏)
2
 𝛽(𝑢, 𝑣)𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

} 

{𝐶 ∫ ∫  𝑦(𝑞−1)𝑒𝑖𝐶1(𝑧−𝑑)
2
 ℎ(𝑦, 𝑧) 𝑑𝑦 𝑑𝑧

∞

−∞

∞

0

}                           

                   𝑤ℎ𝑒𝑟𝑒 𝐶 =
1

|𝑎|
1
2⁄
  and  𝐶1 =

𝜋

𝑎2
 

                

            = 𝐶2  {𝐶 ∫ ∫  𝛽(𝑢, 𝑣) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏)𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

} 

{𝐶 ∫ ∫  ℎ(𝑦, 𝑧) 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧

∞

−∞

∞

0

}                           
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  = 𝐶2  {𝐶 ∫ ∫  [𝐴1𝑓(𝑡, 𝑠) + 𝐴2 𝑔(𝑡, 𝑠)]𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏)𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

} 

                              {𝐶 ∫ ∫  ℎ(𝑦, 𝑧)𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑)𝑑𝑦 𝑑𝑧

∞

−∞

∞

0

}                         (6.1.1)   

Consider, R.H.S.= 𝐴1(𝑓 ∗ ℎ) + 𝐴2(𝑔 ∗ ℎ) 

By using equation (5.1) and (5.2), we get 

  = 𝐶2[𝐴1(𝐹 ∗ ℎ) + 𝐴2(𝐺 ∗ ℎ)] 

= 𝐶2  

{
 
 

 
 𝐶2𝐴1 [∫ ∫  𝑓(𝑡, 𝑠) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏)𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

 ∫ ∫  ℎ(𝑦, 𝑧) 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧

∞

−∞

∞

0

]

𝐶2𝐴2 [∫ ∫  𝑔(𝑡, 𝑠) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏)𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

 ∫ ∫  ℎ(𝑦, 𝑧) 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧

∞

−∞

∞

0

]
}
 
 

 
 

 

   

By using change of variable 

= 𝐶4

{
 
 

 
 

∫ ∫  ℎ(𝑦, 𝑧) 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧

[
 
 
 
 
 
𝐴1∫ ∫  𝑓(𝑡, 𝑠) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏)𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

+ 𝐴2∫ ∫  𝑔(𝑡, 𝑠) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑡 𝑑𝑠

∞

−∞

∞

0 ]
 
 
 
 
 

∞

−∞

∞

0

}
 
 

 
 

 

= 𝐶2

{
 
 

 
 
𝐶∫ ∫ ℎ(𝑦, 𝑧) 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧

∞

−∞

∞

0

                           

𝐶 ∫ ∫[𝐴1𝑓(𝑡, 𝑠) + 𝐴2𝑔(𝑡, 𝑠)]

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑡 𝑑𝑠
}
 
 

 
 

                       (6.1.2) 

From (6.1.1) and (6.1.2) result is proved 

6.2 Shifting Property: 

Prove that i) (𝛼𝑓 ∗ 𝑔) = 𝛼(𝑓 ∗ 𝑔) 

                ii) (𝑓 ∗ 𝛼𝑔) = 𝛼(𝑓 ∗ 𝑔) 

Proof: Consider, 

L.H.S. = (𝛼𝑓 ∗ 𝑔) 

Using (5.3.1) 𝑎𝑛𝑑 (5.3.2), we get 

= 𝐶2[𝛼 𝐹(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝐺(𝑦, 𝑧, 𝑞, 𝑎, 𝑑)] 
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= 𝐶2

{
 
 

 
 
𝐶∫ ∫(𝛼𝑓(𝑢, 𝑣)) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

        

𝐶 ∫ ∫ 𝑔(𝑦, 𝑧)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧              
}
 
 

 
 

 

= 𝐶2

{
  
 

  
 
𝛼 (𝐶∫ ∫(𝛼𝑓(𝑢, 𝑣)) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

)  

(𝐶 ∫ ∫ 𝑔(𝑦, 𝑧)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧)  

}
  
 

  
 

 

= 𝛼{𝐶2[𝐹(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝐺(𝑦, 𝑧, 𝑞, 𝑎, 𝑑)]} 

 = 𝛼(𝑓 ∗ 𝑔) 

∴ 𝐿.𝐻. 𝑆. = 𝑅.𝐻. 𝑆. 

Similarly we can consider 

𝐿.𝐻. 𝑆. =  (𝑓 ∗ 𝛼𝑔) 

Using (5.1) 𝑎𝑛𝑑 (5.2), we get 

= 𝐶2{[𝐹(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝛼 𝐺(𝑦, 𝑧, 𝑞, 𝑎, 𝑑)]} 

= 𝐶2

{
 
 

 
 [𝐶 ∫ ∫(𝑓(𝑢, 𝑣)) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

]   

[𝐶 ∫ ∫(𝛼𝑔(𝑦, 𝑧))

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧 ]
}
 
 

 
 

 

=∝

{
 
 

 
 𝐶2 [𝐶 ∫ ∫ 𝑓(𝑢, 𝑣) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

]   

[𝐶 ∫ ∫ 𝑔(𝑦, 𝑧)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧 ]
}
 
 

 
 

 

= 𝛼 [𝐶2 𝐹(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝐺(𝑦, 𝑧, 𝑞, 𝑎, 𝑑)] 

= 𝛼(𝑓 ∗ 𝑔) 

∴ 𝐿.𝐻. 𝑆. = 𝑅.𝐻. 𝑆. 

6. 3 Distributive Property: 

Prove that 𝑓 ∗ (𝑔 + ℎ) = (𝑓 ∗ 𝑔) + (𝑓 ∗ ℎ) 

Proof: Consider, 
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L.H.S. = 𝑓 ∗ (𝑔 + ℎ) 

= (𝑓 ∗ 𝑤)                                                              ∵ 𝑤 = 𝑔 + ℎ 

Using (5.1) 𝑎𝑛𝑑 (5.2), we get 

 L. H. S. = (𝑓 ∗ 𝑤) 

            = 𝐶2 [ 𝐹(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑤(𝑦, 𝑧, 𝑞, 𝑎, 𝑑)] 

= 𝐶2

{
 
 

 
 𝐶 ∫ ∫ 𝑓(𝑢, 𝑣) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

        

𝐶 ∫ ∫ 𝑤(𝑦, 𝑧)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧              
}
 
 

 
 

                       

           = 𝐶2

{
 
 

 
 𝐶 ∫ ∫ 𝑓(𝑢, 𝑣) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

                      

𝐶 ∫ ∫(𝑔 + ℎ)(𝑦, 𝑧)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧            
}
 
 

 
 

 

 

            

       = 𝐶2

{
  
 

  
 

𝐶 ∫ ∫ 𝑓(𝑢, 𝑣) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

  

[𝐶 ∫ ∫ 𝑔(𝑦, 𝑧) 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑢 𝑑𝑣 + 𝐶 ∫ ∫ ℎ(𝑦, 𝑧)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧  

∞

−∞

∞

0

] 

            }
  
 

  
 

 

= 𝐶2

{
  
 

  
 [𝐶 ∫ ∫ 𝑓(𝑢, 𝑣) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣 𝐶 ∫ ∫ 𝑔(𝑦, 𝑧) 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧 

    

∞

−∞

∞

0

∞

−∞

∞

0

]  

+ [𝐶 ∫ ∫ 𝑓(𝑢, 𝑣) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣 𝐶 ∫ ∫ ℎ(𝑦, 𝑧) 𝐾𝑖,𝑗(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) 𝑑𝑦 𝑑𝑧 
    

∞

−∞

∞

0

∞

−∞

∞

0

] 

            }
  
 

  
 

 

= 𝐶2 { 𝐹(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑤(𝑦, 𝑧, 𝑞, 𝑎, 𝑑) + 𝐹(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝐻(𝑦, 𝑧, 𝑞, 𝑎, 𝑑)} 

= 𝐶2 [ 𝐹(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝐺(𝑦, 𝑧, 𝑞, 𝑎, 𝑑)] + 𝐶2 [ 𝐹(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝐻(𝑦, 𝑧, 𝑞, 𝑎, 𝑑)] 

= (𝑓 ∗ 𝑔) + (𝑓 ∗ ℎ) 

∴ 𝑓 ∗ (𝑔 + ℎ) = (𝑓 ∗ 𝑔) + (𝑓 ∗ ℎ) 
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6.4 Associate Property: 

Prove that (𝑓 ∗ 𝑔) ∗ ℎ = 𝑓 ∗ (𝑔 ∗ ℎ) 

Proof: Consider, 

𝐿.𝐻. 𝑆. = (𝑓 ∗ 𝑔) ∗ ℎ 

            = 𝛿 ∗ ℎ                                              ∵ 𝛿 = 𝑓 ∗ 𝑔 

Using (5.3.1) 𝑎𝑛𝑑 (5.3.2), we get 

= 𝐶2 𝛿(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) ℎ(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 

= 𝐶2

{
 
 

 
 ∫ ∫ 𝛿(𝑢, 𝑣) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

             

∫ ∫ ℎ(𝑚, 𝑛)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 𝑑𝑚 𝑑𝑛         
}
 
 

 
 

 

 

= 𝐶2

{
 
 

 
 𝐶∫ ∫{(𝑓 ∗ 𝑔)(𝑢, 𝑣)} 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

             

∫ ∫ ℎ(𝑚, 𝑛)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 𝑑𝑚 𝑑𝑛         
}
 
 

 
 

 

= 𝐶2

{
 
 

 
 𝐶∫ ∫{(𝑓(𝑢, 𝑣)𝑔(𝑢, 𝑣))} 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

             

∫ ∫ ℎ(𝑚, 𝑛)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 𝑑𝑚 𝑑𝑛         
}
 
 

 
 

 

 

= 𝐶3

{
 
 
 
 

 
 
 
 

∫ ∫
[
 
 
 
 
 
∫ ∫ 𝑓(𝑢, 𝑣)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣 

∫ ∫ 𝑔(𝑚, 𝑛)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 𝑑𝑢 𝑑𝑣
]
 
 
 
 
 

∫ ∫ ℎ(𝑚, 𝑛)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 𝑑𝑚 𝑑𝑛

∞

−∞

∞

0

  𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣            

         }
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= 𝐶3

{
 
 

 
 ∫ ∫ [∫ ∫ 𝑓(𝑢, 𝑣) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

]  𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏)𝑑𝑢 𝑑𝑣 

∞

−∞

∞

0

[∫ ∫ 𝑔(𝑚, 𝑛)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 𝑑𝑢 𝑑𝑣 ∫ ∫ ℎ(𝑚, 𝑛)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 𝑑𝑚 𝑑𝑛]
}
 
 

 
 

 

 

= 𝐶3∫ ∫

{
 
 
 
 

 
 
 
 [∫ ∫ 𝑓(𝑢, 𝑣) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

]  

[
 
 
 
 
 
∫ ∫ 𝑔(𝑚, 𝑛)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 𝑑𝑢 𝑑𝑣 

∫ ∫ ℎ(𝑚, 𝑛)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 𝑑𝑚 𝑑𝑛
]
 
 
 
 
 

 

}
 
 
 
 

 
 
 
 

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏)𝑑𝑢 𝑑𝑣 

= 𝑓 ∗ (𝑔 ∗ ℎ) 

∴ (𝑓 ∗ 𝑔) ∗ ℎ = 𝑓 ∗ (𝑔 ∗ ℎ) 

6. 5 Conjugation Property: 

Prove that  (𝑓 ∗ 𝑔̅̅ ̅̅ ̅̅ ̅) = 𝑔̅  ∗ 𝑓 ̅

Proof: Using (5.1) 𝑎𝑛𝑑 (5.2), we get 

(𝑓 ∗ 𝑔) = 𝐶2 𝐹(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝐺(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 

              

= 𝐶2

{
 
 

 
 ∫ ∫ 𝑓(𝑢, 𝑣) 𝐾𝑖,𝑗(𝑢, 𝑣, 𝑝, 𝑎, 𝑏) 𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

             

∫ ∫ 𝑔(𝑚, 𝑛)

∞

−∞

∞

0

 𝐾𝑖,𝑗(𝑚, 𝑛, 𝑞, 𝑎, 𝑑) 𝑑𝑚 𝑑𝑛         
}
 
 

 
 

 

= 𝐶2  {∫ ∫  
1

|𝑎|
1
2⁄
𝑢(𝑝−1)𝑒

𝑖𝜋
𝑎2
(𝑣−𝑏)2

 𝑓(𝑢, 𝑣)𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

} 

           {𝐶 ∫ ∫
1

|𝑎|
1
2⁄
 𝑚(𝑞−1)𝑒

𝑖𝜋
𝑎2
(𝑛−𝑑)2

 𝑔(𝑚, 𝑛) 𝑑𝑚 𝑑𝑛

∞

−∞

∞

0

}   

= 𝐶2∫ ∫ ∫ ∫  𝑓(𝑢, 𝑣)

∞

−∞

∞

0

∞

−∞

∞

0

 𝑔(𝑚, 𝑛)𝑢(𝑝−1)𝑚(𝑞−1)𝑒
𝑖𝜋
𝑎2
(𝑣−𝑏)2

𝑒
𝑖𝜋
𝑎2
(𝑛−𝑑)2

𝑑𝑢 𝑑𝑣 𝑑𝑚 𝑑𝑛 

Now    𝑓 ∗ 𝑔̅̅ ̅̅ ̅̅ ̅  
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= 𝐶2∫ ∫ ∫ ∫  𝑓(𝑢, 𝑣)

∞

−∞

∞

0

∞

−∞

∞

0

 𝑔(𝑚, 𝑛)𝑢(𝑝−1)𝑚(𝑞−1)𝑒
−𝑖𝜋
𝑎2

(𝑣−𝑏)2
𝑒
−𝑖𝜋
𝑎2

(𝑛−𝑑)2
𝑑𝑢 𝑑𝑣 𝑑𝑚 𝑑𝑛 

= 𝐶3∫ ∫  𝑚(𝑞−1)𝑒
−𝑖𝜋
𝑎2

(𝑛−𝑑)2
 𝑔(𝑚, 𝑛) 𝑑𝑚 𝑑𝑛

∞

−∞

∞

0

∫ ∫  𝑢(𝑝−1)𝑒
−𝑖𝜋
𝑎2

(𝑣−𝑏)2
 𝑓(𝑢, 𝑣)𝑑𝑢 𝑑𝑣

∞

−∞

∞

0

 

= 𝐶2 𝑔̅  ∗ 𝑓 ̅                        where 𝐶 = 
1

|𝑎|
1
2⁄
 

= 𝑔̅  ∗ 𝑓 ̅

∴ (𝑓 ∗ 𝑔̅̅ ̅̅ ̅̅ ̅) = 𝑔̅  ∗ 𝑓 ̅

Conclusion: 

In this paper we have developed the new convolution structure of Quaternion Mellin-Wavelet transform. Also 

some basic properties of convolution structure of Quaternion Mellin-Wavelet transform are proved which will be 

useful in 3D coordinate system. 
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