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Abstract:

A quaternion is a four- element vector that can be used to encode any rotation in a 3D coordinate system. The
quaternion are a number system that extends the complex numbers. A quaternion with zero real part is called a
pure quaternion with unit modulus ia called a unit quaternion. The imaginary part of a quaternion has three

components and may be associated with a 3-space vector.

The aim of our work is the convolution structure of Mellin-Wavelet transform. Also we have proved some basic

properties like linear, shifting, distributive, conjugation property for the convolution of Mellin-Wavelet transform.

Keywords: Mellin transform, Wavelet transform, Testing function space, Mellin-Wavelet transform, quaternion
Mellin-Wavelet transform.

1. Introduction

The discovery of the quaternion is one of the most well documented discoveries in Mathematics. In general, it is
very rare that the date and location of a major mathematical discovery are known. In the case of quaternion, we
know that they were discovered by the Irish mathematician, William Rowan Hamilton on october16', 1843.

The ideas of this calculus of quaternion, as distinguished from its operations and symbols, are fitted to be of the

greatest use in all parts of science.
The Quaternion algebra over R denoted H is an associative, non-commutative
H ={q = qo + 1T+ q2] + 43k, 90,91,42,95 € R}
and multiplication laws:
ij = —ji=kjk=—kj=1iki=—ik=ji%?=j*=k*=ijk=-1

Quaternion play an important role in animation field because it compose rotation nicely and mainly it gives
spherical interpolation[1]. In this paper we discussed the definition of quaternion Mellin-Wavelet transform, the

convolution structure and some properties of quaternion Mellin-Wavelet transform.
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2. Conventional Mellin-Wavelet Transform

The conventional Mellin-Wavelet transform is defined as

oo 0o

MWy {f(t,x)} = MWy F(p,a,b) = f J f(t,x) K(t,x,p,a,b) dt.dx
0 —o

1 . (x—b\2
where K(t,x,p,a,b) = ; t(P—l)e”T(T)

lal /2
3. Testing Function Space MWy, , . :

An infinitely differentiable complex valued smooth function ®(t, x, p, a, b) define over —o < x < oo,

0 <t < oo with parameter p, a, b is said to belong to MW, , ., for each m,n € R?, if
Vm,n,q,kq)(t’ x) = Sl;tplfm,n(t)tq+1DgD9]c(CD(t; x)l

< o
Where g,k =0,1,2,3 -+

tt™ , 0<t<1
gm,n(t)_{ t—n , 1<t<00

Now we have proved the kernel of Mellin- wavelet transform belongs to the space MW, ;, o -
4. Quaternion Mellin-Wavelet Transform

Quaternion Mellin-Wavelet transform is defined as

Mqu,'j (p,a,b,q,a,d)

MW\Ii,‘jf(t, L,x,y)(p,a,b,q,a,d)

Il
o — ¢

j h(t,x) K;(t,x,p,a,b) K;(l,y,q,a,b) dt dx

. (x—b\?
Where K;(t,x,p,a,b) = ) e‘”(T)

1
la| /2

2

. y—d
Kj(l:y, q,a,b) = ;1 1@-1) eln’(T)
|al /2

5. Convolution Structure of Quaternion Mellin-Wavelet transform

Statement: For any real, scalar or complex signal f(t,x) and convolution kernel g(t,x) and h(t,x) =

(f = g)(t,x). Also F, G and H denote Mellin-Wavelet transform of f, g & h respectively.
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1
—=Fw,v,pab) G(mmn,q,a,a,d)

Mqu,'jf(t, Lx,y)(p,a,b,q,a,d) = 2l

Where ‘=’ is the Quaternion Mellin-Wavelet transform operator.

Proof: MW, £ (t,1,x,y)(p,a,b,q,a,d)

j h(tlx) Ki,j(ti l; x;:)’) (p; a, b; q,qa, d) dt dx

_(x—b\2 (Y=d)?
L om0 () 1 jamn o7 h(t,x) dt dx
|a|1/2 |a|1/2

1]
é\g

_ a2
ﬁ t@-1 (q-1) o (—b) ein(de)

([ o0 (3D L e i)
1
] é|a| 7 jal/2

l [I_Zf(u,v)g(t—u,x—v) dudv] J

0 -

1 (( —V)—d)2
| |1/ gt —ux—v) (t—u)l- D™ a du dv dt dx
a

putt—u=m and x—v=n

dt = dm and dx = dn

:%f ff f—l/f(u,v) u®=D ()
o o 2 lal/z

1 (g-1), (2=’
| ll/zg(m,n)mq eVa/)dudvdmdn
a
[0e] (o] \
v—
f f al’ — fu,v) uP V(T 2 du dv
1 oo 10112
_ 0 > (5.1)
|a|2 o 0o -
j J g(m n) ml- Dein(Tg ) dm dn
k 0 —oo |Cl| y,

1 (o] [0.0]
= |a|2{f ff(u,v) Ki,j(%v.p,a,b) du dv

0 -
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{ [ [ gtmm i yomm0,0,0) dman
0 —oo

_ 1

= Tar F(u,v,p,a,b) G(m,n,q,a,d)
MW‘f,‘jf(t, L,x,y)(p,a,b,q,a,d)
= #F(u, v,p,a,b) G(m,n,q,a,a,d) (5.2)
6. Properties of Quaternion Mellin-Wavelet Transform:
6.1 Linearity Property:
i) (Aif + Axf) *h = A (f xh) + A,(g * h)
i) h« (A f + Ayf) = A(h+ f)+ A,(h* g) where A|,A, EH
Proof: Consider,
LHS. = (A, f + A,f) * h
=L *h where B = A;f + A,f
By using the equation (5.1) and (5.2), we get

LHS. =B +h

=C?B(w,v,p,a,b) h(y,2,q,a,d)

= C? {c j f uP=DeiCi=b)* p(y, v)du dv}
0 —oo

{C f f y@=Dei1@=D% n(y, 7) dy dZ}
0 —oo

1 T
where C =% and C; ==

= C? {C] f B (u,v) Ki’j(u,v,p,a,b)dudv}
0 —o

{Cf fh(y,z) Kij(y,z,q,a,d) dydz}
0 —o
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= (C? {Cf f [A1f(t,s) + Ay g(t,5)]K; j(u,v,p,a, b)du dv
0 —o

{Cj jh(y,z)Ki’j(y,z,q,a,d)dydz} (6.1.1)
0 —oo

Consider, R.H.S.= A;(f * h) + A,(g * h)
By using equation (5.1) and (5.2), we get

= CZ[A1(F * h) + Az(G * h)]

(. [ee] (o] [ee] [ee] B \
C24, f f f(t,s) K;j(u,v,p,a,b)du dv f f h(y,z) K;j(y,z,q,a,d) dy dz

= Cz ) :Ooo _(; Ooo —0000 ~ ok
C?A, j J 9(t,s) K;j(u,v,p,a,b)du dv f j h(y,z) K;j(y,z,q,a,d) dy dz

\ 0 —oo 0 —oo 1)

By using change of variable

( (o] [o0)
Alf ff(t,s)Ki,j(u,v,p,a,b)dudv

=C4<j fh(y,z)Ki,j(y,z,q,a,d)dydz 0 %
0 - +A2f fg(t,s)Ki,j(u,v,p,a,b)dtds
| 0 —oo

\

\
h(y,2) K; j(y,2z,q,a,d) dy dz

C.f

0
Cf
W

From (6.1.1) and (6.1.2) result is proved

= (24 (6.1.2)

[A1f(t,s) + Axg(t,s)] K; j(w,v,p,a,b) dt ds

8'\8;3\8

_ J
6.2 Shifting Property:
Prove that i) (af *xg) = a(f * g)
i) (f xag) = a(f xg)
Proof: Consider,
LH.S. = (af x g)
Using (5.3.1) and (5.3.2), we get

= C?[a F(u,v,p,a,b) G(¥,2,q,a,d)]
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.

C (af(u, v)) K; j(w,v,p,a,b) dudv

g(y'Z) Ki,j(y;Z:q;a,d) dy dz

Il

a

N
0\80\8
| |
8‘\88\:8

a Cf f(af(u,v)) K;j(w,v,p,a,b) dudv
0 —o

co

cj jg@J)&A%z%mdﬁwdz
0 —o

.
\

= a{C?[F(u,v,p,a,b) G(y,2,q,a,d)]}
=a(f *g)
~L.H.S.=R.H.S.
Similarly we can consider
L.HS.= (f*xag)
Using (5.1) and (5.2), we get
= C*{[F(u,v,p,a,b) a G(y,2,q,a,d)]}

([ )

(f (u, ) K;j(u,v,p,a,b) du dv]

(ag(y,2)) Ki;(y,2,9,a,d) dy dz

Il

o

[\S]
0\80\8
| |
8——g8——3g

J

[o0) [ee] \
C? lcf ff(u,v)Ki,j(u,v,p,a,b) dudv]

f
:0(<
\

0 —_
F[ fg@J)&ﬂ%Z%mdﬁwdz
0 —oo J

=a[C?F(u,v,pab)G(yzq,ad)]
=a(f *g)
~L.H.S.=R.H.S.
6. 3 Distributive Property:
Provethat fx (g +h) = (f*g) + (f = h)

Proof: Consider,
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LHS. =fx*(g+h)

= (f *w) “w=g+h
Using (5.1) and (5.2), we get

L.H.S.= (f *w)

=C?[F(u,v,p,a,b) w(y,z,q,a,d)]

(o]

( )
CJ f f(u, 17) Ki,j(u' v,pa, b) du dv
=C?{ o & >
Cj fw(y,z) Ki;j(y,z,q,a,d) dy dz
\ 0 o J

\
f(u,v) K;j(u,v,p,a,b) du dv

g+h™2) K;j(y,z,q,a,d) dy dz

( [ee] [ee] \
¢ [ reuw) ky@v.p.a b duay
:C2< co 0o 0 -~ o >
[Cj fg(y,z) K;j(,2z,q,a,d) dudv +CJ fh(y,z) Kij(y,z,q,a,d) dy dz
\" 0 - 0 —o© )
( [ee] [ee] (o] [oe]
CJ. ff(u,v) K;;j(w,v,p,a,b) dudef jg(y,z) Kij(v.2,9,a,d) dy dz
= Cz< 0 0;0000 0 oo_oooo '
+ Cf ff(u,v) K;j(w,v,p,a,b) du def fh(y,z) Ki;j(v,2.q.a,d) dy dz
k 0 - 0 —o )

=C*{F(u,v,p,a,b) w(y,2,q,a,d) + F(u,v,p,a,b) H(y,z,q,a,d)}
=C?[F(u,v,p,a,b) G(y,z,q,a,d)] + C*[F(u,v,p,a,b) H(y,z,q,a,d)]
=(fxg)+{*h

sfx@+h=(Fxg)+(f+h)
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6.4 Associate Property:
Prove that (f * g) * h = f * (g * h)
Proof: Consider,
L.HS=(fxg)*h

=8+h “S=fxg
Using (5.3.1) and (5.3.2), we get
=C?65(u,v,p,a,b) h(m,n,q,a,d)

,
6(w,v) K; j(u,v,p,a,b) dudv

h(m,n) K;;(m,n,q,a,d) dmdn

é\nsé\g

=c2{°
of

\

(77 \
Cf f{(f*g)(u, WY K; j(w,v,p,a,b) dudv
=c2{ ° 2> >
f fh(m,n) K;j(m,n,q,a,d) dmdn
0 —o J
(77 \
¢ [{(raumgu)} ki u,pab) dudv
=c2{ ° %, & -
f f h(m,n) K;;(m,n,q,a,d) dm dn
\ 0 e} J
( - )
J jf(u, v) K;;(w,v,p,a,b) dudv
0 —o
= (3 f f f f gim,n) K; j(m,n,q,a,d) dudv| K;;(u,v,p,a,b) dudv \
0 -0 —oo i
f fh(m n) K; ;(m,n,q,a,d) dm dn
\ 0 —o ),
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\

y
( [o0) o0 [ee] [ee]
f f f ff(u,v) K; j(u,v,p,a,b) dudv| K; j(u,v,p,a, b)du dv
0 o L0 o

=C3{ o o N 3

[f fg(m n) K;;(m,n,q,a,d) dudvj fh(m,n) K;j(m,n,q,a,d) dmdn
0 —o 0 —o

J

r \
f fu,v) Ki,j(U, v,p,a,b)du dv]

gm,n) K; ;(m,n,q,a,d) dudv | ¢ K;;(u,v,p,a,b)du dv

S NE
0 —oo

h(m,n) K; j(m,n,q,a,d) dmdn

l
]

=f*(g*h)
c(frg)xh=f*(g+h)
6. 5 Conjugation Property:
Provethat (fxg) =g *f
Proof: Using (5.1) and (5.2), we get

(f*g) =C?*F(u,v,p,a,b) G(m,n,q,a,d)

r [ee) oo \

[ [ rewv) ks vpab) dudy
=C*{% \

f fg(m,n) Ki,j(m,n,q,a,d) dm dn

o J

il [
o I lal7/2
]

0

:CZf
0

Now fx*g

T, .2
u®Degzb) f(u,v)du dv}

é\g

I, 2
al 1/ m@1 gz d g(m,n) dmdn}
2

é'\ag

2 I, o
f f f(u,v) gim,n)u® Dmla- 1)eaz(v DY 6@z ™ D" gy dv dm dn
0 [e'e)
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oo

= ﬂf
0

__in o co oo —_117: e
=3 J j m@Deaz ™YD" 5 1) dm dn j f u® ez " £y vy du dv
0 —o 0 —o

é'\ag

Sime 2 Zime 2
f f fu,v) gimn)u®PVm@Deq2 @b,z D" 1 dy dm dn
0 —o

=C:g+«f where C =

1
la| /2

=g *f

“(Fra) =g +f

Conclusion:

In this paper we have developed the new convolution structure of Quaternion Mellin-Wavelet transform. Also
some basic properties of convolution structure of Quaternion Mellin-Wavelet transform are proved which will be

useful in 3D coordinate system.
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