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ABSTRACT: The main purpose of this paper is to defined the nano sets called nanorc(s) -closed set and in nano
topological spaces. Also we discuss its properties in nano topological spaces. Then we have continued research work and
introduced a nano continuous function called nano rc(S) continuous function in nano topological spaces. In future, we will

study the concept of connectedness and kernel etc.
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1.INTRODUCTION:

In 2014, K. Bhuvaneswari and K. Mythili Gnanapriya had introduced nano generalized closed sets in nano topological spaces.

Nano c(s)-sets in nano topological spaces was introduced S. Visalakshi and A. Pushpalatha in 2020. In this dissertation
we introduced to study about properties of Nrc(s)- closed sets with Nrc(s)-continuous functions in Nano Topological

spaces.

Nano semi generalized closed (briefly Nsg - closed set []if Nscl(A) < U whenever A c U .

U isananosemiopensetin (U ,7,(X))

Nano regular generalized closed ( briefly Nrg — closed ) sets [ ]if Nrcl c U whenever A < U .and U is a nano regular
opensetin (U ,z;(X))

Nano semi c(s) generalized closed ( briefly Nsc(s)g —closed set []if Nscl c U . whenever A c U and U isa nano c(s)

set.

Nano semi ¢ * generalized closed ( briefly Nsc'g — closed set[ ] if Nscl(A) — U .whenever A c U and U isananoc” set.
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2. PRELIMINARIES

Definition 2.1
Let U be a non-empty finite set of objects called the universe and R be an equivalence relation on U named as the
indiscernibility relation. Elements belonging to the same equivalence class are said to be indiscernibility with one another.
The pair (U, R)is said to be the approximation space. Let X — U . Then

(i) The lower approximation of X with respectto R is the set of all object, which can be

certain classified as X with respect to Rand its is denoted by L, (X). Thatis, Ly(X)= U{R(X):R(x) < X},
xeU

where R(X) denotes the equivalence class determined by X.

(i) The upper approximation of X with respect to R is the set of all objects, which can be possibly classified as X

with respect to R and it is denoted by U, (X) .That is, U.(X)= U{RMX):R(X)n X = ¢}
xeU

(iii) The boundary region of X with respect to R is the set of all object, which can be classified neither as X nor as

not- X with respect to R and it is denoted by B (X) That is Bs (X)= U, (X)- Ly (X)
Definition 2.2
Q) nano continuous if f (A) is nano closed set in (U ,Tx (X)) for every nano

closed set (A)in (V ,7x(Y)).
(i) nano « -continuous (briefly N -continuous) [ ] if for every nano closed set Ain
(V, 7, (Y)) itsinverse image f *(A)isnano ¢ -closed in (U , 7, (X )).
(iit) nano regular continuous ( briefly Nr -continuous ) [] if for every nano closed set Ain
(V, 7, (Y)) itsinverse image f ~*(A)is nano regular closed in (U , 7 (X)).
(iv) nano semi generalized continuous (briefly NSg -continuous) [ ] if for every nano closed set Ain (V ,z5(Y))

its inverse image f (A) is nano semi generalised closed setin (U ,z,(X)).
3. PROPERTIES OF Nrc(s)-CLOSED SETS IN NANO TOPOLOGICAL SPACES.

Theorem 3.1. The intersection of two Nrc(S) -closed sets are also Nrc(S) -closed sets in nano topological spaces.

Proof : Let both the sets F and G be Nrc(s)-closed sets in(U , 75 (X )). Let V be Nrc(s)-closed set with F <V and
GcV. Then FAGcV since F and G are Nrc(s) -closedsets, Nrcl(F) cV and Nrcl(G) cV.
Hence Nrcl(F nG) < Nrcl(F) n Nrcl(G) <V, therefore F n Gis Nrc(s)-closed setin (U, 7, (X)).

Remark 3.2. The union of two Nrc(s) —closed sets need not be a Nrc(s) — closed set as seen from the following example.
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Example 3.3. Let U = {a,8,7,0} with U/R = {{a}.{r}{B.0}} and X = {a,f}. Then TR (X) =
{s,U {a}{a, S5,6},{5,0}} isanano topology on U . From Example 3.2, we have {} and {6} are Nrc(s)-closed sets

but their union{/, d}is nota Nrc(s)-closed setin (U, z(X)).
Definition 3.4. The nano rc(s) -closure of a set A denoted by Nrc(s)cl(A), is the intersection of nano Nrc(s) -closed sets

containing a set A.

Remark 3.5.1t is clear that Nrc(s)cl(A) is a Nrc(s) -closed set.

Theorem 3.6. A < Nrc(s)cl(A)and A=Nrc(s)cl(A) if and only if A is a nano Nrc(s)-closed set in nano topological

spaces.

Proof:It is obvious by above remark 4.5.

Theorem 3.7.1f A isa Nrc(s)-closed setand A = B < Nrc(s)cl(A), then B isa Nrc(s)-closed setin (U, 7, (X)).
Proof: Let B <V where V is NC(S) setin 75 (X )and by given A < B implies A cV . Since A isa Nrc(s)-
closed set, Nrc(s)cl(A)=A. So Nrc(s)cl(A) =V . Also by given, B < Nrc(s)cl(A)implies  Nrc(s)cl(B) <
Nrc(s)cl(A). Thus Nrc(s)cl(B) <V andso B isa Nrc(s)- closed setin (U, 74 ( X )).

4. NANO rc(s) - CONTINUOUS FUNCTION IN NANO TOPOLOGICAL SPACES

Definition 4.1. Let (U , 7o (X ))and (V, 7., (X)) be to nano topological spaces, then a mapping fi(U,mz(X)—>
(V, 7., (X)) s called as nano rc(s) -continuous (briefly Nrc(s)-continuous) function on(U ,z, (X )). If the inverse image
of every nano open setin (V, 7, (X)) is nano rc(s) open setin (U, 7, (X)).

Example 4.2. Let U = {a, f,7,6} with U/R = {{a}.{r}{B.0}} and X = {a,}. Then 7o (X)=
{¢.U {a}{ax, 8,5} AB,5}}and 7" (X) = {U, {0} AB, 7,5} {e, 73} . The Nrc(s) —closed  sets  are
.U AL} Aok 3B, 7}y, 03 e By} A 7,63 B, 7, 63).  Let V= {pasr} with V/R'=
H{ad.Ark.{p.s}} and Y ={p,r} then its nano topology is 7. (Y)={¢,V.{r}.{p.s,r}.{p,s}} and its
complement isty (Y)={a,V {a}.{a,r}.{p.q,s}}. The Nrc(s) -closed sets are
{4V Ap}Aa}{s}.{p.a}.{a,s}.{9,r}.{p.q,s}.{p.q. r}{0s, r}}. Define f:(U,75(X)—>(V,7,.(X)) by
fla)=r. f(B)=p, f(r)=0a, f(5)=s Then the inverse images of nano open setsin (V, 7, (X)) are f{r})={a},

f'{p.a,s}) ={a, B,.5F f *"{p,s}) ={B,0}Fand f (V) =U. That is the inverse image of every

nano open set in (V,7,(X)) is Nrc(s) —open set in (U, 7, (X )). Therefore f isa continuous function in (U , 7, (X)).
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Theorem 4.3. A function f (U ,7,(X))— (V, 7. (Y))is said to be Nrc(s) —continuous if and only if the inverse image

of every nano closed set in (V,7,,(Y)) is Nrc(s) —closed setin (U , 75 (X)).

Proof: Let f bea Nrc(s)—continuous function and F be a nano closed setin (V, 7, (Y)). Thatis (V —F) is anano open
setin (V,7..(Y)). Since f isa Nrc(s)—continuous function, f*(V-F) isa Nrc(s)—open setin (U,z,(X)). So

f *(F)isa Nrc(s) —closed set in (U , T (X)). Conversely, let us assume that the inverse image of every nano closed set
in (V,z,(Y))isa Nrc(s) —closed set in (U, 75 (X )). LetH be a nano open set in (V,z.(Y)). Then (VV-H)isa
nano closed set in(V,z ., (Y)). By our assumption f*(V—H) is a Nrc(s)—closed set in (U,z5(X)). Hence
frV)-f(H)=U-f*(H)isa Nrc(s) —closed set in(U , 75 (X )). So f*(H) is aNrc(s) —open setin (U, 7 (X

). That is the inverse image of every nano open set in (V,7, (Y))is Nrc(s) —open set in (U,75(X)). That is fis a

Nrc(s) —continuous function on (U , 75 ( X)).

Theorem 4.4. Every nano continuous function is Nrc(s) —continuous function.

Proof: Let f:(U,75(X))— (V, 7. (Y)) be a nano continuous function. Let A be any nano closed set in (V, 7., (X)).

Then f~*(A) is nano closed setin (U, 75 (X )). Since every nano closed setin Nrc(s) —closed, f *(A)is Nrc(s) —closed

setin (U,75(X)). Therefore fis Nrc(s)—closed set.
Converse of the above theorem is not true. It is Proved by the following example.

Example 4.5. In Example 5.2, f is Nrc(s) —continuous function. But, f is not a nano continuous function. Since inverse

image of nano closed sets {p},{s},{p,q}.{q,s}.{p,q,s}and {q,s, r} are not nano closed sets in (U , 75 ( X )).Hence every

Nrc(s) —continuous function is not a nano continuous function.
Theorem 4.6. Every nano regular continuous function is Nrc(s) —continuous function in nano topological spaces.

Proof: Let f:(U,75(X )= (V,z.(Y))be a nano regular continuous function. Let A be any nano closed set in
(V,z.(Y)). Then f (A) is nano regular closed setin (U , 75 (X )). Since every nano regular closed set is Nrc(s) -closed

set, f(A)is Nrc(s)closed setin (U, 74 (X )). Hence fis Nrc(s)—continuous functionin (U , 75 (X )).
Converse of the above theorem is not true. It is Proved by the following example.

Example 4.7. Let U = {a, £,7,6} with U/R = {{a}.{y}{B.0}} and X ={a, f}. Then the nano topology is 7
(X)={p,U {a}{a, B,5}{B,6}}. Let V = {p,q,5,1} with V/R*={{aq}{r}.{p,s}}and Y ={p, r}then
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. (Y)={a,V {r}{p,s,r}.{p,s}}. The  complement of 7,(X) and 7t (Y)are (X)) =
{2.U. 03B, 7. 63 {3} is 75" (Y)={s,V {a}.{q.r}.{p.q, s}}respectively. Define f:(U,

To(X) >V, 7,.(Y)) by f(a)=s, f(B)=p, f(y)=q, f(d)=r thenf isa Nrc(s)—continuous function. But f is

nota Nr —continuous function. Since f*l({q,r}) ={7,5} is not Nr —closed setin (U , 75 (X )).

Theorem 4.8. Every Na —continuous function is Nrc(s) —continuous function in the nano topological spaces in (U , 7 (

X)).

Proof: Let f:(U,7(X))—(V,7,.(Y))be a Na—continuous function and A be a nano closed set in (V, 7, (X)).

Then the inverse image of A under the map f is a Na—closed set in (U ,75(X)). Since every No —closed set is

Nrc(s) —closed set, f*(A)isa Nrc(s)—closed setin (U, 75 (X )). Hence f isa Nrc(s)—continuous function.

Converse of the above theorem is not true. It is Proved by the following example.

Example 4.9.Let U = {e, £,7,6} with U/R = {{a}.{y}.{8,6}} and X = {a, f}. Then the nano topology is 7 (
X)={g,U {a}{a, B,5}{B,5}} Let V ={p,q,s,r} with V/R'={{p,s}{a}{r}}and Y ={p, r}.
Then 7., (Y)={a,V.{r}.{p,s, r}.{p,s}}. The complement of 7 (X) and z,(Y)ares(X) =

{6.U . 0}y ALy, 0, 3} and 75" (Y) =4,V ,La}.{qa, r3.{ P, A, S} respectively.
Define f (U, 7 (X)—= (V,7.(X)) by f(a)=p, f(B)=5s, f(r)=0q, f(d)=r, then f is a Nrc(s)—continuous
function. But f isnot a N —continuous function. Since f *({q,r}) ={y,o}and f *{p,q,s}) ={a, B, 7} are not Nr —

closed setsin (U , 75 ( X)).

Theorem 4.10. Every Nrc(s) —continuous function is NSg — continuous function in the nano topological space (U , 7 ( X

).

Proof: Let f:(U,75(X))—> (V,7.(X)) bea Nrc(s) — continuous function and A be a nano closed set in V.7, (X)).

Then the inverse image of A under the map f isa Nrc(s)—closed set in (U, 75 (X)). Since every Nrc(s)—

closed set in Nsg —closed set, f (A)isa Nsg —closed setin (U, 75 (X )). Hence f isa Nsg — continuous function.
Converse of the above theorem is not true. It is Proved by the following example.

Example 4.11. Let U = {a, B,7,6} with U/R = {{a}.{r}{8,5}} and X = {a, f}. Then the nano topology is 7 (X
={p,U {a}{a, 8,6} {B.6}}. Let V = {p,q,s,r} with V/R*={{p}.{s}.{a.r}}and
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Y ={p, S}-Then the nano topology is 7. (Y)={4,V.{p}.{p,q,s}.{d,s}}. The complement of 7,(X) and
7. (Y)are 7 (X) = {6V, 03 A8, 7, 5373} s 7 (Y)=
{o.V . {r}.{p,s, r},{p, r}}respectively.  Define f (U, z,(X)—>V,7,(X)) by f(a)=0q, f(B)=0p,

f(y)=s, f(d)=r, thenf is a Nsg —continuous function. But fis not a Nrc(s)—continuous function,  since

f 2 ({p,r}) ={B,5} isnota Nr—closed setin (U, 75 (X)).

Remark 4.12.From the above discussion we get the following diagram which represents the relationship between Nrc(s)—

continuous function and existing nano continuous functions in nano topological spaces.

Nano r continuous
function

-

S Nano r c(s)

4", closed set

Nano continuous
function

Nano sg continuous
function

I+

I+

Nano ¢ continuous
function
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