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Abstract

This paper is concerned with the generalization of fractional Fourier-Wavelet transform in a distributional
sense. In this paper, we discuss about product theorem, and convolution theorem for the Fractional Fourier-wavelet
Transform.
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1. Introduction:

The Fractional Fourier transform is generalization of the Fourier transform which was firstly used in
the field of signal processing by Victor Namias in 1980s[1]. The fractional Fourier transform has applications in areas
of optics and signals processing and it is also a generalization of space (or time) and frequency domain which are
central concepts of signal processing [2-4].

The Fractional Fourier transform of f(x) is given by

FrET{f ()} = [_., f (x) Ko (x, p) dx (1.1)

where, Ka(x, p) = Caeﬁ[(xhpZ)cosa—pr]

1-icota

where C, = -

The Wavelet transform better tool for the analysis of non-stationary signals because it provides better time-
frequency localization properties. The wavelet transform remove the non-stationary properties from the involved
signals[5]. The continuous wavelet transform give simultaneous, high-resolution time and frequency information
about a signal[6]. For the analysis of non-stationary signals and images the continuous wavelet transform is more
effective because of its scale-space representation[7].

The continuous Wavelet transform of f(t) is given by
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Wy {f(O}b,a) = [ f®)Ppa(t)dt , b €R,a € R — {0} (1.2)

. (t—b\?
where 1, 4 (t) = ﬁe"l"(tT) .

The Fractional Fourier-Wavelet transform of f(x, t) is defined as

FrEWT{f(x,t)} = F,(p,b) = ffooo ffooo f(x,)K,(x,p,t,a,b)dxdt (1.3)
_ [1-icota ! [(x?+p?)cosa—2xp] _1 in(ﬂ)z
where Ka(x, pt a, b) = o ezsina = e a

where0<a<§.

Ko(x,p,t,a,b) = CeslCi*+v?)-2Caxpl yics(t-b)?

1—icot
where C = ﬂ, C, = cota, C, = coseca, C3 = =
2|a|m a?

K,(x,p,t,a,b) belongs to the testing function space and f(x, t) lies in its dual space.

The testing function space of the fractional Fourier-Wavelet transform is collection of an infinitely
differentiable complex valued smooth function @(x,t) on R™ belongs to E (R™), if for each compact set1 c S 4

where S.4 = {x,t:x,t eR™|x| < ¢, |t| <d, ¢ >0, d >0}

Yein(®) = S;C%IIJID;%DZ‘(D(JC, )] < (1.9

tel

Thus, E(R™) will denotes the space of all ® € E(R™) with support contained in S. ;. Moreover, we say that f is a

fractional Fourier-Wavelet Transformable if it is a member of E*,the dual space of E.

The Distributional Fractional Fourier-Wavelet transform of f(x,t) € E(R™) defined by

FrFT{f (x,t)} = F,(p,b) = {f(x,t), K,(x, p, t, a, b)) (1.5)
1-icota . [(x?2+p?)cosa—2xp] 1 in(ﬂ)z
where K, (x,p,t,a,b) = |—— ezina P P e

where 0 < o < % .
Thus K, (x,p, t, a, b) belongs to the testing function space and f (x, t) lies in its dual space.
2. Some ImportaOnt Definition for Convolution Theorem

Definition1: For any function f(x,t), let us define the function f(x, t) and f(x, t) by
f(x, t) — f(x, t)ei(i—lx2+c3t2)
f(x’ t) — f(x, t)e_i(%x2+C3t2)

Definition 2: For any two functions f and g, we define the convolution operation " x ' by

.(C1 20c.62) 2 o
hx,t) = (f * g) = Ce "X 4E)(Fx §) 1)
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1—icot . . . . .
—>-Zand ' * " is the convolution operation for the Fourier transform defined as

where C =

2am

(frCt) =" [~ fwv)gx —ut—v)dudv.

Now we define the product operation ' Q ' by

(fa®Ca) @0 b) = ei(Fvten) (Fe+ &) ra.b)

3.
3.1 Convolution Theorem

Statement:
Let h(x) = (f *g)(x,) and F,, G, and H, denote the Fractional Fourier-Wavelet Transform of
f,g,and h respectively. Then

Hy(p,a,b) = e~i0P’ eGP’ E (p,a,b) G, (p, a, b)

Proof:
From the definition of the fractional Fourier-Wavelet Transform

Hy(p,a,b) = C j J 3101 (2 +0?)~2Cp] 65 (e=bY? . Pyt

—00 —O00

1-icot
Where C = le::l)na, C; = cota C, = coseca, C3 = —

H,(p,a,b) = C f fe; C1(x?+p?)-2C2xp] ,iC5 (t-D)? <C (%szszfZ)(f*g)(x, t)) dxdt

—00 —O00

- C? j Jel[cl(x +p2)=2C2xp] iC5(t-b)? p = —x 2+4¢5t?) (j J Fauv)g(x —u, t—v)dudv) dodt

- 17)61'(7106_”)2“3 (t_v)z)dudv> dxdt

e%[cl (22 +p?)=2C,xp—C1x%+C1u?+C1 (x—u)?]

é"g
EIB%S
é\.g

H(x(p:a;b) = CZ f

eilCs(t-D)?~C3t*+Cav?+Cs (v £ (3 1) g (x — u, t — v)dudvdxdt

(o] (0] (o] .
= C? f .f f e%[Cl(x2+2u2—2ux+p2)—262xp] pilCs(E2+2v2+b2—2tb-2vt]
(o] (00 (o]

é%g
|

fu,v)g(x —u,t — v)dudvdxdt

putx —u=y-dx=dyandt—v=z->dt =dz
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= (2 ] f fe%[Cl((u+y)2+2u2—2u(u+y)+p2)—2C2p(u+y)]

ei[C3 ((v+z)2+2v2+b2—2b(v+z)—2v(v+z))]f(u’ v)g(y, z)dudvdydz

(o8] oo [o9] oo
= C? f f f fe%[Cl(uZﬂ/Z+p2)—2C2pu—C2py)]ei[C3(v2+zz+b2—2bv—2bz)]
(o8] oo o] oo

f(u,v)g(y, z)dudvdydz

[0y (w2 +p2 +y2 +p?)—C1p? —2C,pu—2C,py))|

Il
()

[\S]
§———3g
§———3g
8§13
§———3g

o
N e~

eilCs(v?—2bv+b?+222bz4b%-b?)| £ (yy 1)) g(y, ) dudvdydz

e J f J f o301 (w2 +p?)-20,pw)] lCa (v2+p%)-2C,07)]

eiCs(W=b)? piC3(z=b)* g =iC3b* o ~iC1P* £ (y 1) g(y, z)dudvdydz

Hq(p, a,b) = C2e~iC1P% g iCb? j Je%[cl(”zJ’pz)_ZCZp“)]eic3(”‘b)2f(u, v)dudv

—co —00

[ [tz eaise, ayas

—00 —00

He(p,a,b) = e~iP* =GV E (p,a,b), G (p, a, b)

3.2 Product Theorem

(?; X C'F:;) (p,a,b) = ei(%pz”Csz) (Fa * &’:;) (p,a, b)

= e‘(71P2+C3b2) f f E,(x,a,t) G, (p — x,a,b — t)dxdt

—00 —O00

= ei(%p2+c3b2 j J el PGt F (x,a,t) e_i(%(p_x)2+c3(b_t)z) Go(p — x,a,b — t)dxdt

—00 —00

_ p?+C3b?) f J’e x2+C3t?) [C J' fe; [C1(2%+x%)~2C3x2] ,ic5 (w—t)? £(z,w)dzdw

—00 —00

(C
e—l(fl(P—x)2+C3(b—t)2) Ga(P —x,a,b — t)dth
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oo co
f f f(z, W)e—l 7x 2+c tz)e%[C1(22+x2)—2C2xz]eiCS(WZ_ZWth)
C0 —00

é\g
|

(o]
=L +Cb2
=e 2 Cf

— 00

(C
e“(Tl(p_x)2+C3(b_t)2) G,(p —x,a,b — t)dzdwdxdt

j- f f(Z, W)e%[ﬁ(22+zz_22_(p_x)2)—zczxz]el’(;3 (W2+w?2-w2—2wt—(b—t)?)

é\:g
|

[ee]

+Cb2
=e p Cf
— 00

G,(p — x,a,b — t)dzdwdxdt

[ee] [ee] [ee] [ee]
. i . .
= e p 4G b C f .I- f f f(Z, W)elClzz eE[C1(—ZZ—(p—x)2)—2C2xZ]eZlC3W2 elC3(—w2—2wt—(b—t)2)
—00 —00 [ee] [ee]

G,(p — x,a,b — t)dzdwdxdt

Nowputp —x=u-dx=—-du—->x=p—u
b—t=v-o>dt=—-dv->t=b—v

(FF: Z}z)(p,a b)

[ee] [0 (o] [0.0)
(C i
= 31(711’2“3”2)(; J J j J f(z,w)eicz” o~ 2lCL (27 +uP)+2Co2(0-w)] 2iC5w? ,—iC; (W2 +2w(b-v)+v?)
[ee] [0.0) [ee] [0

G,(u,a,v)dzdwdudv

(o] (0] [ee] (o]
= e p 4G b C J. .[ J. j f(z, W)elClzz—ZCZZp e—f[Cﬁ(Z +u )—2C22u162163(w2—wb) e—lC3(WZ—2WU+U2)
—00 —00 o [ee]

G,(u, a,v)dzdwdudv

[00] oo oo oo
~1 i 2 _L 24u2)- i 2 ; 2
= e p RC b C f f f ff(z’ W)elClz —2C2zp o 2[C1(Z +u?) Zszu]eZch(w ~wb) o—iC3(W—v)
—00 —00 oo oo

G,(u,a,v)dzdwdudv

(C
RCratol f ff(z,W)eiClZZ‘ZCZZpeZiCS(WZ‘Wb)g(z, w)(8Ca? sina) dzdw

—00 —00

(z Gz) (p,a,b) =e i(Gprecsd )(SCzna sina) J f eiC17=2C22p o 2iCs(W*~WD) £ (7 ) g(z, w) dzdw

| a609
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4. Conclusion

In this paper Convolution theorem and Product Theorem for Fractional Fourier-Wavelet transform is proved.
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