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Abstract:
In this study, a new integral transform called the DIT transform is introduced. We present the essential properties and proved
some useful results including derivative properties and the double convolution theorem.
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1 INTRODUCTION:

Integral transform methods are one of the most important methods which have been used recently to solve partial
differential equations. Therefore, many phenomena in mathematical physics, engineering and sciences fields can be
modeled by mathematical equations written in terms of partial differential equations 1-8. The integral transforms enable
usto transform the differential equations in algebraic equations and obtain the exact solution of the partial differential
equations. Many scientist and researcher have made a great effort to develop these methods, and they apply them to solve
large modern problems in mathematics. For instance, we have the Fourier transform methods and Laplace transform
methods 9-16.

Recently, double Laplace transform is used extensively to solve partial differential equations with unknown functions of two
variables which obtained good results compared to numeric methods 17-21. Moreover, there exist in literature further
extensions of double Laplace transform like double Sumudu transform, 22-27, double Shehu transform,28 double Elzaki
transform,29 and double Ramadan group integral transform 30.

In the current study, we introduce double transform in two dimensional spaces. It is called the New Integral DIT
Transform. After presenting the definition of the new integral DIT transform for function of two variables, we proved the
basic properties concern the existing conditions and the inverse of the DIT transform. Furthermore, we provided the DIT
transform of some known functions. Later on, we establish new results relative to the partial differential derivatives and the
double convolution theorem.

2 A New Integral DIT Transform
In this section, we introduce a novel concept of double transform in two dimensional spaces called the DIT Transform. We

proved the basic properties, existing conditions and the inverse of the New General DIT transform.

2.1  Definition: Let f(x, t) be a function of two variables x and t where x.t = 0, p{s) = 0.q(r) = 0
and ¢(s) and y (r) are the transform functions for x and t, respectively. We define a New General DIT Transform of the

function (=, t) denoted by Fp(s. ) is defined by

Fpls.r) = T2{flx 1), (s, 1)} = p(s)a(r) Jp Jp e @ %e ¥ t(x, dxdt  —eceeemes 1)
The inverse of the DIT Transform is given by

1 o+lo 1 (gly _r 1 B+t 1 (rlw_pr
flx.tl = Pl P Pl—sleq} *Fep (SJﬂSE Bt FE"" Y (rldr Fyl(s.r) - (2
Where a and S are real constants.

2.2 Existence Condition

Let for all x,t = 0 the function f(x, t) is said to be of exponential order for some 1 = 0.k = 0 if there exists a constant M = 0
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such that [f(x. t)] < Me™+kt
2.3 Theorem: If the function f(x, t) is piecewise continuous and satisfies

lf(x t)] = Me™*kt where M is positive constant, then the New General Double Integral Transform exist for all
pls) =L¢r) =k
Proof: Since ITy{f(x, t), (s.r)}ll = |p(s)q(r) [ [, e ®=%e~¥"'t(x, t)dxdt]

< p(s)q(r) fy [y e @S5 e ¥rtf(x, ¢)|dxdt

= p(s)ar) f fo Me™*Me?s e~ taxqy

< p(s)ar)M fy e~ ® 9 dx [T e ¥R ra

o -
E—:{p:.:_;—l,.t E—:Lp:r_;—k_;t

= Mpls)qlr) e o “wmm lo

Mplsi.glr)
— gplsl-1. Pirl-k
3 DIT Transform of Some Special Functions
In this section we introduce the DIT Transform of some Functions.

31  Property : Let f(x,t) = 1x = 0,t = 0 then Fy(s, ) = T2{f(x.t), (s.1)} = ﬁ

Proof : Fp(s, 1) = To{f(x, 1), (s.,1)} = p(s)q(r) [ [y e ®¥=e ¥t (x, t) dxdt
Put fix.t)=1
Fp(s.r) = T{flx.t), (s, 1)} =p(s)q(r) [y Jy e ®¥%e ¥t 1 dxat
= p(s)ar) Jy e ®¥dx f; e ¥t

r a0 r oz
g Bls)x gt

=p(s)ar) 7 1o 5 lo

_ pisigir]
- plsiyir
3.2 Property: Letf(x.t) ==t x = 0.t = 0 then Fp(s.1) = T{flx.t), (s.1)} = ﬁ
Proof:  Fpls.r) = To{f(x, 1) (s,1)} = p(s)q(r) Jj J; e P % ¥'"t(x, t) dxdt
Put fix.t) = =x.t
Fpls.r) = Tolf(x, t) (s, 1)} = p(s)q(r) [j J; e ®¥%e ¥ty tdx dt
= p(s)q(r) fnx e Py dx fnx e Wt dt
— i 5 = e I E —pirit = o g Wirit
=pls) qlr) [[K—E_q}.su g — Jo —E_q}.s. dx] [tﬂ_q”I la -5 —E—qprn dt]}
1 E—q:-:.':_;t = 1 E—Lp:r_;t =
= plsiq(r) Iﬁ [_mlsl lo ﬁ[—q:lrl In]}
plsigirl
- pls il s
3.3 Property: If f(x.t) = x*tF then
T LTy N
Fp(s.t) = To{f(x. 1), (s,1)} = p(s)q) ﬁfcr ala=-1p=-1

Proof: Fp(s.1) = To{fx. ©), (s, 1)} = p(s)q(r) [ f; e @ e ¥Wtf(x, ) dxdt
Put flx t) = x*tF
Fpls.r) = Tolf(x, t), (s, 1)} = p(s)q(r) [j Jp e ®¥=e ¥ty =tP dx at

= p(s)q(r) J; e ®=*x% dx [; e ¥t gt

_ . gl = - _le—u:-:.nt a—Wirt = - -1 g-Wirt
=p(s) q(r) qu —glz) lo —Jp ax® —pls dx] [tﬁ —yir) o — fo BtF i dt]}
=pls)qlr) % foralla= —1,p = -1
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3.4  Property : Iff(x.t) = e™*" then

Fpis.t) = Tolflx. t) (s.r)} = % forall @(s) = a @(r) =b

Proof: Fpl(s, 1) = Tp{f(x, 1), (s.1)} = p(s)q(r) Jj Jp e ¥ “%e ¥'Ftf(x, t)dxdt
Put fix,t) = e+t
Fpls.r) = Tolf(x, t), (s, 1)} = p(s)q(r) [j J; e @ F=e¥riteam+bt gy q¢

= p(s)a(r) [y e ®¥%e™ dx [; e ¥t at

I_J':S:] q{l‘:l JFDI e lplsl—ax g J’DI E—N;lrl_h:t dt

E—|4.p:.1_|—1_1: = E_—|4l:r_|—h_|: x}

P S, S,

—_ pslgied .
T lplsi—a i rlri-y for all ‘P{SJ = a, lIJ':l] =h

35  Property: If fix t) = '™+ = cps(ax + bt} + isin(ax + bt) then

Fp(s.1) = To{f(x. t), (s.1)} = ﬁ forall @(s) = a. ¢(r) =b

Proof: Fy(s,r) = Ty{f(x, 1), (s.,r)} = p(s)q(r) J; [, e ®=%e ¥t (x t)dxdt
Put fx 1) = '™+
Fo(s.1) = THEGx ). (5,19} = p(s)q(r) [y Jy e @ e ¥irte! =t gy gt
= p(s)q(r) [y e ®¥%e™ dx [ e Vet gt
=p(s)q(r) fy e dx fTe ¥ g

o~ lwis)—ax = g [Wiri—ihjt

= P':S:]q{r:]I_[qpy_u: |D — [l —1b] |D}

_ Pisigir)
7 Lpls) —tal [l —1h)

. [pls) +1al[dr(r) +1b]
p(s)q(r) lipls! —tallpisi+1al pdrir)—1b]dric! +1b]

:I @l r(r) +1bpls) +1adrir) +1°ab

=plsiqlr [pls1? =12y ?] [@le) 2 — 1]

[ip (shdrlr)—abl +1[bp (5] +adrir]
[ip (512 4 12 2] [rlr) 2 4+ 1]

=plslgqlr)

Consequently

lp(shp(r) — ab]
lp(s)? + (a) 1 [r(r) 2 + (b)2]

Fpicos(ax + bt)} = plslqlr)

b tp{s] +a l.l.n{r]]
[p(s)2 + (a) 2] ()2 + (b)2]

Fpisin(ax + bt)} = plsiq(r)

[pshlr(r)+ahl
[@ls)2 — 23] [Wrird 2 - by2]

[bp (5 +-anr (r1]
[q}'s'd—llld][qﬂrld—lhld]

3.6  Property : If f(x.t) = cosh(ax + bt) then Fy{cosh(ax + bt)} = p(s)q(r)

3.7  Property : If f{x.t) = sinh(ax + bt) then Fy{sinh(ax + bt)} = p(s) q(r)

4 PARTIAL DIFFERENTIAL DERIVATIVES OF DIT TRANSFORM
Now, we present some results related to the new general DIT transform of partial derivatives
4.1  Theorem: [Derivatives’ Properties]

Let Fy(s. 1) be the general DIT transform of the function f (x, t) and let E; (0, r) be the general transform of the function f (0, t).
Then

af [zt
dx

411 Tz{ } = @ls)Fy(s.r) — p(s)F(0.r)
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Proof : By using Fubini's theorem, we get

af [zt

TZT = p(s)q(r) J"Dx J’nxe—ql'slxe—ll-f'rl

af
t T’“ dxdt

_ T it W i)y BECH)
=q(r)f, e V" (p{s] Iy e® “‘—h dx) dt
From Jafari, 31, we have

T, ﬂf:t' = @(s)F;(s.t) —pls)f(0.) - @)

Therefore, by applying the general transform with respect to t for Equation (3), we find

T2 {afa:t} = () (qr) Jy Fgls, e ¥ ™tdt) — p(s)(qlx) [ £ (0, tye ¥ at)

= ¢(s)(Fp(5.1)) — p(s)Fg(0. 1)
adflxtl

422 T {557 = @*&)F(s.1) - @s)p(s)F(0.1) — p(s)

3. (0.1
i

Ffxt = @ fixt

Tz{ o }=P{=]q(rl [ e PR gegy

o = 3 frmt) (5]
= q(r) [y e ¥ (P{S] f ﬂ;’x_::te_q} o dx) dt

From Jafari 31

2
T, (250 = 2@ Fe(s. ) - @) pe) 0.0 - ps) T )
Once again, by taking general transform with respect to t for Equation (4), it yields that

T, (T2 = 2 ()R (5.1) - @(s) pls)F (0.1) — p(s) a2

Furthermore, we establish the same results for the second variable t as follows.

4.2 Theorem: Let Fy(s.r), Fz(s. 0} be the DIT transform and the general transform of the functions f (x, t) and f (x, 0)
respectively. Then,

421 T, {%} = Pir)Fyls.r) — q(r)F;(s. 0)

Ffxt

122 T = PR 60 - $ @R, 0) - ) T2

e

4.3  Theorem: (Heaviside Function)
Let To{f(x, t), (s 1)} exist and T {f(x,t), (5.v)} = Fy(s. 1) then
T,(f(x — 8.t —e)Hx — 8.t —g) = e 58 WreE(5 1)

Where H(x — &,t — &) is the Heaviside unit step function defined as

1L, x=6t=¢
Hix-8.t—¢) = II]. otherwise

Proof: Using the definition of new general Double Integral Transform, we find
Ty[flx — 6.t —e)JH(x —86.t — )] = p(s)qlr) J‘ J‘ e P e Wity _ § t—e)H(x — &6, t — £)dxdt
o Jo
= p(s)qlr) fnx fnxe'[m's'x+q"r't flx — &t — eldxdt ------------- (5)

Putting x — & = p and t — £ = T in equation (5) we obtain,

Ty[flx — 8.t — e)H(x — &.t — £]]

= p(s)qir) fnx fnxe'[q"s"ﬁ+9': e WWErtif(n dpdT - (6)
Thus equation (6) can be simplified into
T,[f(x—&6.t—e)H(x —86.t—e)] = e-'P'S'Ee-*'T"( p(s)qlr) f [ e PP e"‘”"f(p-ﬂﬂpﬂ’t]
o o

= e #=ie¥rEE (5 1)
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5 Double Convolution Result
5.1  Theorem:

Let T,[f(x.t]] and T»[glx t)] exist and Ty [f(x t)] = Ey(s. 1), Ty[glx.t)] = Gp(s.r) then the new general Double Integral
Transform of the convolution of fand g is

1
pisiglre!

Where £(x.t) + g, t) = [j J f(x — 8.t — t)glp, Tdpdr

and the symbol ** denotes the double convolution with respect to x and t
Proof: Using the definition of new General Double Integral Transform, we obtain

Tyl t) =+ gl )] = p(s) qle) [y [y e @5 e ¥t [flx,t) = glx, t)]dxdt

= plsiqir) fnx fnx g PslE g —Wlrht [fnx fnx f(x — 8.t — 1) glp. Ddpdr]dxdt - )
Using the Heaviside unit step function equation (7) can be written as
Ty [f(x t) == glx.t)]
= plslq(r) fnx fnxe'q"s'xe“l"r't[fnx fnx flx—6.t—THx - 6t—¢) glp, T)dpdt|dxdt -—-(8)
Equation (8) can be written as
T,[f(xt) =+ glx. )] = [ [} glp.©) dpdr(p(slqlr) [j [} e @& =+p] o r t+tig(x _ § ¢ — t)H(x — 8, t — £)dxdt)

To[flx. t) ++ glx.t)] = Fp(s.1).Gp(s 1)

=fxfx (p, 1) dpdre-®'splg-itE . ..
o Jo B\P P

= F':S l‘] fnx fﬂx E—[IP"S'P: E_N'“rlt:g':p."l:]ﬂpd’l:

1
= P 6o

6 CONCLUSION
Inspired by the new general integral transform in one dimension, we introduced a novel transform called a new general double
integral transform in two dimensional spaces. This new transform collects and implies the known double Laplace transforms in
the positive quadrant plane. Practically, we proved some essential properties related to the presented double transform such as
derivative properties and the double convolution theorem.
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