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Abstract

Our main aim is to derive modified version of Separation axioms in bitopological
space. Levine(® introduced the concept of generalized closed sets in topological
spaces and initiated the notion of Ti1/2- spaces in unital topology which is properly
placed between To—space and Ti-spaces by defining Ti2—space in which every
generalized closed set is closed. We extend Ro-topological spaces introduced by
Pervin®. The properties of Ro-topological spaces and results have been obtained in
various contexts. McCarty(” also introduced the notion of Ri-topological space which
is independent of both To and T1 but strictly weaker than T».. Bitopological forms of
these concepts have appeared in the definitions of pairwise Ro and pairwise R1 spaces
given by Mrsevic. J.C. Kelly™ studied quasi metrics and showed that a quasi-metric p
on X # ¢ gives rise in a natural way to another quasi metric p* called conjugate of p,

defined by p*(x, y) = p (y, x) for all x, y € X.

Key words: (Separation Axiom, Bitopological space, Hausdorff spaces, regular spaces,

open set, Close set, and quasi metrics)
1.1 Introduction

The separation axioms of topological spaces are denoted by T. Since separation
axioms are terms of generalized closed sets. The first separation axiom between To
and T1 was introduced by Aull and Thron®. The separation axioms are where the axioms
for Hausdorff spaces, regular spaces and normal spaces. Separation axioms and closed
sets in topological spaces have been very useful in the study of certain objects in

digital topology. We to introduce modified and new separation axioms called pairwise
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Q* Tispaces (I =0,1,2, 3,4), pairwise Q* normal, pairwise Q* regular, pairwise

Q* US, pairwise Q* KC space, pairwise urysohn space, pairwise Q*T5, pairwise Q*
T1 12, pairwise Q* T 2 3, pairwise Q* T» 1, space, pairwise Q* T4 1, space and
pairwise Q*T 5 1, space in bitoplogical spaces. The concept of generalized closed sets
and generalized open sets was first introduced by Levine(® in topological space. The
new class of sets called semi generalized closed sets and obtained various properties.
The study of generalized semi closed sets was initiated. The new class of sets called
g closed sets in general topological spaces is studies their properties. Throughout this
paper, (X, t) represents a nonempty topological space on which separation axioms are

assumed unless explicitly stated.

The concept of closed sets is a fundamental object in general topology. Levine(®
introduced the generalized closed sets in a single topological space in order to extend
many of the important properties of closed sets to a larger family. A set A of a
topological space (X, t) is called generalized closed set (g-closed) if cl (A) € U

whenever AC U and U is open in X.

1.2 Theorem
In a bitopological space (X, t1, 12) the following statements are equivalent:
) (X, 1, 12) Is pairwise Q*- Ro.

i) For any ti — Q* closed set F and a point x & F, there exists a U € Q* O(X, 12)
suchthat x ¢ Uand F c U forI,j=1, 2 and I #j.

iii) For any ti — Q* closed set F and a pointx ¢ F, tj — Q* cl ({x}) N F = ¢, for j =
1,2 and I #j.

Proof:

Case i) = ii): Let F be a tj — Q* closed set F and a point x € F. Then by i) 1; — Q* cl
({x})c X—-—F,wherel, j=1,2and I #]j.

LetU=X-1—-Q*cl ({x}) thenU € Q* O(X, 12 ) and also F cU and x ¢ U.

Case ii) = iii): Let F be a 1j — Q* closed set F and a point x ¢ F. we suppose that the

given conditions hold. Since
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Ue Q* O(X, 12), U N1j — Q* cl ({x}) = ¢ (1)

Then F N tj—Q*cl ({x}) = ¢, wherei,j=1,2 and I #j.

Case- iii) =1) : Let G € Q* O(X, 1i) and x € G. Now X — G is tj — Q*closed and x ¢
X —-G.Byiii), 15— Q*cl ({x})N (X -G) = ¢ and hence tj — Q*cl ({ x })c G for | , j
=1, 2and I #j.

Therefore, the space (X, t1, 12) is pairwise Q* - Ro.

1.3 Theorem

If (X, 11, 12) is pairwise Q* - Ry, then it is pairwise Q* - Ro.
Proof

Let us consider that (X, t1, 12) is pairwise Q* - R1. Let U be a 1i — Q* open set and x
eU.IfyegU,thenye X-Uandx & ti — Q* cl ({y}).

Therefore, for each pointy € X — U, 1j — Q* cl ({x}) # ti — Q* cl ({y}).

Since (X, t1, 12) is pairwise Q*- Ry, there exist a i — Q* open set Uy and a tj — Q*
open set Vysuch that 1j — Q* cl ({x}) € Uy, i — Q* ¢l ({y}) € Vyand Uy N Vy= ¢,
where I, j=1,2 and I #.

Let A=U {Vy/ly e X - U} then X — U c A, x € A and A is 1, — Q*open set.
Therefore, t1j — Q*- ¢l ({x}) € X — A c U. Hence (X, 11, 12) is pairwise Q* -Ro.

The converse of theorem is not true in general. The space (X, t1, 12) because is

pairwise Q* -Ro but not pairwise Q*-R.

1.4 Theorem

The product of an arbitrary family of pairwise Q* To space is pairwise Q* To.
Proof

Let (X, t1, 12) =[J]eea(Xe , Tia , T22), Where 11 and 12 are the product topologies on X
generated by 71« and T2 respectively and X = JJaea Xo. Let X = (Xq) and y = (ya) be

two distinct points of X. Hence, X « # y. for some a € A.
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But (X2, T1a, T22) is pairwise Q* To, there exist either a t12- Q* open set U, containing

Xy but not y» or a 722- Q* open set V, containing y» but not x ,.

Let us derive U = []a# (Xa x Ug) and V= []a £ (Y2 X V). Then U is t1- Q* open and V

Is T2- Q* open. Also, U contains x but not y. Hence, the theorem is proved.
1.5 Theorem

Let f: X—Y be a bijection, pairwise Q* continuous and Y is pairwise Q* To space,

then X is a pairwise Q* To space.
Proof

Let f: X—Y be a bijection, pairwise Q* continuous map and Y is a pairwise Q* To

space that X is a pairwise Q* To space.

Let x1, x2 € X with X1 # x 2. Since f is a bijection, there exists y1, y2 € Y with y; #

y2 such that f(x1) = y1 and f(xz2) = ya.
= x1=f Y(y1) and x2=f 1 (y2) ...(2)

Since Y is pairwise Q* Tospace, there exists a set which is either i — Q* open or 1j —
Q* open set M in X such that y1 € M and y. € M. Since f is pairwise Q* continuous
map, f ~1(M) is a pairwise Q* open set in Y. we gety; e M = f ~1(y;) € f ~}(M) =
x1 € f ~ (M) and x2 ¢ f - 1(M). Hence for any two distinct points yi1, y» in Y, there
exists pairwise Q* open set f ~1(M) in Y such that x1 ¢ f ~ (M) and x> ¢ f ~}(M). Now

Y is a pairwise Q* To space. Hence, the theorem is proved.

1.6 Theorem

If a space (X, 11, T2) IS pairwise Q* - T, then it is pairwise Q* -R1.
Proof

Let (X, 11, 12) be pairwise Q* -To».

Then for any two distinct points x, y of X, their exist a 7i— Q* open set U and a tj —
Q* open set Vsuchthatx e U,y e Vand U NV = ¢ wherel,j=1,2and I #j. If
(X, 11, 12) Is pairwise Q* -Tq, then {x} = 1 — Q* cl({x}) and {y} = 1i- Q* cl ({y}) and
thus i — Q* cl({x}) # tj- Q* cl({y}), where I, j=1, 2 and I #j.
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Thus, for any distinct pair of points x, y of X such that i — Q* cl({x}) # 1j — Q*

cl({y}) where I, j = 1, 2 and I # j, there exist a ti— Q* open set U and t; — Q* open
set Vsuchthatx e V,yeUand U NV =¢ wherel,j=1, 2 and I #j. Hence, (X, 11,

12) is pairwise Q* - Ry.

(i) The converse of the theorem (Every pairwise Q* T, space is pairwise Q* Ti

space) is not true in general i.e.) pairwise Q* T space is not pairwise Q* T2 space.
(i) If a bitopological space X pairwise Q* Ti, then it is pairwise Q* T _1. 1 =1, 2.
1.7 Theorem

Every pairwise Q* completely normal space is pairwise Q* normal.

Proof

Let X be a pairwise Q* completely normal bitopological space. Now A be a ti — Q*
closed set and B be a 1j — Q* closed set such that A N B =¢. Then

Ti — Q* cl(A) N B =ANB =¢
and ANty — Q* cl(B) = ANB = ¢ ...(3)

By complete Q* normality, there exists a tj— Q* open set U and a i — Q* open set V
such that A c U, B c V, U N V =¢. Since X is pairwise Q* normal. Hence, the

theorem is proved.
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