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Abstract
In this paper, Simple Result on fixed point theorem in Complete Dislocated Quasi Metric Space for a pair
of continuous mapping using rational inequality has been proved.
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1. Introduction: -
Let X be anon-empty setand d: X X X —[0,00) be a function called dislocated function satisfying following
conditions-
1. dlx,y)=d(y,x)=0=>x=y
2. d(x,y)<d(x,z)+d(z,y) Vx,y,z €X
Then d is called Dislocated Quasi Metric on X,if d Satisfies d(x, y) = d(y, x) then itis called Dislocated
Metric. [1]
The notion of dislocated topologies is useful in the context of logic programming.
Hitzler and Seda [2] have established a fixed-point theorem in complete dislocated spaces stated below
which generalizes well known Banach contraction principle.

Let (X,d) be a Complete d-metric space and let f: X — X be a contraction function. Then f has unique
fixed-point.
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The purpose of this note is to prove Simple Result on Fixed point theorem for a pair of continuous contraction

mapping in dislocated quasi metric space using rational inequality.

2. Preliminaries: -

Definition 2.1 [1]: - A Sequence {x,} in dislocated quasi metric space

{dg-metric space} (X,d) is called Cauchy sequence if given e > 0 ,3 nyN such that v m,n > n,

A(Xm, xn) <€ 0OF d(xp, x,) <E€

i.e. min {d (xm, x5), d(xp, X))} < €

Definition 2.2 [1]: - A Sequence {x,,} in dislocated quasi metric converges to x if

lim d(x,,x) = lim d(x,x,) =0 and X is called dg-limit of {xn}
n—oo n—oo

Lemma 2.3 [1] dg-limit in dg-metric space is unique.

Definition 2.4 [1] A dg-metric space (X, d) is called complete if every dg-Cauchy sequence converges in

dg-metric space.

Definition 2.5 [1]:- Let (X, d) be a dg-metric space. Amap f: X — X is called contractionif30 <1< 1

such that

d(Tx,Ty) < Ad(x,y) Vx,y €X

3. Main Result: -

Theorem 3.1: - Let (X,d) be a Complete dg-metric space and S,T:X — X be continuous mapping
satisfying.
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d(x,Sx)[1+ d(x,Sx)] d(x,Ty) + d(Ty,Sx)

<
I = e aGy) P T+ d@y.d.so

Wherevx,y e Xand0 < a,0 < f and (a + ) < 1.Then S and T have a uniqgue common fixed point.

Proof: - Let x, € X be any arbitrary in X.Define a sequence {x,,} in X. Such that

S(xp) = x4 , T(xy) =x, ingeneral

S(Xan ) = Xont1 » T(Xon41) = Xon42 -

Consider  d(xzn+1, X2n42) = d(Sx2n, TX2n41)

d (X2, SXo1). [ 1+ d(X2p, Sx20)] d(xXon, Txan+1) + A(Tx2pn41,SX2n)
1+ d(x2n, X2n41) 1+ d(x2n, X2n+1)- d(X2n41, SXap)

d(xzn, Xan+1)-[ 1+ d(x2p, Xon11)] d(Xan, Xans2) + d(X2n42,X2n41)
+p
1+ d(xzn X2n41) 1+ d(x2n, Xon41)- d(X2n41) X2n41)

d(X2n , Xan+1) d(X2n, X2n+2) + d(Xont2, X2n41)
<« 1 + 1

< a d(Xapn, Xon+1) + B d(Xon, X2n11)

< (a + B).d(xzn, X2n+1)

d(Xon+1) Xont2) < (@ + B).d (X2, Xon41)

LetK=(a+p) with0<K<landa+p<1

d (X241, X2nt2) < Kd(Xan, Xon41)

Similarly,

d(X2n, X2n+1) < Kd(Xn-1,X2n)
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Continuing like this d(Xgni1, Xons2) < K*d(x,x1) > 0 as2n - o

© a+ B <1, Thus {x,} isa Cauchy sequence in a complete dg-metric space X.

So, there is a point u € X such that x,, — u Therefore sub sequence (Sx,,,) = uand (Txz,4+1) = usince S

and T are continuous functions so we have Su = u, Tu = u

Case-1: - Let u be the common fixed point of S and T then by the condition of the theorem.
d(u,u) = d(Su, Tu)
d(u,Su)[1 + d(u, Su)] d(u,Tu) + d(Tu, Su)

=a 1+ d(u,u) 1+ d(u,u).d(u,Su)
d(u,w)[1+d(u,uw)] d(u,Su)
=T T Y dwuw 1+ dww).d(w u)

< ad(u,u)+ Bd(u,u)
< (a+p).d(u,u)
dlu,u).(l1—-a—-p)<0
“1l—a—-p#0
Which givesd(u,u) =0 So u=1u

Case 2: - Let u, v be fixed pointsof Sand T thenSu=u,Tv =v

d(u,v) = d(Su, Tv)

d(u, Su)[1 + d(u, Su)] d(v,Tv) + d(Tv,Su)

<a
1+ d(u,v) 1+ d(w,v).d(v,Su)
- d(u, Suw)[1+ d(u,u)] d(v,Su)
=a 1+ d(u,v) 1+ d(u,v).d(v,Su)
p < d(u, Sw)[1 +d(u,u)] d(v,Su)
W) <a 1+ d(u,v) 1+ d(u,v).d(v,u)

Replacing v by u we get
d(u, Sw)[1+ d(u,u)] d(u, Su)

dlu,u) <a 1+ d(u,uw) + 1+ d(u,u).d(u,u)
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d(u,u) < (a+ p)d(u,u)

dlu,u).(1—a—-p)<0

dlu,u) =0 [+1—a—-pB #0]

Similarly, d(v,v) =0
So d(u,v) =0
Hence u=v ,this proves the uniqueness.

Theorem 3.2:- Let (X, d) be a Complete dg-metric space and S, T: X — X be continuous mapping satisfying

d(x,Sx)[1+ d(x,Sx)] (. d(x,Ty) + d(Ty, Sx) N d(x,Sx)*[ 1+ d(y,S5x)]
1+d(x,y) 1+d(xy).d(y,5x) ! "d(x,Ty) + d(Ty,Sx)
d(x,Sx)
1+d(y, Sx)

d(Sx,Ty) < a

Where Vx,y e Xand0< a,0<f,0<y,0<dand (¢ +p+y+6)<1.ThenSandT have a unique

common fixed point.

Proof: - Let x, € X be any arbitrary in X.Define a sequence {x,, } in X. Such that

S(xp) = x4 , T(x;) =x, ingeneral
S(X2n ) = Xon41 v T(Xan41) = Xonsz -

T

Consider d(x2n+1rx2n+2) = d(S X2n+1 )

X2n’

d(X2n, SX20)- [ 1+ d(x2p, Sx2n)] d(X2n » Txn41) + d(TXon 41, SX20)
1+ d(xZn: x2n+1) 1+ d(xan x2n+1)- d(x2n+1' ’ SxZn)
yd(xZn: SxZn)Z[ 1+ d(x2n+1'5x2n)] F) d(xZn: SxZn)
d(x2n, Tx2n41) + d(T X211, SX2n) 1+ d(x2n+1,S%20)

d(XZn' x2n+1)- [1+ d(XZn» x2n+1)] +B d( Xon » x2n+2) + d(x2n+2»x2n+1)
1+ d(xzn, X2n41) 1+ d(xzn, Xan41)- d(X2n41) X2n41)
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d(Xzn Xon+1)’[ 1+ d(X2n41, X2n+1)] d(X2n, X2n+1)
d(X2n, X2n+1) 1+ d(x2n+1, X2n+1)
< d(X2n, X2n+1) d(X2n, X2n+1) d(Xzn, Xon+1)[1 + d(X2n41, X2n41)] d (X2, X2n+1)
<a 1 1 +y T +6 1

< ad (X, Xon+1) T BAd(Xan, Xant1) + YA (X2n, Xon+1) + 6d(X2n, X2n41)

d(Xon+1: X2n42) < (@ + B+ v + 8)d(X2n, Xon+1)

Let A=(a+pB+y+6) witho<A<landa+p+y+6<1

d(Xon+1, Xont2) < A d(Xan, Xon41)

Similarly, d(x2n, X2n41) < 41 d(X2n-1, X2n)

Continuing like this  d (X241, X2n42) < A" d(xp,%1) = 0 as 2n - o

v (a+pB+y+6) <1, Thus {x,} is a Cauchy sequence in a complete dg-metric space X.
So, there is a point u € X such that x,, — u Therefore sub sequence (Sx,,,) = wand (Tx,,,1) = usince S
and T are continuous functions so we have Su = u, Tu = u

Now, the proof of the theorem is similar to theorem3.1
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