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1. Introduction

The degree of approximation of function belonging to different classes like Lip a, (Lip a, p),
Lip(§(t),p) , Lip(Lp , &(t)) have been studied by many mathematician using different summability
means. The error estimation of function in Lipschitz and Zygmund class using different means of
Fourier series ans conjugate Fourier series have been great interest among the researcher.The
generalized Zygmund class was introduced by Leindler [3 ] Moricz [5 ], moricz and Nemeth [6 ]etc.
Recently Singh et. al. [9 ] Mishra et.al.[7], Kim [2 ],Shyamlal & Shireen [4],Das et.Al. [ 1] find
the results in Zygmund class by using different summability Means . In this paper we find the degree
of approximation of function in the weighted Zygmund class by Matrix — Cesaro mean of Fourier
series.

2. Definition
Let f be aperiodic function of period 2m integrable in the sense of Lebesgue over

[T, - ]. Then the Fourier series of f given by

f(t) = % + Yo i(ay,cos nx + bysinnx) L. (2.1)

Zygmund class z is defined as

Z={feCl-ma]lf(x+0O)+fx—1t)=2f()| = 0(tD}.

In this paper, we introduce a generalized Zygmund Z"Y(a,y) defined as
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z¥(a,y) =\ f € C[-m,m] fV@+¢)+f@—¢)—Zﬂ@V¢¥ = 0([t|*w(t))

Where « >0, y =21 and w is acontinuous non negative and non decreasing

function. If we take @ = 1, w = constant and y - o, then Z%(a,y) class reduces to

the z class.
Now we define the weighted class as

sup IFC+O+7C-0-2f Qs O, _

W) = W) ,
w(z)={few(z2):1<r<e’l oS
w) _ sup |F(+0+f(=0-27OsinfO,
where [|fll;™ = IIfll; + . o (2.3)

Let T = (a,,) be an infinite lower triangular matrix satisfying the conditions of regularity, i.e.

Y o|ank| < M, a finite constant .

Matrix - Cesaro means T(C1) of the sequence {S,} is given by

=Yy® — y'® 1 n—k
tn - Zk:o Ann—k On—k = Zk:o Ann—k n—k+1 Zr:o Sr. -------

Ift, - Sasn— oo, then the sequence {S,} or the infinite series },5—, U, is said to be summable by Matrix

Cesaro means T(C1) method to S.

Important particular cases of Matrix -Cesaro means are :

() (N,Pn)C1 means ,when a,, ,_, = i_:' where P, = Y2 P, # 0
(i)  (N,Pn)Ci means,when a, ,_, = Pg—k
n

(iii)  (N,p,q) C1 means,when a, ,,_y = % ,where R, = X7 PxGn_r # 0

We write through the paper

O, t) = fx+t)+flx—t) - f(x)

o o t
KEC(t) = 1 Apnoi SN (n kt+ 1) >
21 = (Tl —k+ 1) sin? 7

3.Main Result

In this paper we prove the following theorem.
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Theorem -Let the lower triangular matrix T = (a,y) satisfying the following condition Ang =
0(n=0,123..; k=012,.....n)

1
YR oank =1 Yi oldank| =0 (m) and (n+1Da,, =0(1) .. (3.1)

Let f be a 2m periodic function ,Lebesgue integrable in [0,27] and belonging to weighted

Zygmund class W( Zﬁw) ) (r = 1). Then the degree of approximation of function f by matrix -
Cesaro mean of Fourier series is given by

) v p-2
() = i 8~ £, = o (G 5 ae)

w(t) . -
is positive and non -

where w(t) and v(t) are the Zygmund moduli of continuity and v((t)

decreasing .
4.Lemma -To prove the theorem we need the following lemma.

Lemma4 (a)- For 0<t< ﬁ we have

|[ki®|=0n+1y L. (4.1)
Proof- For 0<t< ﬁ and sin% 2% , sinnt <nt, |cost|] <1 we have
. KAC(t) MWl Enmk sinz(n—k+1)§
a n T om k=0 n—-k+1 sinzé
n
1
A %Z Ay (M =k + 1)
k=0
n+1 .
~ 21 2 Ann-k
k=0
— ntl
T om
=0(n+1)
1
Lemma 4 (b) - For —y <t<m, we have
AC _ 1 )
K@) =0 ( —=) e (42)
1 .t t
Proof - For —<t<m, Sin-=>-
n+1 2 T
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20 E

Ac(t) 1 «pn Ann-k SiN (n k+1)2
n 2m “k=0 k41 sin2t
2

1 n Ann-k 77:2 )
— —— — by Jordan’s lemma
2 “k=0 g1 2 y

IA

T yn 9nn-k
2t2 4k=0p_p1q

=220 ()
=0 (Groe)

Lemma 4(c) - Let f € Z" thenfor 0<t<m

@® Mo, Dl =0w®)

0(w(t)
ow(®)

(iii) If w(t) and v(t) are defined as intheorem then

() NpC+y6) + (. —y,6) = 26(, DI, = {

w(t)

I6C+y,6) + ¢ =3,6) = 26C, Dl = {v1) 22
Where ¢p(x,t) = f(x +t) + f(x — t) — 2f (x).

Lemma 4(d) - [|p(.+y,t) + p(.—y,t) = 2¢ (., O)sinf ()| =0 (tﬂ v(y) %)

Proof - Following Lemma 4(c) |sin5t| < tP and for v is positive non-decreasing
t <y we obtain

lpC+y,0) + ¢ —y,0) — 26, O)sinf ()| = 0(tF w ()

=0 (tﬁ (1) %’?)

<0 (tﬂ v(t) M)

v(t)
: w® . - ) o w®) . 0©)
since 7 is positive, non-decreasing if t >y then 200 = o) 5° that

lpC+y,0) + ¢ —y,0) = 26, 8) sinf ()| = 0(tF w(y))

= 0(t" v(») %)
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5.Proof of Theorem 3
Let s,(f:x) denotes the nth partial sum of Fourier series givenin (2.1) then we have

sm(n+ )t

sn(fix) — f(x) —_f ?(x, Tdt ..(5.1)

2

The (C, 1) transform i.e. g;, of s,, is given by

—o(Sk(x) — f(x)) = 2(n+1)n [ L0} YR_,sin (k + )t dt

n+1 0 s[n

smz(n+ 1)—

f () ———2 dt The

on(x) = f(x) =

2(n+1)1'r

matrix means of the sequence {o,,} is given by

1 sin?(k+ 1)—

Sioanic(0k 00 = f()) = [ 0O 5-Ekeo s 2 dt

t
2>
sin
2

1 sin? (n—k+1)—

Dk= oank(Un k(x) — f(x)) f @(t) he rerren 2dt

t
2-
S‘I‘LZ

ta(x) = f(x) = [} @(OKRC(D)d ¢ (5.2)

Let 1,(x) = t5F(x) — f(x) = f O(x,t) K¢ (£) dt then
LGt +y) + L —y) =2 1,(x) = f [p(x +5,0) + p(x — y,0) — 2¢(x, O] Ko (t) dt

Now (L,(.+y) + L,(.—y) —21,(.) sinf())

= [T[¢C+y,0) + (. —y, 1) = 2¢(, 1) sinf ()] K2 (®) dt

1Ll +3) + L= = 2 1, () sinf )| =f G4y, 0) + ¢~y 0) — 26, 0) sinf (|| K@) dt
0

1
n+1
= f lpC+7,0) + ¢(—y,0) = 26, Osin (|| Kn® (©) dt
0

+ f||¢(.+y,t)+¢)(.—y, t) = 2¢(, )sinf O » K2 (o) dt

n+1

=L+ (say) (5.3)

The function Let f € W(Zﬁw)) implies @€ W(Zﬁw)).
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t
Using Lemma 4(a) and 4(d) and the monotonically of o) with respect to t we have

v(t)

1
n+1
= f l6C+3,0 + (. —y,6) — 20.(, O)sinf|| . K" (1) dt
0

1
n+1

B w(t) (n+1)dt\
—U( ) /

0
et tPw(t) \

=0 k(n +1) v(y) f o) dt)

vam)

= ((n+ D v(y) (”111)) f"‘l“ tf dt)

=0 <(n + 17 v(y) —‘;’((:D

n+1

Using Lemma 4(b) and 4(d) we have

I = f||¢(- 3,0 + ¢(.—y,) = 26(, O)sinf ()|

n+1

f <v(y) o)

n+1

v(t)

s B—
=0 (n+ 1) w(y) f(tz—w(t)> dt
1

n+1

From (5.3) (5.4) and (5.5) we get

6aC+3) + LG =y) —

Do) [5 (F52Y) de),

n+1

21,() sinf ()| =

> (n+ 1) e 2dt

K% (t) dt

<(n +1)F v(y) ((n)))> + 0 ((n +
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SUP  [|tn(+3) +n ()20, Osinf O, 59 ( . tB=20(1) )
y#0 v(y) O+ 1) (1) to{(n+ 1) fm( v(t) )

Clearly @ (x,t) =|f(x+t)+ f(x—1t)—2f(x)]
Now applying Minkowski’s inequality we have

10 GOl =NfGx+8)+ =) = 2f (Ol
Again using Lemma we have

|t Csinf O], < loC, 6y sinf Ol | Kn ()] de

1
n+1 T
<]+
0 1
n+1
1
n+1 013

=0| m+1) | tPw@®dt |+0| n+ D! jtﬁ"zw(t) dt

1
n+1

N~

((n + 1w ( )fn+1 thdt + ((n + 1)~ f a;(_t; dt))

—0 ((n +DF o (= )) +o ((n +1)" f “;(f; dt) " (5.7)
From (6.7) and (6.8) we have

p ltn (+9)+ 1 (=) =20, Osinf O
v(y)

((n+1)ﬁa)( ))+0((n+1) i “’Z(f;dt)+

n+1

<(" +1)7F véjﬁ) +o0 <(n +1D)7 [ (tﬁ_zw(t)) )

L. Osinf O] = [L.Osinf O] +

mr v v(@®

=Yt . (5.8)
Now we write J; in terms of /5 and J,,/; in term of J,.

In view of the monotonicity of v(t) we have

w(t) = (%) v(t) < v(m) (22 Eg) v(t) = (“’Eg) foro<t<m

Therefore we can write
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J1=0(J3)

Again using monotonicity of v(t)

T

w(t) , @(t)
L=m+1D"1 [ th- 2—v(t)dt < (n+ 1D v ( )
i v(t) f v(t)
n+1 n+1
_ tF20()\ |
< (n+1) 1 !(W) dt =0(J,)
n+1
............ (5.9)
Using % is positive and non- decreasing, we have
_ [ {per 0@
Jo=m+ 17! f(t 2 (t)> dt
"8 1
1 n
> (n+1)7! w(’“{l) j t5=2dt > (n+1) 1w("1’1) (n+11)ﬁ -
v(n+1)% 1](n+1)
1
> (n_l_l)_gw(n-{l)
v (n + 1)
Therefore we can write
=00y (5.10)

so we have

T

||ln(.)sinﬁ(.)||: =0(J) =0 (m+1)7" f’fﬁ ’ :8) dt

n+1

Hence

A

. . v ~ w(t)
£ =t [ Ol = of v 7 [os(55) a

n+1

This complete the proof.
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