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Abstract 

This study explores the application of sequential multiplication using the (+1, −1) representation in digital 

hardware design. The traditional binary multiplication process, while fundamental to digital systems, often 

involves complex and resource-intensive operations, particularly in high-speed computing and hardware 

applications. The (+1, −1) representation offers a promising alternative by simplifying arithmetic operations such 

as addition, subtraction, and multiplication, thereby reducing computational complexity. This paper provides a 

detailed analysis of the sequential multiplier design, demonstrating how it leverages the unique properties of 

signed-digit representations to achieve efficient multiplication. By encoding numbers in the (+1, −1) format, the 

multiplier simplifies the hardware required for multiplication by converting the operation to simple additions or 

subtractions of the multiplicand. The study investigates the impact of this approach on performance, power 

consumption, and hardware resources, highlighting its potential benefits in specialized digital circuits such as 

FPGA and ASIC implementations. Furthermore, the paper addresses the challenges associated with converting 

traditional binary numbers into the (+1, −1) format and managing the limited range of this representation. The 

findings suggest that, despite some limitations, sequential multiplication in (+1, −1) representation provides a 

viable solution for optimizing multiplication operations in high-performance digital systems, particularly in 

applications such as digital signal processing, machine learning, and embedded systems. The research contributes 

to the ongoing development of efficient hardware architectures, promoting faster and more energy-efficient 

computation in modern digital systems. 
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Introduction 

In the evolving field of digital hardware design, the efficiency of arithmetic operations plays a pivotal role in 

optimizing the performance of a wide array of systems, from embedded devices to high-performance computing 

environments. Among the most fundamental operations in digital systems, multiplication stands out due to its 

frequency of use in computational tasks such as signal processing, machine learning, and scientific computing. 

However, traditional binary multiplication techniques, while effective, often lead to hardware inefficiencies in 

terms of both speed and resource utilization. To overcome these limitations, researchers have been exploring 

alternative number representations that simplify arithmetic operations, improve computational efficiency, and 

reduce the hardware requirements associated with multiplication. One such alternative is the use of signed-digit 

representations, specifically the (+1, −1)  representation, which offers a significant departure from traditional 

binary systems. In this system, each digit can take one of three possible values(+1, −1), 𝑜𝑟 0, as opposed to the 

conventional binary system where digits are limited to 0 and 1. The (+1, −1) representation has garnered attention 

due to its ability to simplify multiplication, particularly in the context of sequential multiplication algorithms. By 

leveraging addition and subtraction operations instead of traditional multiplication, this approach has the potential 

to reduce computational complexity, save power, and minimize the number of logic gates required for hardware 

implementation. Sequential multiplication, which involves processing each digit of the multiplier and multiplicand 

in sequence, is one method that can harness the benefits of the(+1, −1) representation. This approach significantly 

reduces the need for complex parallel hardware, making it a suitable candidate for resource-constrained systems, 

where low-power consumption and area optimization are paramount. Additionally, the simplicity of the 

multiplication process in the (+1, −1) representation can lead to faster execution times, making it particularly 

beneficial for real-time applications such as Digital Signal Processing (DSP), neural network accelerators, and 

high-performance embedded systems. Despite the promise of the(+1, −1) representation and sequential 

multiplication, there are challenges that must be addressed. For instance, the conversion between traditional binary 

numbers and the signed-digit representation introduces additional complexity, which could negate some of the 

benefits in certain scenarios. Furthermore, the range of numbers that can be represented using the (+1, −1) system 

is inherently limited compared to binary representations, raising concerns about overflow and precision. Finally, 

sign handling—particularly when working with negative numbers—requires additional logic to ensure correctness 

in the final product. 

This study aims to explore the use of sequential multiplication in (+1, −1)  representation for efficient digital 

hardware design, focusing on the following objectives: 

A. Understanding the theoretical basis of the (+1, −1) representation and its advantages over traditional 

binary systems, 

B. Investigating how sequential multiplication can simplify the multiplication process and reduce hardware 

complexity,  

C. Analyzing the hardware implications of using this representation, and  

D. Examining the potential applications of this approach in real-world systems, such as DSP, machine 

learning, and custom hardware accelerators.  
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The potential advantages of(+1, −1) representation, such as reduced hardware complexity, lower power 

consumption, and faster multiplication, make it an attractive solution for modern digital hardware design. By 

exploring these aspects in detail, this research hopes to contribute to the growing body of knowledge in the field 

of digital system optimization, offering insights into how this approach can be effectively implemented to improve 

the efficiency of both general-purpose and specialized hardware. The findings of this study could have far-reaching 

implications for the design of energy-efficient and high-performance digital circuits, benefiting a wide range of 

applications from consumer electronics to industrial computing systems. 

1. Background and Motivation 

Traditional Binary Multiplication 

In a typical binary multiplier, numbers are represented using binary digits (bits), where each bit is either (0 𝑜𝑟 1) 0 

or 1. To multiply two binary numbers, a series of bitwise AND operations is performed, followed by shifting and 

addition of partial products. For two n-bit numbers, this process requires 𝑂(𝑛2) operations in the worst case. While 

hardware implementations such as Booth's algorithm and array multipliers help optimize binary multiplication, 

these methods still incur significant hardware costs and delays when the numbers involved are large or when high-

speed computation is required. 

The (+𝟏, −𝟏)  Representation 

The (+1, −1) representation is a signed number system where digits can only take values of(+1 𝑎𝑛𝑑 − 1). This 

representation is used in fields like balanced ternary and signed-digit representations, where operations can be 

simplified. Numbers represented in (+1, −1) format are often more compact and allow for simpler arithmetic 

operations, especially multiplication, which becomes a matter of adding or subtracting the multiplicand. 

For example, consider the number 3. In binary, 3 is represented as11(21 + 20), but in (+1, -1) representation, it 

can be represented as (+1, +1, −1) , corresponding to: 

3 = (+1 ×  22) +  (+1 × 21) + (−1 × 20) 

Similarly, a negative number, say -3, can be represented as(−1, +1, +1), corresponding to: 

−3 = (−1 ×  22) +  (+1 × 21) + (+1 × 20) 

 

This signed-digit system allows multiplication to be carried out using simpler operations. Multiplying by +1 simply 

adds the multiplicand, and multiplying by -1 subtracts it, thus simplifying the hardware design. A sequential 

multiplier is an algorithm that computes the product of two numbers iteratively. Rather than performing all the 

multiplication steps at once (as in parallel multipliers), sequential multiplication processes each digit of the 

multiplier and multiplicand one at a time, accumulating partial products across multiple cycles. In the case of 

(+1, −1)  representation, each digit of the multiplier can be processed by adding or subtracting the multiplicand, 

rather than performing the more complex bitwise multiplication. This approach has significant potential for 

reducing the complexity of multiplication in hardware systems. As digital hardware increasingly demands greater 

efficiency, exploring the use of sequential multiplication in (+1, −1)  representation is timely and promising. 

2. Theoretical Foundation of (+1, −1)  Representation 

Basics of (+1, −1) Representation 
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In traditional binary systems, the basic arithmetic operations of addition, subtraction, and multiplication rely on 

bits that take values of 0 and 1. In contrast, the (+1, −1) system uses +1 and -1 as digits, which allows for a more 

flexible and symmetric approach to signed arithmetic. The main advantage of (+1, −1) over standard binary is 

the simplicity of multiplication. For example, multiplying a number by +1 simply requires adding the number, and 

multiplying by -1 involves subtracting it. This reduces the need for complex bitwise operations, making arithmetic 

faster and less resource-intensive. 

Arithmetic in (+𝟏, −𝟏)  Representation 

Simplification of Arithmetic Operations in (+1, -1) Representation 

The (+1, -1) representation, also known as the signed-digit representation, offers significant simplifications in the 

operations of addition, subtraction, and multiplication when compared to traditional binary or decimal systems. 

The core advantage of this representation is that it allows arithmetic operations to be performed using only simple 

additions and subtractions, which are computationally less expensive than other operations like multiplication and 

division. In the (+1, -1) system, each digit can take one of three values: +1, 0, or -1, which makes it highly suitable 

for digital hardware implementations, particularly when optimizing for speed and resource consumption. Let’s 

consider the arithmetic operations—addition, subtraction, and multiplication—in this system. 

a. Addition in (+1, -1) Representation 

Adding two numbers in the (+1, -1) representation is relatively straightforward. Each digit of the two numbers is 

added or subtracted based on its corresponding sign. The addition follows simple rules: 

 If both digits are 0, the sum is 0. 

 If one digit is +1 and the other is -1, the sum is 0 (i.e., these terms cancel each other out). 

 If both digits are +1 or both -1, the result is either +2 or -2 respectively. 

For example, consider adding two numbers: 

(+1, −1)+ (−1, +1) (+1, -1) + (-1, +1)  

Here, each corresponding term of the two numbers is added: 

 First position: (+1) + (-1) = 0 

 Second position: (-1) + (+1) = 0 

So, the result of adding (+1, -1) and (-1, +1) is (0, 0). This simplifies addition because no complex carry 

propagation is needed, and terms cancel each other out in a straightforward manner. 
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b. Subtraction in (+1, -1) Representation 

Subtraction in the (+1, -1) system can be thought of as adding the negative of the second number to the first 

number. Subtracting numbers in this system involves reversing the sign of the terms in the second number and 

performing the addition as described above. 

For example, if we want to subtract the number (−1, +1)(−1, +1) 𝑓𝑟𝑜𝑚 (+1, −1)(+1, −1), we can first negate 

the second number: 

(+1, −1) − (−1, +1) = (+1, −1) + (+1 − 1)(+1 − 1) − (−1, +1) = (+1. −1) + (+1, −1) 

Now, we simply add the numbers: 

 First position: (+1) + (+1) = +2 

 Second position: (−1) + (−1) = −2  

Thus, the result of subtraction is(2, −2). This simplification shows that the operation of subtraction is reduced to 

a straightforward addition, without the need for complex borrowing, which is a common challenge in traditional 

binary subtraction. 

c. Multiplication in (+1, -1) Representation 

Multiplying numbers in the (+1, −1)system also benefits from the simplicity of the representation. In this case, 

multiplication by (+1, 𝑜𝑟 − 1) is a very simple operation. Specifically: 

 Multiplying by (+1) is equivalent to adding the multiplicand to the result. 

 Multiplying by (−1) is equivalent to subtracting the multiplicand from the result. 

For example, consider multiplying a number (+1, −1)(+1, −1)𝑏𝑦 (+1 𝑎𝑛𝑑 − 1) 

 Multiplying by +1: 

(+1, −1) × (+1) = (+1, −1) (no change, just addition of the multiplicand)  

Multiplying by (−1) 

(+1, −1) × (−1) = (−1, +1) (equivalent to subtracting the multiplicand from zero) 

This simplification in multiplication eliminates the need for the traditional process of shifting and adding that is 

common in binary multipliers. In fact, multiplication by +1 or -1 can be viewed as performing a simple addition 

or subtraction, respectively. The overall result can be determined without complex multiplication circuitry, which 

reduces the number of hardware resources needed. 
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Example of Multiplication in (+𝟏, −𝟏)   

Suppose we want to multiply the numbers (+1, −1) (+1, −1) 𝑎𝑛𝑑 (0, +1)(0, +1) 

 The first number is (+1, −1) (+1, −1) 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑖𝑠 (0, +1)(0, +1) 

1. Multiplying (0, +1) (+0, +1) 𝑏𝑦 + 1 𝑟𝑒𝑠𝑢𝑙𝑡𝑖𝑛𝑔 𝑖𝑛 (0, +1)(0, +1) 

2. Now, multiplying (+1, −1) (+1, −1) 𝑏𝑦 + 1 + 1 𝑔𝑖𝑣𝑒𝑠 𝑢𝑠 (+1, −1)(+1, −1) 

3. So, the result of multiplying these two numbers would be (+1, −1) (+1, −1). 

This highlights that multiplication in (+1, −1) representation can be intuitively simplified by treating it as repeated 

additions and subtractions, avoiding the more complex logic used in traditional multiplication. 

The (+1, −1) representation significantly simplifies the arithmetic operations of addition, subtraction, and 

multiplication, offering a valuable alternative to the more complex binary and decimal number systems. By using 

only additions and subtractions, the representation reduces computational overhead, making it highly efficient for 

hardware implementation, especially in systems with constrained resources or when high-speed operation is 

required. The elimination of complex carry propagation in addition and borrowing in subtraction, along with the 

simplicity of multiplication by +1 and -1, provides clear advantages in digital hardware design, contributing to 

faster computation and reduced hardware complexity. These characteristics make the (+1, −1) system particularly 

suitable for applications in embedded systems, digital signal processing, and machine learning hardware 

accelerators. 

Complexity of Multiplication 

In the (+1, −1)  system, multiplication is simplified because of the reduced set of operations needed. Instead of 

requiring bitwise AND operations and shifts as in binary multiplication, multiplication in the (+1, −1)  system 

involves simply adding or subtracting the multiplicand. This reduction in operation complexity is the cornerstone 

of the sequential multiplier's efficiency. 

3. Sequential Multiplier Architecture 

A sequential multiplier operates by processing each bit (or digit) of the multiplier and multiplicand in sequence, 

simplifying the multiplication process. In the case of the (+1, −1) representation, this method becomes more 

efficient, as the multiplier only requires the addition or subtraction of the multiplicand. The basic algorithm for 

sequential multiplication involves several steps: first, both numbers are encoded in the (+1, −1) format. Then, for 

each digit of the multiplier, the multiplicand is either added or subtracted from the partial product, depending on 

whether the digit is(+1  𝑜𝑟 − 1). The partial products are accumulated sequentially, and after all digits have been 

processed, the accumulated sum represents the final product. This step-by-step approach reduces the complexity 

of the multiplication operation, allowing it to be executed over several cycles, which minimizes the need for large, 

complex parallel hardware. In terms of hardware implementation, a sequential multiplier requires simple 

components, including adder/Subtractor units to perform the addition and subtraction of the multiplicand, an 

accumulator to accumulate the partial products, shift registers to store the multiplicand and multiplier digits, and 
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control logic to manage the sequencing of operations. Compared to a traditional binary multiplier, the design of a 

sequential multiplier in the (+1, −1) representation is more efficient, utilizing fewer gates and making it well-

suited for hardware implementation. 

4. Applications and Advantages of Sequential Multiplication in (+1, −1)  Representation 

In Digital Signal Processing (DSP) applications, multiplication is central to operations like filtering, convolution, 

and Fourier transforms. The sequential multiplier with(+1, −1), representation enhances the efficiency of these 

tasks by simplifying the multiplication process, reducing complexity, and ultimately lowering the latency of signal 

processing operations. This results in improved real-time performance, particularly in systems used for audio 

processing, video processing, and communications. In the realm of Neural Networks and Machine Learning, 

especially with hardware accelerators like FPGAs and ASICs, matrix multiplication is a core operation. The 

sequential multiplier's reduced computational load helps accelerate training and inference times, which is crucial 

for large-scale machine learning models. Furthermore, in hardware-optimized systems, such as embedded systems 

or custom accelerators, the use of the (+1, −1) representation offers significant advantages by decreasing the 

number of gates needed for multiplication. This leads to savings in both power consumption and area, making it 

especially valuable for low-power devices, battery-operated systems, and high-performance computing 

applications. 

5. Challenges and Limitations 

Despite the advantages of the (+1, −1) representation and sequential multiplication method, there are several 

challenges that need to be addressed. One major issue is representation complexity, as converting between standard 

binary and (+1, −1) formats requires extra logic, potentially offsetting some of the hardware efficiency gains. 

Additionally, the limited range of numbers that can be represented with (+1, −1) can be restrictive when compared 

to traditional binary systems, requiring careful management of overflow and precision to avoid errors. Another 

challenge is sign handling, as ensuring the correct sign in the final product becomes more complex, particularly 

when dealing with negative numbers. These challenges highlight the trade-offs between the simplified 

multiplication process and the additional considerations necessary for practical implementation. 

Conclusion 

The use of sequential multiplication in the (+1, −1) representation offers numerous benefits for specialized 

hardware systems, particularly in applications such as digital signal processing, neural networks, and hardware-

accelerated computing. By simplifying the multiplication operation to basic addition and subtraction, this approach 

reduces hardware complexity, improves computational speed, and optimizes hardware resources. While there are 

challenges to overcome in terms of representation and sign handling, the potential advantages in performance and 

efficiency make it a promising avenue for future research and development in digital hardware design. 
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