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Abstract : Fixed point theory in complete metric spaces plays a crucial role in mathematical 

analysis, providing foundational results with significant applications in various fields such as 

functional analysis, optimization, game theory, and dynamical systems. A fixed point of a 

mapping is a point that is mapped to itself under the action of the mapping. In the context of 

metric spaces, the Banach Contraction Principle is one of the most important results, 

guaranteeing the existence and uniqueness of fixed points for contraction mappings in 

complete metric spaces. This principle not only serves as a powerful tool for solving 

equations and proving the existence of solutions to differential and integral equations but also 

underpins numerous iterative methods used in computational mathematics.  
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Article : Fixed Point Theory is a fundamental area in mathematical analysis with 

applications in various branches of mathematics and other sciences. In the context of 

complete metric spaces, the Banach Contraction Principle serves as a cornerstone result, 

providing a robust framework for proving the existence and uniqueness of fixed points. Below 

is an overview of the principle and its notable variants. 

1.  Banach Contraction Principle - The Banach Contraction Principle (also known as 

the Contraction Mapping Theorem) states the following: 

Theorem: Let (X,d) be a complete metric space, and let  T:X→X be a contraction 

mapping, i.e., there exists a constant c∈[0,1) such that:   

d(T(x),T(y))≤cd(x,y),∀x,y∈X. 

Then: T has a unique fixed point  x∗ ∈X, i.e.,  T(x∗) = x∗. 

For any x0  ∈X, the sequence {Tn (x0)} defined by successive iterations of T converges 

to x*, i.e.,   

 
Key Properties: The theorem guarantees both the existence and uniqueness of the 

fixed point. The sequence {Tn (x0)}  converges at a geometric rate determined by c. 
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2.  Variants of the Banach Contraction Principle 

The classical Banach Contraction Principle has inspired numerous generalizations and 

variants, expanding its applicability to broader settings. Some notable variants include: 

a.  Generalized Contractions 

Instead of a constant c∈[0,1), the contraction condition can be relaxed using other 

functions or inequalities:  

Integral-type contraction:  

 

where  φ:[0,∞)→[0,∞) is a continuous, monotonic function with  φ(t)<t for all  

t > 0. 

α-ψ-contractions: α(d(T(x),T(y)))≤ψ(d(x,y)), 

where α and ψ are appropriate comparison functions. 

b.  Multivalued Contractions (Fixed Point Theory for Set-Valued Maps) 

For a set-valued map T : X→2X 

satisfying a contraction condition, fixed point results can be extended under the 

Hausdorff metric. 

c.  Weak Contractions : The contraction condition may involve a weakening of the 

inequality, such as: 

  d (T(x),T(y))≤d(x,y)−ϕ(d(x,y)), 

where  ϕ:[0,∞)→[0,∞) is a continuous, non-decreasing function with  

ϕ (t) = 0 ⟺ t = 0. 

d.  Fixed Points in Partial Metric Spaces 

The Banach principle has been adapted to partial metric spaces, where self-distance of 

a point may not be zero  d (x,x) ≠ 0). 

3.  Applications of the Banach Contraction Principle 

a.  Differential and Integral Equations - The principle is widely used to prove the 

existence and uniqueness of solutions to ordinary differential equations, partial 

differential equations, and integral equations. 

b.  Iterative Algorithms - Contraction mappings form the theoretical backbone of many 

iterative methods for solving equations in applied mathematics, computer science, and 

engineering. 

c.  Optimization and Economics -  The principle finds applications in optimization 

problems, game theory, and economic models, where fixed points correspond to 

equilibrium states. 

d.  Dynamical Systems - In the study of dynamical systems, contraction mappings help 

establish the stability of equilibrium points. 

4.  Advantages and Limitations 

Advantages: The principle is easy to apply and yields constructive results. It provides 

a practical iterative approach to approximate fixed points. 

Limitations:  
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 It requires the underlying space to be complete.  

 The contraction constant  c must strictly satisfy c∈[0,1).  

 Extensions to non-contractive mappings often demand more sophisticated 

techniques. 

The Banach Contraction Principle and its variants are powerful tools that continue to inspire 

research and find applications across disciplines. Their generalizations broaden the scope of 

fixed point theory, making it a vibrant and evolving field of study. 

Non-Expansive Mappings 

In Fixed Point Theory, non-expansive mappings extend the study of fixed points to mappings 

that do not strictly contract distances. While such mappings lack the strict contraction 

property of the Banach Contraction Principle, they still exhibit significant fixed point 

properties under appropriate conditions, particularly in complete metric spaces or certain 

convex subsets of normed spaces. 

1.  Non-Expansive Mappings: Definition 

Let (X,d) be a metric space. A mapping  T:X→X is called non-expansive if: 

  d(T(x),T(y))≤d(x,y),∀x,y∈X. 

Key Properties: 

 Non-expansive mappings do not increase the distance between any two points. 

 Unlike contraction mappings, they may lack the uniqueness of fixed points or 

guarantee convergence of iterative sequences without additional structure. 

2.  Fixed Point Results for Non-Expansive Mappings 

Non-expansive mappings may not have fixed points in every metric space, but under 

certain conditions, fixed points are guaranteed to exist. Below are some classical 

results: 

a.  Browder-Göhde-Kirk Fixed Point Theorem 

This theorem applies to non-expansive mappings in Banach spaces with a special 

structure. 

Theorem: Let  C be a non-empty, closed, bounded, and convex subset of a uniformly 

convex Banach space  X. If T:C→C is a non-expansive mapping, then  T has at least 

one fixed point. 

 Uniform convexity: A Banach space X is uniformly convex if for any  ϵ>0, there exists  

δ>0 such that whenever  x,y∈X, ∥x∥=∥y∥=1, and ∥x−y∥≥ϵ, we have: 

    
b.  Edelstein's Fixed Point Theorem 

If  X is a compact metric space, every non-expansive mapping T:X→X has a fixed 

point. 

3.  Iterative Approximation of Fixed Points - For non-expansive mappings, fixed points 

are often approximated using iterative methods. One common approach is: 

 Krasnoselskii-Mann Iteration: Given a non-expansive mapping  
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T:C→C, the sequence  {xn } is defined as: 

  
where {αn } is a sequence in [0,1]. 

 Under suitable conditions (e.g., C is convex and closed, and  αn →0), the sequence  

{xn } converges weakly to a fixed point of  T. 

4.  Properties and Challenges of Non-Expansive Mappings 

Advantages: 

Broader Applicability: Non-expansive mappings generalize the concept of 

contraction mappings, making them suitable for a wider range of problems. 

Existence Results: Fixed point theorems provide existence results in convex and 

compact settings. 

Iterative Schemes: They support iterative approaches for approximating fixed points. 

Challenges: 

Convergence Issues: Unlike contraction mappings, iterative sequences for non-

expansive mappings may converge weakly instead of strongly, or fail to converge 

without additional assumptions. 

Lack of Uniqueness: Non-expansive mappings may have multiple fixed points. 

Structural Requirements: Fixed point results often depend on additional geometric 

properties of the space (e.g., convexity or uniform convexity). 

5.  Applications of Non-Expansive Mappings 

a.  Optimization - Non-expansive mappings are widely used in convex optimization 

problems, where fixed points often correspond to equilibrium states or solutions. 

b.  Game Theory - Fixed point results for non-expansive mappings are used to model 

Nash equilibria in certain games. 

c.  Partial Differential Equations - Solutions to PDEs can often be characterized as fixed 

points of non-expansive mappings in appropriate functional spaces. 

d.  Iterative Algorithms - Algorithms like gradient projection and proximal point 

methods utilize non-expansive operators to find solutions to optimization and 

equilibrium problems. 

Non-expansive mappings provide a powerful generalization of contraction mappings, 

expanding the applicability of fixed point theory. Although they do not inherently ensure the 

strong convergence or uniqueness of fixed points, their study has led to deep insights and 

practical tools in areas like optimization, game theory, and applied analysis. 

Applications in Differential and Integral Equations - 

Existence and uniqueness of solutions: Fixed point theorems are crucial in proving the 

existence and uniqueness of solutions to differential and integral equations. By formulating 

the problem as a fixed point problem, these theorems provide powerful tools for analysis. 

Iterative methods: Fixed point iterations, such as Picard's method, are used to approximate 

solutions to differential and integral equations numerically. 
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Applications in Optimization and Economics 

Optimization problems: Fixed point theory finds applications in optimization, where 

finding a fixed point can correspond to finding an optimal solution. 

Economic equilibrium: In economics, fixed points are used to model equilibrium states in 

markets and economies. 

Topological Fixed Point Theory 

Beyond metric spaces: This area extends fixed point theory to more general spaces called 

topological spaces, which do not necessarily have a metric defined on them. 

Brouwer Fixed Point Theorem: A fundamental result in topology, it states that any continuous 

mapping from a compact convex subset of a Euclidean space to itself has a fixed point. 

Schauder Fixed Point Theorem: This theorem extends Brouwer's theorem to infinite-

dimensional spaces. 

Conclusion : In summary, fixed point theory in complete metric spaces not only provides 

essential tools for solving theoretical and practical problems but also continues to inspire 

further investigation into its generalizations and applications. The theory's relevance to areas 

such as optimization, dynamical systems, and algorithm design ensures its continued 

importance in both pure and applied mathematics. 
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