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Abstract : The Mellin Transform is a powerful tool in mathematics. The Mellin Transform is closely related to other integral
transforms, such as the Laplace and Fourier transforms. The Mellin Transform is characterized by several key properties that make
it invaluable in many fields. Mellin transforms are a powerful mathematical tool used in a variety of engineering and applied
sciences fields. They are particularly useful in solving complex differential equations, analysing asymptotic behaviours and in the
field of signal processing.

We introduce a generalized Mellin transformation and an extended fractional Mellin transform in a general form that encompasses
the generalized Mellin transformations found in the literature. In this article we have discussed some results which may be used to
solve wave equations, Schrodinger’s equations , differential equations and etc.

IndexTerms - Mellin transform, Fractional Mellin transform, Extended Fractional Mellin transform.

. INTRODUCTION

1.1 INTEGRAL TRANSFORMS: Frequently in mathematical physics we encounter pairs of functions related by an expression
of the form

b
9@ = [ fOKE @

The function g(a) is called the (integral) transform of f (t) by the kernel K(a,t). The operation may also be described as mapping
a function f (t) in t-space into another function, g(a), in a-space.
Schematic diagram of Integral transform:

Relatively easy solution
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1.2 Mellin transform:

The fractional Mellin Transform generalises Mellin Transform to fractional order . It is defined as
MF@IE) = [ Feoxax
0

1.3 Applications of Mellin transform:

The Mellin transform, particularly noted for its scale invariance, has found widespread applications across various scientific and
engineering disciplines. It is especially useful in algorithm analysis, where its ability to handle scaling properties proves
advantageous. Beyond this, the Mellin transform is applied in radar systems, stress analysis of wedges, digital audio effects, and
signal processing. It also plays a significant role in fractional calculus, special functions, statistical mechanics, cryptography,
combinatorics, and the solution of differential equations.
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Due to its mathematical versatility, the Mellin transform is a valuable tool in addressing problems in mathematics, physics, and
engineering [3]. In the context of 5G network advancements, which promise ultra-reliable, low-latency, and high-capacity
communication, novel multimedia applications are emerging. One such application is video steganography, where the Mellin
transform has been employed to enhance resistance against deep learning-based steganalysis, thereby improving the security of
embedded sensitive information in multimedia content for next-generation networks [4].

l. Mathematical Prerequisite
1.1 The testing function space E(R™)

An infinitely differentiable complex valued function @ on R™ belongs to E(R™) if for each compact set c S, , where
S, ={wueRY |ul <c, c>0}
¥,(®) = sup|D;B(u)| < oo .
uej

Thus, E(R™) will denote the space of all @ € E(R™) with support contained in S,. Moreover, we say that f is a fractional Mellin
transformable, if it is member of E*, the dual space of E.

1.2 Definition of generalized fractional Fourier transform (FRFT)

The distributional fractional Fourier transform of f(x) € E*(R™),0< a < g is defined by,
FRFT{f(x)} = Fa(p) = <f(x)' Kq(x,0)),

L [(xZ +p2)cosa—2(xp)]

1-icota -
— e 2sina

21
where right hand side is meaningful i.e. , K,(x,p) € E and f € E*.

where K, (x,p) =

1.2 Definition of generalized fractional Fourier transform (FRFT)

The distributional fractional Fourier transform of f(x) € E*(R™"),0< a < g is defined by,
FRFT{f (x)} = Fo(p) = (f (x), Ko (x, p)),

1-icota L

where Ka(x,p) — ’—eZSina[(x2+p2)cosa—2(xp)]

2T
where right hand side is meaningful i.e. , K,(x,p) € E and f € E*.

1.3 Definition of generalized fractional Mellin transform (FRMT)

The distributional fractional Mellin transform of f(u) € E*(R™),0<6 < g is defined by,
FRMT{f (W} = Fy(r) = (f (W), Kg(w, 7)),

2mir _ i 241002
where Kp(u,7) = using ‘etans(" t1097W)

where right hand side is meaningful i.e. , Kg(u,7) € E and f € E*.

1.4 An extended fractional Mellin transform

An extended fractional Mellin transform of order a [3] is defined as

1 —icota r
M, (r) = EFRMT[f(u)] = /? | raKsurya
0
_ 1 _;;Otef f(u)u—ircosece—ldu’ where Ky (u, 1) = yircosec6-1
0

M, (r) = FRMT[f(w)] = A fooof(u)u_ircosece_ldu where 4 = |10t

21

In our previous work, we have explored the properties of an extended fractional Mellin transform, including linearity, scaling,
modulation, differentiation, and Parseval’s identity. Additionally, we have derived an inversion formula for the extended
fractional Mellin transform.

11 On the Results of the Extended Fractional Mellin Transform
fgoo fW)Kg(u, r)du then

1-icotf
21

Result: 3.1 If EFRMT[f(w)] =

Prove that EFRMT[1](r) = i sin 6 /% and EFRMT[1](r) =0, 6 = 0, g

Proof:
Consider,
LHS= EFRMT|[1](r)
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1-icota

= f (1) Kg(u,m)du

_ |1-icota oo —ircosec6—1
= | fo Du du

Putting logu = m
su=em
~du=e™dm
fu=0>m=ow
fu=0 =>m=0

EFRMT[1](r) = 1_iwt9fooo(em)—ircosece—lemdm

1- lCOfGJ‘ (e)~ —imrcosec 6—15=m oM Jpym

’ lCOtQ ) imrcosec 60— 1dm
lCOtH —ir cosect m
—chosec 9

—icotl e — o]
—ircosec 9

cot@ smH

1 —icotf
21
when 0 =0 = EFRMT[1](r) =0,
s

0= ;= EFRMT[1](r) =0
Hence proved.

=isin 0

Result: 3.2 If EFRMTIf )] = 222 [ f(w)Kp (u, r)du then
Prove that EFRMT[u!®](r) = /1_;;”9 - wseicg_a)

Proof:

Consider,

LHS= EFRMT[ui*](r)
% fom U)Ky (u, r)du

_ 1—;07:)“1 f0°° (uia)u—ircosece—ldu

1-icota o _; ia—
J‘ u ircosecf+ia 1du
21 0

Putting logu = m
su=e™m
~du=e™dm
fu=0>m=ow
fu=0 =>m=0

EFRMT[ula](T) — ’ lCOt(Zf( m) —ircosecf+ia—1 mdm

1- chotocf ( ) irmcosecf+iam o —m pm

1-icota o™ —i i
— _ fo (e)( ircosecf+ia)m dm

\[mf ( )1( rcosecO+a)m g,
1—icota [(e)~ircosec6-aym ©
i(-rcosec6+a) |,
1-icota [ (5)_°°—(e)°
i(rcosecO— a)
1-icota [
l(rcosece a)
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_ |1-icota i
- 2w (rcosecf-a)

Hence proved
Result: 3.3 If EFRMT[f(w)] =

1-icotf

f f WKy (u, r)du then

i(alogu) — 1-icot6 i
Prove that EFRMT]e (&) / Tl ——

Proof:
Consider,
LHS= EFRMT[e!(@o9®](r)

1—izc:ta J-Ooo (e i(alogu))](g (u,r)du

1-icota r® ¢ icqlogu)),,—ircosecO—1
2T fO (e )u du

Putting logu = m
su=e™m
~du=e™dm
fu=0>m=w
fu=0 =>m=0

EFRMT[ L(alogu)](r) _ ’ lCOtaf(el(am))(em) —ircosecf-1,m

1- Lcotaf ( l(am))(em) —ircosec6—-1 e™dm

_ 1—lzc:tafooo(ei(am))(e)—irmcosecee—memdm

1—icota po© (—rcoseeBiuyt
2 do (O dm
1-icota (e)i(—‘rcosec9+a)m €2 3
B 2m i(-rcosecf+a) |, .
1—icota (e)—i(rcosece—a)m ©
—i(rcosec6-a)
1- Lcota[ (e)~®—e
i(rcosecf—a)
1- Lcota[
l(rcosece a)
_ 1= Lcota[ ]
21 iz(rcosecﬂ—a)
1-icota i
- \/7 [(a—rcosecg)] Hence proved

Result: 3.4 If EFRMT[f(W)] = [*==2% [ f (WK (u, r)du then
. r2cosec?6

Prove that EFRMT[ei@(29)*|(r) = /% 4["+—a |

Proof:

Consider,

LHS= EFRMT][eie(tog)?| ()

1—icot® f0°° (e ia(logu)? )](9 (u,r)du

1-icotf

fooo (e ia(logu)? )u—ircosece—ldu

Putting logu = m
su=em
~du=e™dm
fu=0>m=ow
fu=0 =>m=0

[ee]
EFRMT[eia(lOQH)Z](r) = ﬂf eiamz(em)—ircosece—lemdm
A 21
0

1—icotl o i, m2 — —
— fo elam (em) chosecee MM im

B lCOfgf Lamz—rcosecem]dm
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1- t'G
f ico eilam*+bmlgy,  \where, b = —rcosect
1-icotf e /4\/_ lbz
21
1-icotf e /4\/— lbz
2T \/—

1-icotf e /4\/— I.T cosec 9/
4a
2m \/_

1- lCOL’B\[; l[” r2cosec?
e
a
i r cosecze
1- to T+
/ ico e‘*[ Hence Proved

IV. RESULTS AND DISCUSSION

In this article we have discussed some important results of an Extended Frational Mellin Transform which may used to solve
wave equations, Schrodinger’s equations , differential equations and etc.

S.N. Function Result

I | EFRMT[1
(1) isin0 | and EFRMT[1](r) = 0, 6 = 0,%.

2 | EFRMT[u"](r) icot

\/7 (r cosect — a)
3 | EFRMT[e'@9w](r) icotd

\/7 (r cosect — a)
4 EFRMT|[ei(09w?](r) \]m , rPeoseco
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