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1. Introduction 

In 1922 Banach [2] proved the fixed point theorem which provide us existence and uniqueness of a self-

mapping on a metric space. This theorem was then generalized by a large number of people in different metric 

spaces, which can be explored in ([7], [8], [10], [11], [18] and so on).  

S. Sessa [22], M. S. Khan and M. Swalech [13] in 1984, expanded the research of metric fixed point theory to 

a new category by introducing a control function which they called an altering distance function.  

Definition 1.1.[13] “A function ψ ∶ ℝ+ → ℝ+ is called an altering distance function if the following property 

is satisfied: 

 (Θ1) ψ(0) = 0, 

(Θ2) ψ is monotonically non-decreasing function, 

(Θ3) ψ is a continuous function, 

By Ψ we denote the set of all altering distance functions.” 
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In 2012, the concept of 𝒮- metric space was established by Sedghi et al. [21]. 

Definition 1.2.[21] “Let 𝒳  be a non-empty set. An 𝒮 -metric on 𝑋  is a function 𝒮 ∶ 𝒳 × 𝒳 × 𝒳 →

[0, ∞) satisfying the following axioms: 

1. 𝒮(𝑢, 𝑣, 𝑤) = 0 if and only if 𝑢 = 𝑣 = 𝑤, 

2. 𝒮(𝑢, 𝑣, 𝑤) ≤ 𝒮(𝑢, 𝑢, 𝑎) + 𝒮(𝑣, 𝑣, 𝑎) + 𝒮(𝑤, 𝑤, 𝑎),  for all 𝑢, 𝑣, 𝑤 ∈ 𝒳.    

An 𝒮-metric space is a pair (𝒳, 𝒮) where 𝒮 is a metric on 𝒳.” 

In 1999, Molodtsov [19] introduced soft sets as a mathematical tool to handle the uncertainty associated with 

real world data based problems. It provides sufficient capabilities to cope with uncertainty in a data and to 

represent it in a useful way. A vast amount of mathematical activity has been carried out to obtain many 

remarkable results showing the applicability of soft set theory in decision making, demand analysis, 

forecasting, information science, mathematics, and other disciplines (see for detailed survey  ([14], [15], [16], 

[20], and so on).  

Definition1.3.[19]: “A pair (𝐹, 𝐸) is called a soft set over a given universal set 𝑋, if and only if 𝐹 is a mapping 

from a set of parameters 𝐸 (each parameter could be a word or a sentence) into the power set of 𝑋 denoted by 

𝑃(𝑋). That is, 𝐹: 𝐸 → 𝑃(𝑋). Clearly, a soft set over 𝑋 is a parameterized family of subsets of the given 

universe 𝑋.” 

Definition 1.4.[17]: “A soft set (𝐹, 𝐸) over 𝑋 is said to be a null soft set denoted by Φ̃, if for all 𝑒 𝜖 𝐸, 𝐹(𝑒) = 

null set 𝜙.” 

Definition 1.5.[17]: “A soft set (𝐹, 𝐸) over 𝑋  is said to be an absolute soft set denoted by 𝑋̃  if for all 

𝑒 𝜖 𝐸, 𝐹(𝑒) = 𝑋.” 

Das and Samanta ([5]-[6]) introduced the notions of soft real set and soft real number, and discussed their 

properties. Based on these notions, they introduced in the concept of soft metric. 

Definition 1.6.[5]: “Let ℝ be the set of real numbers and ℬ(ℝ) the collection of all non-empty bounded 

subsets of  ℝ and 𝐸 be taken as a set of parameters. Then a mapping 𝐹: 𝐸 → ℬ(ℝ) is called a soft real set. If a 
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real soft set is a singleton soft set, it will be called a soft real number and denoted by 𝑟̃, 𝑠̃, 𝑡̃ etc 0̃ and 1 ̃are 

the soft real numbers where 0̃(𝑒) = 0, 1̃(𝑒) = 1, for all 𝑒 𝜖 𝐸 respectively.” 

Abbas et al. [1] introduced the notion of soft contraction mapping based on the theory of soft elements of soft 

metric spaces. Wardowski [23] introduced a notion of soft mapping and obtained its fixed point in the setup of soft 

topological spaces. They studied fixed points of soft contraction mappings and obtained among others results, 

a soft Banach contraction principle. 

In 2018, Aras et al. ([3]-[4]) introduced the concept of soft 𝒮-metric spaces and also discussed its important 

properties which are as follows: 

“Let 𝒳̃ be an absolute soft set, 𝐸 be a non-empty set of parameters and 𝑆𝑃(𝒳̃) be the collection of all soft 

points of 𝒳̃. Let ℝ(𝐸)∗ denotes the set of all non-negative soft real numbers.” 

Definition 1.7.[3] “A soft 𝒮 -metric on 𝒳̃  is a mapping 𝒮 ∶ 𝑆𝑃(𝒳̃) × 𝑆𝑃(𝒳̃) × 𝑆𝑃(𝒳̃) → ℝ(𝐸)∗  which 

satisfies the following conditions: 

(𝒮1
̅̅̅) 𝒮(𝑢̂𝑎, 𝑣̂𝑏, 𝑤̂𝑐) ≥ 0̃; 

(𝒮2
̅̅ ̅) 𝒮(𝑢̂𝑎 , 𝑣̂𝑏, 𝑤̂𝑐) = 0,̃ if and only if 𝑢̂𝑎 = 𝑣̂𝑏 = 𝑤̂𝑐; 

(𝒮3
̅̅ ̅) 𝒮(𝑢̂𝑎 , 𝑣̂𝑏, 𝑤̂𝑐) ≤  𝒮(𝑢̂𝑎 , 𝑢̂𝑎 , 𝑡̂𝑑) + 𝒮(𝑣̂𝑏, 𝑣̂𝑏, 𝑡̃𝑑) + 𝒮(𝑤̂𝑐, 𝑤̂𝑐, 𝑡̂𝑑). 

For all   𝑢̂𝑎 , 𝑣̂𝑏, 𝑤̂𝑐, 𝑡̂𝑑 ∈  𝑆𝑃(𝒳̃), then the soft set 𝑋̃ with a soft 𝒮-metric is called soft 𝒮-metric space and 

denoted by (𝒳̃, 𝒮, 𝐸).” 

Lemma 1.8.[3] “Let (𝒳̃, 𝒮, 𝐸) is a soft 𝒮-metric space. Then we have  

                                          𝒮(𝑢̂𝑎, 𝑢̂𝑎 , 𝑣̂𝑏) = 𝒮(𝑣̂𝑏, 𝑣̂𝑏, 𝑢̂𝑎).” 

Definition 1.9.[4] “A soft sequence {𝑢̂𝑎𝑛
𝑛 } in (𝒳̃, 𝒮, 𝐸)  converges to 𝑣̂𝑏  if and only if 𝒮(𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛
𝑛 , 𝑣̂𝑏) →

0̃ 𝑎𝑠 𝑛 → ∞ and we denote this by lim
𝑛→∞

𝑢̂𝑎𝑛
𝑛 = 𝑣̂𝑏.” 

Definition 1.10.[4] “A soft sequence {𝑢̂𝑎𝑛
𝑛 } in (𝒳̃, 𝒮, 𝐸) is called a Cauchy sequence if for 𝜀̃  > 0̃, there exists 

𝑛0 𝜖 ℕ such that 𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑚
𝑚 ) < 𝜀̃ for each 𝑚, 𝑛 ≥  𝑛0.” 
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Definition 1.11.[4] “A soft 𝒮-metric space (𝒳̃, 𝒮, 𝐸) is said to be complete if every Cauchy sequence is 

convergent.” 

Definition 1.12.[4] “Let (𝒳̃, 𝒮, 𝐸) and (Υ̃, 𝒮′, 𝐸′) be two soft 𝒮-metric spaces. The mapping 𝑓𝜑: (𝒳̃, 𝒮, 𝐸) →

(Υ̃, 𝒮′ , 𝐸′) is a soft mapping, where 𝑓: 𝒳̃ → Υ̃ and 𝜑 ∶  𝐸 →  𝐸′ are two mappings.” 

Definition 1.13.[4] “Let 𝑓𝜑: (𝒳̃, 𝒮, 𝐸) → (Υ̃, 𝒮′, 𝐸′) be a soft mapping from soft 𝒮-metric space (𝒳̃, 𝒮, 𝐸) to a 

soft S-metric space (Υ̃, 𝒮′ , 𝐸′) . Then 𝑓𝜑  is soft continuous at a soft point 𝑢̂𝑎𝜖 𝑆𝑃(𝒳̃)  if and only if 

𝑓𝜑({𝑢̂𝑎𝑛
𝑛 }) →  𝑓𝜑(𝑢̂𝑎).” 

In 2018, Elif G. et al. [9] establish the following definition of soft altering distance function in soft metric 

space. 

Definition 1.14.[9] “A soft function ψ ∶ ℝ(𝐸)∗ → ℝ(𝐸)∗  is called a soft altering distance function if  ψ 

satisfies the following property: 

 (Θ1) ψ(0̅) = 0̅, 

(Θ2) ψ is monotonically non-decreasing function, 

(Θ3) ψ is a sequentially continuous function i.e., 𝑢̂𝑎𝑛
𝑛 → 𝑢̂𝑎, then ψ(𝑢̂𝑎𝑛

𝑛 ) → ψ(𝑢̂𝑎).” 

Theorem 1.15.[9] “Let (𝑋̃, 𝑑) be a complete metric space. Let ψ ∶ ℝ(𝐸)∗ → ℝ(𝐸)∗ be a soft altering distance 

function and 𝑇: 𝑋̃ → 𝑋̃ be a soft mapping which satisfies the following inequality:  

                  ψ(𝑑(𝑇(𝑢̂𝑎𝑛
𝑛 ), 𝑇(𝑣̂𝑏𝑛

𝑛 )) ≤ 𝑐̅ ψ(𝑑(𝑢̂𝑎, 𝑣̂𝑏)),                                                                                         

for some 0̅ < 𝑐̅ < 1̅ and 𝑢̂𝑎, 𝑣̂𝑏𝜖 𝑆𝑃(𝑋̃). Then 𝑇 has a unique soft fixed point.” 

2. Soft fixed point theorems via new types of soft contractive conditions 

Theorem 2.1: Let 𝜓 ∈ Ψ and (𝒳̃, 𝒮, 𝐸) be a complete soft 𝒮-metric space. Let 𝑓φ be soft self mapping on 

(𝒳̃, 𝒮, 𝐸) which satisfies the following condition: 

𝜓 {𝒮 (𝑓𝜑(𝑢̂𝑎), 𝑓𝜑(𝑢̂𝑎), 𝑓𝜑(𝑣̂𝑏))}  
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≤ 𝛼 𝜓 {
𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑢̂𝑎))𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑣̂𝑏))𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑣̂𝑏))+𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑣̂𝑏)𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑢̂𝑎))𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑣̂𝑏))

[𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑣̂𝑏)]2+𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑣̂𝑏))𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑣̂𝑏))
}  

+𝛽 𝜓 {𝒮 (𝑢̂𝑎, 𝑢̂𝑎, 𝑓𝜑(𝑢̂𝑎)) + 𝒮(𝑣̂𝑏, 𝑣̂𝑏, 𝑓𝜑(𝑣̂𝑏))} + 𝛾 𝜓{𝒮(𝑢̂𝑎, 𝑢̂𝑎, 𝑓𝜑(𝑣̂𝑏)) + 𝒮(𝑣̂𝑏 , 𝑣̂𝑏, 𝑓𝜑(𝑢̂𝑎))}  

+𝜂 𝜓 {
𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑢̂𝑎))𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑣̂𝑏))

1+𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑣̂𝑏)
} + 𝛿 𝜓{𝒮(𝑢̂𝑎, 𝑢̂𝑎 , 𝑣̂𝑏)} .                                                       (2.1) 

For all 𝑢̂𝑎 , 𝑣̂𝑏 𝜖 𝑆𝑃(𝑋̃) with 𝑢̂𝑎 ≠  𝑣̂𝑏, and for some 𝛼, 𝛽, 𝛾, 𝜂, 𝛿 > 0̅ with 𝛼 + 2𝛽 + 3𝛾 + 𝜂 + 𝛿 < 1̅, then, 𝑓φ 

has a unique soft fixed point 𝑤̂𝑐 ∈ 𝑆𝑃(𝑋̃) and moreover for each soft point 𝑢̂𝑎 we have lim
𝑛→∞

 𝑓φ
𝑛 𝑢̂𝑎 =  𝑤̂𝑐. 

Proof: Let 𝑢̂𝑎0
0 𝜖 𝑆𝑃(𝑋̃) be an arbitrary point and let {𝑢̂𝑎𝑛

𝑛 } be a sequence defined as follows 

𝑢̂𝑎𝑛+1
𝑛+1 = 𝑓φ(𝑢̂𝑎𝑛

𝑛 ) =  𝑓φ
𝑛+1( 𝑢̂𝑎), for each 𝑛 > 0. Then form (2.1) we have 

𝜓 {𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛+1
𝑛+1 )}  

= 𝜓 {𝒮 (𝑓φ(𝑢̂𝑎𝑛−1
𝑛−1 ), 𝑓φ(𝑢̂𝑎𝑛−1

𝑛−1 ), 𝑓φ(𝑢̂𝑎𝑛
𝑛 ))}  

≤ 𝛼 𝜓
1

[𝒮(𝑢̂𝑎𝑛−1
𝑛−1 ,𝑢̂𝑎𝑛−1

𝑛−1 ,𝑢̂𝑎𝑛
𝑛 )]

2
+𝒮(𝑢̂𝑎𝑛−1

𝑛−1 ,𝑢̂𝑎𝑛−1
𝑛−1 ,𝑓𝜑( 𝑢̂𝑎𝑛

𝑛 ))𝒮( 𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑓𝜑(𝑢̂𝑎𝑛
𝑛 ))

×      

                                  [𝒮(𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛−1

𝑛−1 , 𝑓𝜑(𝑢̂𝑎𝑛−1
𝑛−1 ))𝒮(𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛
𝑛 , 𝑓𝜑(𝑢̂𝑎𝑛

𝑛 ))𝒮(𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛−1

𝑛−1 , 𝑓𝜑(𝑢̂𝑎𝑛
𝑛 ))  

                                  +𝒮(𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛−1

𝑛−1 , 𝑢̂𝑎𝑛
𝑛 )𝒮(𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛
𝑛 , 𝑓𝜑(𝑢̂𝑎𝑛−1

𝑛−1 ))𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑓𝜑(𝑢̂𝑎𝑛
𝑛 ))] 

+𝛽 𝜓 {𝒮 (𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛−1

𝑛−1 , 𝑓𝜑(𝑢̂𝑎𝑛−1
𝑛−1 )) + 𝒮 (𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛
𝑛 , 𝑓𝜑(𝑢̂𝑎𝑛

𝑛 ))}  

+𝛾 𝜓{𝒮(𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛−1

𝑛−1 , 𝑓𝜑(𝑢̂𝑎𝑛
𝑛 )) + 𝒮(𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛
𝑛 , 𝑓𝜑(𝑢̂𝑎𝑛−1

𝑛−1 ))}  

+𝜂 𝜓 {
𝒮(𝑢̂𝑎𝑛−1

𝑛−1 ,𝑢̂𝑎𝑛−1
𝑛−1 ,𝑓𝜑(𝑢̂𝑎𝑛−1

𝑛−1 ))𝒮(𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑓𝜑(𝑢̂𝑎𝑛
𝑛 ))

1+𝒮(𝑢̂𝑎𝑛−1
𝑛−1 ,𝑢̂𝑎𝑛−1

𝑛−1 ,𝑢̂𝑎𝑛
𝑛 )

} + 𝛿 𝜓{𝒮(𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛−1

𝑛−1 , 𝑢̂𝑎𝑛
𝑛 )}  

≤ 𝛼 𝜓 {
𝒮(𝑢̂𝑎𝑛−1

𝑛−1 ,𝑢̂𝑎𝑛−1
𝑛−1 ,𝑢̂𝑎𝑛

𝑛 )𝒮(𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑢̂𝑎𝑛+1
𝑛+1 )𝒮(𝑢̂𝑎𝑛−1

𝑛−1 ,𝑢̂𝑎𝑛−1
𝑛−1 ,𝑢̂𝑎𝑛+1

𝑛+1 )

[𝒮(𝑢̂𝑎𝑛−1
𝑛−1 ,𝑢̂𝑎𝑛−1

𝑛−1 ,𝑢̂𝑎𝑛
𝑛 )]

2
+𝒮(𝑢̂𝑎𝑛−1

𝑛−1 ,𝑢̂𝑎𝑛−1
𝑛−1 ,𝑢̂𝑎𝑛+1

𝑛+1 )𝒮( 𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑢̂𝑎𝑛+1
𝑛+1 )

}      

+𝛽 𝜓{𝒮(𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛−1

𝑛−1 , 𝑢̂𝑎𝑛
𝑛 ) + 𝒮(𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛+1

𝑛+1 )}  

+𝛾 𝜓{𝒮(𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛−1

𝑛−1 , 𝑢̂𝑎𝑛+1
𝑛+1 ) + 𝒮(𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 )}  

+𝜂 𝜓 {
𝒮(𝑢̂𝑎𝑛−1

𝑛−1 ,𝑢̂𝑎𝑛−1
𝑛−1 ,𝑢̂𝑎𝑛

𝑛 )𝒮(𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑢̂𝑎𝑛+1
𝑛+1 )

1+𝒮(𝑢̂𝑎𝑛−1
𝑛−1 ,𝑢̂𝑎𝑛−1

𝑛−1 ,𝑢̂𝑎𝑛
𝑛 )

} + 𝛿 𝜓{𝒮(𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛−1

𝑛−1 , 𝑢̂𝑎𝑛
𝑛 )}  
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≤ 𝛼 𝜓{𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛+1
𝑛+1 )} + 𝛽 𝜓{𝒮(𝑢̂𝑎𝑛−1

𝑛−1 , 𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛

𝑛 ) + 𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛+1
𝑛+1 )}   

+𝛾 𝜓{2𝒮(𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛−1

𝑛−1 , 𝑢̂𝑎𝑛
𝑛 ) + 𝒮(𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛+1

𝑛+1 )} + 𝜂 𝜓{𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛+1
𝑛+1 )}  

+𝛿 𝜓{𝒮(𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛−1

𝑛−1 , 𝑢̂𝑎𝑛
𝑛 )}.  

Thus, we get 

(1 − 𝛼 − 𝛽 − 𝛾 − 𝜂)𝜓{𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛+1
𝑛+1 )} ≤ (𝛽 + 2𝛾 + 𝛿)𝜓{𝒮(𝑢̂𝑎𝑛−1

𝑛−1 , 𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛

𝑛 )}  

                                  𝜓{𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛+1
𝑛+1 )} ≤ (

𝛽+2𝛾+𝛿

1−𝛼−𝛽−𝛾−𝜂
)  𝜓{𝒮(𝑢̂𝑎𝑛−1

𝑛−1 , 𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛

𝑛 )}.  

Therefore, 

𝜓{𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛+1
𝑛+1 )} ≤ 𝑘̃ 𝜓{𝒮(𝑢̂𝑎𝑛−1

𝑛−1 , 𝑢̂𝑎𝑛−1
𝑛−1 , 𝑢̂𝑎𝑛

𝑛 )}  where 𝑘̃ =
𝛽+2𝛾+𝛿

1−𝛼−𝛽−𝛾−𝜂
 

                                      ≤ 𝑘̃2 𝜓{𝒮(𝑢̂𝑎𝑛−2
𝑛−2 , 𝑢̂𝑎𝑛−2

𝑛−2 , 𝑢̂𝑎𝑛−1
𝑛−1 )}  

                                          ……………… 

                                          ……………… 

 𝜓{𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛+1
𝑛+1 )} ≤ 𝑘̃𝑛 𝜓{𝒮(𝑢̂𝑎0

0 , 𝑢̂𝑎0
0 , 𝑢̂𝑎1

1 )}                                                                   (2.2) 

Since   0̅ ≤ 𝑘̃ < 1̅, from (2.2) we obtain lim
𝑛→∞

𝜓{𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛+1
𝑛+1 )} = 0̅. 

From the fact that 𝜓 ∈ Ψ, we have lim
𝑛→∞

𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛+1
𝑛+1 ) = 0̅.                                            (2.3) 

Now, we will prove that {𝑢̂𝑎𝑛
𝑛 } is a Cauchy sequence in (𝒳̃, 𝒮, 𝐸). Suppose that {𝑢̂𝑎𝑛

𝑛 } is not a Cauchy 

sequence which means that there is a constant 𝜖0̅  > 0̅ and two subsequence {𝑢̂𝑎𝑛𝑘

𝑛𝑘 } and {𝑢̂𝑎𝑚𝑘

𝑚𝑘 } of {𝑢̂𝑎𝑛
𝑛 } such 

that for every 𝑛 ∈ ℕ ∪ {0},  we find that 𝑛𝑘 > 𝑚𝑘 > 𝑛,  𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 ) ≥  𝜖0̅  and 

𝒮 (𝑢̂𝑎𝑛𝑘−1

𝑛𝑘−1
, 𝑢̂𝑎𝑛𝑘−1

𝑛𝑘−1
, 𝑢̂𝑎𝑚𝑘

𝑚𝑘 ) <  𝜖0̅. For each 𝑛 > 0, we have 

𝜖0̅  ≤ 𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 ) ≤ 2 𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘−1

𝑛𝑘−1
) + 𝒮 (𝑢̂𝑎𝑛𝑘−1

𝑛𝑘−1
, 𝑢̂𝑎𝑛𝑘−1

𝑛𝑘−1
, 𝑢̂𝑎𝑚𝑘

𝑚𝑘 )  

Taking limit as 𝑛 → ∞, from (2.3) we obtain 
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𝜖0̅  ≤ 𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 ) < 𝜖0̅,  

which implies that 

lim
𝑛→∞,

𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 ) = 𝜖0̅                                                                                                (2.4)  

Similarly, we can show that  

lim
𝑛→∞ 

that 𝒮 (𝑢̂𝑎𝑛𝑘+1

𝑛𝑘+1
, 𝑢̂𝑎𝑛𝑘+1

𝑛𝑘+1
, 𝑢̂𝑎𝑚𝑘+1

𝑚𝑘+1
) = 𝜖0̅ and lim

𝑛→∞,
𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑚𝑘+1

𝑚𝑘+1
) = 𝜖0̅                     (2.5)                          

From the hypothesis, we deduce 

ψ (𝒮(𝑓φ(𝑢̂𝑎𝑛𝑘

𝑛𝑘 ), 𝑓φ(𝑢̂𝑎𝑛𝑘

𝑛𝑘 ), 𝑓φ(𝑢̂𝑎𝑚𝑘

𝑚𝑘 ))  

≤ 𝛼 𝜓
1

[𝒮(𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑢̂𝑎𝑚𝑘

𝑚𝑘 )]
2

+𝒮(𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑓𝜑(𝑢̂𝑎𝑚𝑘

𝑚𝑘 ))𝒮(𝑢̂𝑎𝑚𝑘

𝑚𝑘 ,𝑢̂𝑎𝑚𝑘

𝑚𝑘 ,𝑓𝜑(𝑢̂𝑎𝑚𝑘

𝑚𝑘 ))

×      

           [𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑓𝜑(𝑢̂𝑎𝑛𝑘

𝑛𝑘 )) 𝒮 (𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑓𝜑(𝑢̂𝑎𝑚𝑘

𝑚𝑘 )) 𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑓𝜑(𝑢̂𝑎𝑚𝑘

𝑚𝑘 ))  

                +𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 ) 𝒮 (𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑓𝜑(𝑢̂𝑎𝑛𝑘

𝑛𝑘 )) 𝒮 (𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑓𝜑(𝑢̂𝑎𝑚𝑘

𝑚𝑘 ))] 

+𝛽 𝜓 {𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑓𝜑(𝑢̂𝑎𝑛𝑘

𝑛𝑘 )) + 𝒮 (𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑓𝜑(𝑢̂𝑎𝑚𝑘

𝑚𝑘 ))}  

+𝛾 𝜓 {𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑓𝜑(𝑢̂𝑎𝑚𝑘

𝑚𝑘 )) + 𝒮 (𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑓𝜑(𝑢̂𝑎𝑛𝑘

𝑛𝑘 ))}  

+𝜂 𝜓 {
𝒮(𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑓𝜑(𝑢̂𝑎𝑛𝑘

𝑛𝑘 ))𝒮(𝑢̂𝑎𝑚𝑘

𝑚𝑘 ,𝑢̂𝑎𝑚𝑘

𝑚𝑘 ,𝑓𝜑(𝑢̂𝑎𝑚𝑘

𝑚𝑘 ))

1+𝒮(𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑢̂𝑎𝑚𝑘

𝑚𝑘 )
} + 𝛿 𝜓 {𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 )}, 

which implies that 

ψ (𝒮(𝑢̂𝑎𝑛𝑘+1

𝑛𝑘+1
, 𝑢̂𝑎𝑛𝑘+1

𝑛𝑘+1
, 𝑢̂𝑎𝑚𝑘+1

𝑚𝑘+1
)) ≤  

≤ 𝛼 𝜓
1

[𝒮(𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑢̂𝑎𝑚𝑘

𝑚𝑘 )]
2

+𝒮(𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑢̂𝑎𝑚𝑘+1

𝑚𝑘+1
)𝒮(𝑢̂𝑎𝑚𝑘

𝑚𝑘 ,𝑢̂𝑎𝑚𝑘

𝑚𝑘 ,𝑢̂𝑎𝑚𝑘+1

𝑚𝑘+1
)

×      

           [𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘+1

𝑛𝑘+1
) 𝒮 (𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑚𝑘+1

𝑚𝑘+1
) 𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑚𝑘+1

𝑚𝑘+1
)  

                +𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 ) 𝒮 (𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑛𝑘+1

𝑛𝑘+1
) 𝒮 (𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑚𝑘+1

𝑚𝑘+1
)] 
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+𝛽 𝜓 {𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘+1

𝑛𝑘+1
) + 𝒮 (𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑚𝑘+1

𝑚𝑘+1
)}  

+𝛾 𝜓 {𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑚𝑘+1

𝑚𝑘+1
) + 𝒮 (𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 , 𝑢̂𝑎𝑛𝑘+1

𝑛𝑘+1
)}  

+𝜂 𝜓 {
𝒮(𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑓𝜑(𝑢̂𝑎𝑛𝑘

𝑛𝑘 ))𝒮(𝑢̂𝑎𝑚𝑘

𝑚𝑘 ,𝑢̂𝑎𝑚𝑘

𝑚𝑘 ,𝑢̂𝑎𝑚𝑘+1

𝑚𝑘+1
)

1+𝒮(𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑢̂𝑎𝑛𝑘

𝑛𝑘 ,𝑢̂𝑎𝑚𝑘

𝑚𝑘 )
} + 𝛿 𝜓 {𝒮 (𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑛𝑘

𝑛𝑘 , 𝑢̂𝑎𝑚𝑘

𝑚𝑘 )}. 

Letting 𝑘 → ∞, and from (2.3) – (2.5), we obtain that 

 𝜓(𝜖0̅) ≤ 𝛾 𝜓(2 𝜖0̅) + 𝛿 𝜓(𝜖0̅) 

 𝜓(𝜖0̅) ≤ (2𝛾 + 𝛿) 𝜓(𝜖0̅), 

which is contradiction as 2𝛾 + 𝛿 < 1̅. Hence, {𝑢̂𝑎𝑛
𝑛 } is a Cauchy sequence. By completeness of (𝒳̃, 𝒮, 𝐸), 

{𝑢̂𝑎𝑛
𝑛 } converges to some soft point 𝑤̂𝑐.  

Again taking 𝑢̂𝑎 = 𝑢̂𝑎𝑛
𝑛   and 𝑣̂𝑏 = 𝑤̂𝑐 in (2.1) we get 

𝜓 {𝒮 (𝑓φ(𝑢̂𝑎𝑛
𝑛 ), 𝑓φ(𝑢̂𝑎𝑛

𝑛 ), 𝑓φ(𝑤̂𝑐))} ≤  

𝛼 𝜓 {
𝒮(𝑢̂𝑎𝑛

𝑛 ,𝑢̂𝑎𝑛
𝑛 ,𝑓𝜑(𝑢̂𝑎𝑛

𝑛 ))𝒮( 𝑤̂𝑐,𝑤̂𝑐,𝑓𝜑(𝑤̂𝑐))𝒮(𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑓𝜑(𝑤̂𝑐))+𝒮(𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑤̂𝑐)𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑓𝜑(𝑢̂𝑎𝑛
𝑛 ))𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑓𝜑(𝑤̂𝑐))

[𝒮(𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑤̂𝑐)]
2

+𝒮(𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑓𝜑( 𝑤̂𝑐))𝒮( 𝑤̂𝑐,𝑤̂𝑐,𝑓𝜑(𝑤̂𝑐))
}     

+𝛽 𝜓{𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑓𝜑(𝑢̂𝑎𝑛
𝑛 )) + 𝒮(𝑤̂𝑐, 𝑤̂𝑐 , 𝑓𝜑(𝑤̂𝑐))}  

+𝛾 𝜓{𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑓𝜑(𝑤̂𝑐)) + 𝒮(𝑤̂𝑐 , 𝑤̂𝑐 , 𝑓𝜑(𝑢̂𝑎𝑛
𝑛 ))}  

+𝜂 𝜓 {
𝒮(𝑢̂𝑎𝑛

𝑛 ,𝑢̂𝑎𝑛
𝑛 ,𝑓𝜑(𝑢̂𝑎𝑛

𝑛 ))𝒮( 𝑤̂𝑐,𝑤̂𝑐,𝑓𝜑(𝑤̂𝑐))

1+𝒮(𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑤̂𝑐)
} + 𝛿 𝜓{𝒮(𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛
𝑛 , 𝑤̂𝑐)}  

≤ 𝛼 𝜓 {
𝒮(𝑢̂𝑎𝑛

𝑛 ,𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛+1

𝑛+1 )𝒮( 𝑤̂𝑐,𝑤̂𝑐,𝑓𝜑(𝑤̂𝑐))𝒮(𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑓𝜑(𝑤̂𝑐))+𝒮(𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑤̂𝑐)𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑢̂𝑎𝑛+1
𝑛+1 )𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑓𝜑(𝑤̂𝑐))

[𝒮(𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑤̂𝑐)]
2

+𝒮(𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑓𝜑( 𝑤̂𝑐))𝒮( 𝑤̂𝑐,𝑤̂𝑐,𝑓𝜑(𝑤̂𝑐))
}     

+𝛽 𝜓{𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛+1
𝑛+1 ) + 𝒮( 𝑤̂𝑐 , 𝑤̂𝑐, 𝑓𝜑(𝑤̂𝑐))}  

+𝛾 𝜓{𝒮(𝑢̂𝑎𝑛
𝑛 , 𝑢̂𝑎𝑛

𝑛 , 𝑓𝜑(𝑤̂𝑐)) + 𝒮(𝑤̂𝑐 , 𝑤̂𝑐 , 𝑢̂𝑎𝑛+1
𝑛+1 )}  

+𝜂 𝜓 {
𝒮(𝑢̂𝑎𝑛

𝑛 ,𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛+1

𝑛+1 )𝒮( 𝑤̂𝑐,𝑤̂𝑐,𝑓𝜑(𝑤̂𝑐))

1+𝒮(𝑢̂𝑎𝑛
𝑛 ,𝑢̂𝑎𝑛

𝑛 ,𝑤̂𝑐)
} + 𝛿 𝜓{𝒮(𝑢̂𝑎𝑛

𝑛 , 𝑢̂𝑎𝑛
𝑛 , 𝑤̂𝑐)} . 
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Therefore, 

lim
𝑛→∞

𝜓 {𝒮(𝑢̂𝑎𝑛+1
𝑛+1 , 𝑢̂𝑎𝑛+1

𝑛+1 , 𝑓φ(𝑤̂𝑐))} = lim
𝑛→∞

𝜓 𝒮 (𝑓φ(𝑢̂𝑎𝑛
𝑛 ), 𝑓φ(𝑢̂𝑎𝑛

𝑛 ), 𝑓φ(𝑤̂𝑐))  

                                                      ≤ 𝛽𝜓 {𝒮 (𝑤̂𝑐, 𝑤̂𝑐 , 𝑓𝜑(𝑤̂𝑐))} + 𝛾 𝜓 {𝒮 (𝑤̂𝑐, 𝑤̂𝑐 , 𝑓𝜑(𝑤̂𝑐))},   

which implies that 

                𝜓 {𝒮(𝑤̂𝑐 , 𝑤̂𝑐 , 𝑓φ(𝑤̂𝑐))} ≤ (𝛽 + 𝛾)𝜓 {𝒮 (𝑤̂𝑐 , 𝑤̂𝑐 , 𝑓𝜑(𝑤̂𝑐))}   

Since 𝛽 + 𝛾 < 1̅, then 𝜓 {𝒮 (𝑤̂𝑐, 𝑤̂𝑐 , 𝑓𝜑(𝑤̂𝑐))} = 0 ⇒ 𝒮 (𝑤̂𝑐 , 𝑤̂𝑐 , 𝑓𝜑(𝑤̂𝑐)) = 0. 

Thus, 𝑓𝜑(𝑤̂𝑐) =  𝑤̂𝑐. Therefore, 𝑤̂𝑐 is a fixed soft point of 𝑓𝜑. 

Now we are going to establish the soft fixed point is unique.  

For that let us suppose that 𝑤̂𝑐 and 𝑡̂𝑑 be two soft fixed point of 𝑓𝜑 with 𝑤̂𝑐 ≠ 𝑡̂𝑑.  

Taking 𝑢̂𝑎 = 𝑤̂𝑐  and 𝑣̂𝑏 = 𝑡̂𝑑 in (2.1) we get 

𝜓 {𝒮(𝑤̂𝑐 , 𝑤̂𝑐 , 𝑡̂𝑑)}  

= 𝜓 {𝒮 (𝑓φ(𝑤̂𝑐), 𝑓φ(𝑤̂𝑐), 𝑓φ(𝑡̂𝑑))}  

≤ 𝛼 𝜓 {
𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑓𝜑(𝑤̂𝑐))𝒮( 𝑡̂𝑑,𝑡̂𝑑,𝑓𝜑(𝑡̂𝑑))𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑓𝜑(𝑡̂𝑑))+𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑡̂𝑑)𝒮(𝑡̂𝑑,𝑡̂𝑑,𝑓𝜑(𝑤̂𝑐))𝒮(𝑡̂𝑑,𝑡̂𝑑,𝑓𝜑(𝑡̂𝑑))

[𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑡̂𝑑)]2+𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑓𝜑( 𝑡̂𝑑))𝒮(𝑡̂𝑑,𝑡̂𝑑,𝑓𝜑(𝑡̂𝑑))
}     

+𝛽 𝜓{𝒮(𝑤̂𝑐, 𝑤̂𝑐, 𝑓𝜑(𝑤̂𝑐)) + 𝒮( 𝑡̂𝑑, 𝑡̂𝑑, 𝑓𝜑(𝑡̂𝑑))}  

+𝛾 𝜓{𝒮(𝑤̂𝑐 , 𝑤̂𝑐 , 𝑓𝜑(𝑡̂𝑑)) + 𝒮(𝑡̂𝑑, 𝑡̂𝑑, 𝑓𝜑(𝑤̂𝑐))}  

+𝜂 𝜓 {
𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑓𝜑(𝑤̂𝑐))𝒮( 𝑡̂𝑑,𝑡̂𝑑,𝑓𝜑(𝑡̂𝑑))

1+𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑡̂𝑑)
} + 𝛿 𝜓{𝒮(𝑤̂𝑐 , 𝑤̂𝑐 , 𝑡̂𝑑)}  

≤ 𝛼 𝜓 {
𝒮( 𝑤̂𝑐,𝑤̂𝑐,𝑤̂𝑐)𝒮(𝑡̂𝑑,𝑡̂𝑑,𝑡̂𝑑)𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑡̂𝑑)+𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑡̂𝑑)𝒮(𝑡̂𝑑,𝑡̂𝑑,𝑤̂𝑐)𝒮(𝑡̂𝑑,𝑡̂𝑑,𝑡̂𝑑)

[𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑡̂𝑑)]2+𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑡̂𝑑)𝒮(𝑡̂𝑑,𝑡̂𝑑,𝑡̂𝑑)
}  

+𝛽 𝜓{𝒮( 𝑤̂𝑐, 𝑤̂𝑐, 𝑤̂𝑐) + 𝒮( 𝑡̂𝑑, 𝑡̂𝑑, 𝑡̂𝑑)} + 𝛾 𝜓{𝒮( 𝑤̂𝑐 , 𝑤̂𝑐 , 𝑡̂𝑑) + 𝒮(𝑡̂𝑑, 𝑡̂𝑑, 𝑤̂𝑐)}  

+𝜂 𝜓 {
𝒮( 𝑤̂𝑐,𝑤̂𝑐,𝑤̂𝑐)𝒮( 𝑡̂𝑑,𝑡̂𝑑,𝑡̂𝑑)

1+𝒮(𝑤̂𝑐,𝑤̂𝑐,𝑡̂𝑑)
} + 𝛿 𝜓{𝒮(𝑤̂𝑐 , 𝑤̂𝑐 , 𝑡̂𝑑)}.  
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we obtain 

𝜓 {𝒮( 𝑤̂𝑐, 𝑤̂𝑐, 𝑡̂𝑑)} ≤ (2𝛾 + 𝛿)𝜓{𝒮( 𝑤̂𝑐 , 𝑤̂𝑐, 𝑡̂𝑑)}, 

as 2𝛾 + 𝛿 < 1̅, we get a contradiction. Thus, we obtain 

𝜓{𝒮( 𝑤̂𝑐 , 𝑤̂𝑐 , 𝑡̂𝑑)} = 0 ⇒ 𝒮( 𝑤̂𝑐 , 𝑤̂𝑐 , 𝑡̂𝑑) = 0 which further implies that  𝑤̂𝑐 =  𝑡̂𝑑. 

Therefore, the fixed soft point we get is unique. 

This completes the proof. 

Remark: In Theorem 2.1 if 𝛼 = 𝛽 = 𝛾 = 𝜂 = 0 and 0̅ ≤ 𝛿 < 1̅with  𝜓(𝑡̅) = 𝑡̅, we get the result of Banach 

[2]. 

Corollary 2.2: Let (𝒳̃, 𝒮, 𝐸) be a complete soft 𝒮-metric space and let 𝑓φ be soft self mapping on (𝒳̃, 𝒮, 𝐸) 

which satisfies the following condition: 

𝒮 (𝑓𝜑(𝑢̂𝑎), 𝑓𝜑(𝑢̂𝑎), 𝑓𝜑(𝑣̂𝑏))  

≤ 𝛼 {
𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑢̂𝑎))𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑣̂𝑏))𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑣̂𝑏))+𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑣̂𝑏)𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑢̂𝑎))𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑣̂𝑏))

[𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑣̂𝑏)]2+𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑣̂𝑏))𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑣̂𝑏))
}  

+𝛽 {𝒮 (𝑢̂𝑎, 𝑢̂𝑎 , 𝑓𝜑(𝑢̂𝑎)) + 𝒮(𝑣̂𝑏, 𝑣̂𝑏, 𝑓𝜑(𝑣̂𝑏))} + 𝛾 {𝒮(𝑢̂𝑎, 𝑢̂𝑎 , 𝑓𝜑(𝑣̂𝑏)) + 𝒮(𝑣̂𝑏, 𝑣̂𝑏 , 𝑓𝜑(𝑢̂𝑎))}  

+𝜂 {
𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑢̂𝑎))𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑣̂𝑏))

1+𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑣̂𝑏)
} + 𝛿{𝒮(𝑢̂𝑎, 𝑢̂𝑎, 𝑣̂𝑏)} .                                                               (2.6) 

For all 𝑢̂𝑎 , 𝑣̂𝑏𝜖 𝑆𝑃(𝑋̃) with 𝑢̂𝑎 ≠  𝑣̂𝑏, and for some 𝛼, 𝛽, 𝛾, 𝜂, 𝛿 > 0̅ with 𝛼 + 2𝛽 + 3𝛾 + 𝜂 + 𝛿 < 1̅ then, 𝑓φ 

has a unique soft fixed point 𝑤̂𝑐 ∈ 𝑆𝑃(𝑋̃) and moreover for each soft point 𝑢̂𝑎 we have lim
𝑛→∞

 𝑓φ
𝑛 𝑢̂𝑎 =  𝑤̂𝑐. 

Proof: It is enough, if we consider 𝜓(𝑡̅) = 𝑡 ̅in Theorem 2.1. 

Corollary 2.3: Let (𝒳̃, 𝒮, 𝐸) be a complete soft 𝒮-metric space and let 𝑓φ be soft self mapping on (𝒳̃, 𝒮, 𝐸) 

which satisfies the following condition: 

∫ 𝜉(𝑡)𝑑𝑡
𝒮(𝑓𝜑(𝑢̂𝑎),𝑓𝜑(𝑢̂𝑎),𝑓𝜑(𝑣̂𝑏))

0
  

≤ 𝛼 ∫ 𝜉(𝑡)𝑑𝑡

𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑢̂𝑎))𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑣̂𝑏))𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑣̂𝑏))+𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑣̂𝑏)𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑢̂𝑎))𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑣̂𝑏))

[𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑣̂𝑏)]
2

+𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑣̂𝑏))𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑣̂𝑏))

0
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+𝛽 ∫ 𝜉(𝑡)𝑑𝑡
𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑢̂𝑎))+𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑣̂𝑏))

0
+ 𝛾 ∫ 𝜉(𝑡)𝑑𝑡 +

𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑣̂𝑏))+𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑢̂𝑎))

0
  

+𝜂 ∫ 𝜉(𝑡)𝑑𝑡

𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑓𝜑(𝑢̂𝑎))𝒮(𝑣̂𝑏,𝑣̂𝑏,𝑓𝜑(𝑣̂𝑏))

1+𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑣̂𝑏)

0
+ 𝛿 ∫ 𝜉(𝑡)𝑑𝑡

𝒮(𝑢̂𝑎,𝑢̂𝑎,𝑣̂𝑏)

0
.                                                     (2.7) 

For all 𝑢̂𝑎 , 𝑣̂𝑏𝜖 𝑆𝑃(𝑋̃) with 𝑢̂𝑎 ≠  𝑣̂𝑏, and for some 𝛼, 𝛽, 𝛾, 𝜂, 𝛿 > 0̅ with 𝛼 + 2𝛽 + 3𝛾 + 𝜂 + 𝛿 < 1̅, where 

𝜉: 𝑅+ → 𝑅+ is a Lesbesgue-integrable mapping which is summable on compact subset of 𝑅+, non-negative 

and such that for each ∈ > 0, ∫ 𝜉(𝑡)𝑑𝑡 > 0
∈

0
 then, 𝑓φ has a unique soft fixed point 𝑤̂𝑐 ∈ 𝑆𝑃(𝑋̃) and moreover 

for each soft point 𝑢̂𝑎, lim
𝑛→∞

 𝑓φ
𝑛 𝑢̂𝑎 =  𝑤̂𝑐. 

Proof: If we take 𝜓(𝑡) = ∫ 𝜉(𝑡)𝑑𝑡
𝑡

0
, in Theorem 2.1, we get desired result. 
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