© 2025 JETIR September, Volume 12, Issue 9 www .jetir.org (ISSN-2349-5162)

JETIR.ORG
JOURNAL OF EMERGING TECHNOLOGIES AND

INNOVATIVE RESEARCH (JETIR)

An International Scholarly Open Access, Peer-reviewed, Refereed Journal

Common Fixed-Point Theorem using Generalization
of Kannan Contractive on S-Metric Space

Dr. Yashpal?, Associate Professor, Govt. P. G. College for Women, Rohtak
Dr. Parul Singh?, Assiatant Professor, Govt. P. G. College for Women, Rohtak
Dr. Sushma?, Assistant Professor, Govt. P. G. College for Women, Rohtak

Abstract: In this paper, we prove the existence and uniqueness of common fixed points for pairs of self-maps
that satisfy the contractive conditions of Kannan types in a complete S-metric space. By applying appropriate
contractive condition, we extend known results in fixed point theory and provide new insights into the behavior
of such mappings. In addition, an example is also provided to illustrate the existence and uniqueness of

common solution. Keywords: S-metric space, Common fixed point, Fixed point, Kannan Contraction.
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1. Introduction

The Banach fixed-point theorem [2], commonly known as the contraction mapping theorem in mathematics,
plays a crucial role in studying metric spaces. The Fixed Point Theorem is a fundamental result in mathematics
that establishes the conditions under which a point remains unchanged when a function or operator is applied to
it. Numerous areas of mathematical analysis depend significantly on this idea. Specifically, in matrix spaces,

fixed point theorems offer valuable insights into the behavior of both linear and nonlinear transformations.

In 1968 R. Kannan [8] proposed his contraction as a generalization of the Banach contraction principle to
extend fixed point results where the usual distance-based contractive condition was too restrictive. Kannan’s
work laid the groundwork for exploring nonlinear integral equations, optimization problems, and operator
equations, where interactions were more complex. These theorems allowed researchers to work with more

general types of equations, especially those arising in economics, engineering, and control theory.

The concept of b-metric space was first proposed by Bhaktin [1] and in 1993 Czerwik [3] further explored it. A
new space known as partial metric space has been developed by Matthews [10] in 1994 and established the
fixed point theorem therein. In similar manner, Gofnicki [6] demonstrated F-expanding type mappings
followed up by Goswami et al. [7] to establish a new type of in a metric space and proved the fixed point
results. Wardowski [18], in 2012 demonstrated fixed point results for F-contraction mapping in a complete

metric space.
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Shabnam Sedghi et al. [11] proved the fixed point theorems using weakly contractive mapping in S-metric
spaces. Different applications of some contractive conditions have been constructed on S-metric space such as
differential equations, complex valued functions etc. Due to its significance, many researchers [12-17] have

broadened its scope by obtaining various extensions of fixed point theory in S-metric space.

The main aim of this paper is to propose and prove some common fixed point theorems for functions by
employing generalized forms of Kannan contraction in S-metric spaces. The following definitions, notations,

basic lemmas and remarks will be needed in the sequel.
2. Prillimaries

Definition 2.1.[5] “Let X be a non-empty set. Then a mapping d:XxX—[0,00) is called a metric if for all

u,v,w € X,

(M1) d(u,v)=0 if and only if u=v=0;

(M2) d(u,v)=d(v,u);

(M3) d(u,w) < d(u,v)+d(v,w).

Then the pair (X, d) is called a metric space.”

Definition 2.2.[11] “Let X be a non-empty set. An S-metric on X is a mapping S : X3— R, that satisfies the

following condition:

(S1) S(u,v,w)=0 if and only if u=v=w=0;

(S2) S(u,v,w) < S(u,u,a)+S(v,v,a)+S(w,w,a),

for all u,v,w,a € X. Then the pair (X, S) is called an S-metric space.”

Example 2.3.[11] “Let X = R. S(u,v,w)=|u—w|+|v—w]. Then S(u,v,w) is an S-metric on R, which is known

as usual S-metric space on X.”

Definition 2.4.[12] “A sequence {u,} in (X, S) is said to be convergent to x, denoted by lim u,=u if u,—-uor

n—oo

S(u,,u,,u) >0 as n—- c0.”
Definition 2.5.[12] “A sequence {u,} in (X, S) is said to be Cauchy sequence if S(u,,u, ,u,,)—0 as n, m— 0.”

Definition 2.6.[12] “An S-metric space (X, S) is said to be complete if every Cauchy sequence in X is

convergent.”

Lemma 2.7.[13] “Every sequence {u,} of elements from S-metric space (X, S), having the property that there

exists A € [0, 1) such that S(u, ,u,,u,4+1) <AS(u,_q,u,-1,u,) forevery n e N, is a Cauchy.”
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Theorem 2.8.[19] Let (X,d) be a complete metric space, T:X—X be a self mapping. Suppose there exist
YE [O,%) such that

d(Tu,Tv)<y [d(u,Tu)+d(v,Tv)],
For all u, v eX with u#v. Then T has a unique fixed point in X.

Theorem 2.9.[4] Let (X,d) be a complete metric space, T;,T,:X—X be a pair of self maps. Suppose there exist
YE [0,%) such that

d(Tiu,T,v)<vy [d(u,Tiu)+d(v,T,v)],
For all u, v eX with u#v. Then T; and T, has a unique common fixed point in X.

3. Main Result
Theorem 3.1. Let (X, S) be a complete S-metric space and let T;,T,: X=X be a pair of self maps such that
S(Tiu,Tiu, T,v)<y[S(u,u, T{u)+S(v,v,T,v)] , (3.2)
For all u, v € X where ye [O,%) along with 2a + B < 1. Then T; and T, has a unique common fixed point in X.
Proof: Let uy € X and we define a sequence {u,} such that u,,;; = Tiuy, and Uy = Touyyyq for n =
0,1,2,3...
If there isny € N such that u,, = up 44, then from (3.1)we have
S(Ung +1,Ung +1,Ung +2)=S(Trlng, Trtng , T2ung, ;)
<Y[S(Uny Ung) Tittng ) + S(Ung, 1, Ung, Tollng, )]
=Y[S(Uny » Ung» Ung ) +S(Ung, 1 UngyyUing,))
=Y[S(Uny » Ung Ung )+ Uy, Ungy Uing, )]
=Y[S(Ungy; tngys ing.,,) |
a contradiction, since y<% <1.
Thus it is permissible to assume that u, # up 4q, foralln € N.
Forn € N, the following cases are investigated.
Case I: n is even, Here n = 2i for some i = {0,1,2,3... }. From Equation (3.1) we obtain
S(uzi,Uz,Uzi41) =S(Truzi-1, Ty uzi—1, T uy;)
<Y[S(uzi—1, Uzi—1, Tiuzi—1) +S(uz;uz;, Touz;)]
=Y[S(uzi—1,Uzi—1,u21)] + B[S(Uzi,Uzi,Uz141)]
= %y [S(uzi—1,uzi-1,uz)] - (3.2)
Case ll: nis odd, Here n = 2i + 1 for some i = {0,1,2,3... }. Using simillar arguments given in case |, we have
S(Uzit1,Uzi41,Uzit2) < 1%1/ [S(uzi,uziuzi41)]: (3.3)
Combining equation (3.2) and (3.3) together, we obtained
S(up,Up,Up41) < 1%1/ [S(Up-1,Un-1,un)],

Thus,
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S(up,up,Upy1)<A[S(uy_q1,Up_1,uy)], where A = 1L_Y <1,

Thus, from Lemma 2.7 we say that sequence {u,} is a Cauchy sequence.
As (X, S) be a complete S-metric space, it follows that sequence {u,} is convergent to some point w, € X, such
that u, - wy asn — oo or S(up,u,,wWy) - 0asn - oo,
Now we shall show that wy, is the common fixed point of T; and T,.
Thus, by using triangular inequality and (3.1), we get
S(wo,wo,Tiwg ) < S(Wo, W, Ups2) + S(Wo, Wo, Unt2) + S(Tywo, Untz, Unyz)

= 25(wo, W, U2 ) + S(Tywo, Tywp, Toup41 )

= 25(wo, Wo, Un42) + Y[ S(Wo, W, Tiwp) + S(Unt1, Unt1, ToUnsr )]

= fy [2S(wWo,Wo,Un42) + ¥ S(Unt1, Unsr, Unt2)]- (3.4)
Taking limit on both sides of (3.4) as n — oo and using continuity of S-metric function we get

r111_1)12o S(wy,wo,Tiwy )=0=Tywy = wy.

Hence, wy is fixed point of Tj.
Simillarly,
S(wo,wo,Tawp ) < 25(Wp, Wo, Upt1) + S(Unt1, Uns1,Towo)

= 2S5(Wq, Wo, Upy1) + S(Tyuy, Tyu, , Towp )

< 25(wo, Wo, Up41) + Y[ S(up, uy, Tyuy ) + S(wo ,wo, T wp )]

= 2 [28(Wo, Wo, Uns1) + Y S(un, Uy, Tyty)]. (3.5)
Taking limit on both sides of (3.5) as n — oo and using continuity of S-metric function we get

I11_r)£10 S(wg,wg, To,wg)=0=T,w, =wj.
Hence, wy is fixed point of T, also.
To prove the uniqueness of the fixed point lets us suppose that w; € X be another fixed common point of T;
and T,, then Tyw; = To,w; = wyand wy # wy .
S(wq,wy,wo )=S(Tywy, Tywy , Towp )

< y[S(wy,wy, Tywy ) + S(wo,wo, Tawp )]

= 0.
Which implies w; = wy, which is contradiction to the fact that two fixed point are distinct.
Hence, the common fixed point of T; and T, are unique.
Theorem 3.2. Let (X, S) be a complete S-metric space and let Ty, T,: X—X be a pair of self maps such that

S(Tyu, Tyu, Tv)<a[S(u,u, Tyuw) [+B[S(v,v,Tv)], (3.6)

For all u, v € X where a, B€ [0,%) along with 2a + 3 < 1. Then T; and T, has a unique common fixed point in

X.
Proof: Let uy€ X and we define a sequence {u,} such that uy,,; = Tiuy, and Uy, = Touyn,q forn =
0,1,2,3...

If there isny € N such that u,, = up 41, then from (3.6)we have
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S(ung +1,Unj +1,Un, +2)=S(T1un0 , Tiup, szunOH)
Soc[S(unO,uno,Tlun0 )] + B[S(un0+1,un0+1,T2un0+1)]
=[S(Ung» Ung» Ung,, )| + B[S(Ung,; Ung, 1 tng, )]
=0[S(Uny , Ung » Ung )|+ B[S (Ungy 1 Ung, 1 Ung,)]
=B[S(Ung, 1 Ung,;/Ung,,)
a contradiction, since B<% <1

Thus it is permissible to assume that u, # u, ¢, foralln € N.
Forn € N, the following cases are investigated.
Case I: n is even, Here n = 2i for some i = {0,1,2,3... }. From Equation (3.6) we obtain
S(uzi,Uz,Uzi41) =S(T1uzi-1, TrUpi—1,Touy;)

<a[S(uzi—1, ugi—1, Tiugi—1)] + BIS(uzi,uz;, Touy;)]

=a[S(uzi—1,Uzi-1,Uzi)] + B[S(uziuziuzirs)]

< 1%(6 [S(uzi—1,uzi—1,uz)] - (3.7)
Case ll: n is odd, Here n = 2i + 1 for some i = {0,1,2,3...}. Using simillar arguments given in case |, we have

S(Uzit+1,Uzi+1,Uzi+2) S % [S(uzi,uzi,Uzir1)]- (3.8)

Combining equation (3.7) and (3.8) together, we obtained

S(UnUn Un+1) S 75 [SUn-g,Un-1,Un)],

Thus,

S(unfunfun+1)S A [S(un—llun—liun)]l where A = 1%“8'

Since, 2a + B < 1which implies that

(04 1
2(X<1—B:>ﬁ<5<1,

So, we get A <1, and hence from Lemma 2.7 we say that sequence {u,} is a Cauchy sequence.
As (X, S) be a complete S-metric space, it follows that sequence {u,} is convergent to some point w, € X, such
that u, - wy asn — oo or S(up,u,,wp) = 0asn - co.
Now we shall show that wy, is the common fixed point of T; and T,.
Thus, by using triangular inequality and (3.6), we get
S(wo,wo,Tiwg ) < 2S(wo, W, Upt2) + S(Unt2, Uns2,T1Wo)
= 25(Wo, Wo, Up+2) + S(T2un41, Totp 41, Tiwo )
< 25(Wo, Wo, Up42) + S(T2Up41,ToUn 41, Tiwo )
= 25(Wp, Wo, Up42) + S(Tywo, Tywo, Toun41)
< 25(wo, Wo, Upy2 ) + aS(wo, wo, Tywg ) + B S(Un+1, Unt1, Tolngq)

= ZS(W(),W(), un+2) +a S(WO »Wo 'T1W0) + B S(un+1 yUn+1, un+2)

1
ST [2S(Wo, Wo, Unt2) + B S(Upt1, Unt1, Untz )] (3.9)

Taking limit on both sides of (3.4) as n — oo and using continuity of S-metric function we get
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lim S(Wo yWo ,T1W0 )=0=> T1W0 = Wy.

n->00
Hence, wy is fixed point of T;.
Simillarly,
S(wo,wo,Towp ) < 25(Wp, Wo, Unt1) + S(Un41, Unt1,Towo )
= 25(wo, W, Up41) + S(Tyuy, Tyu, , Towyp )
< 25(wo, Wo, Up41) + a S(uy, up, Tyuy, ) + BS(wo,wo , Towy )
= 25(wo, Wo, Up41) + S(Tywo, Tywo, Totp41 )

< [2S(wq, Wq,Upy1) + o S(uy, uy, Tyuy )] (3.10)

1
1-B
Taking limit on both sides of (3.5) as n — oo and using continuity of S-metric function we get
I111_r>£10 S(wo,wo, To,wy )=0=T,wy, = w,.
Hence, wy is fixed point of T, also.
Further we shall show that the fixed point for the two mappings we obtained are unique.
Suppose w; € X be another fixed common point of T; and T,, then T;w; = T,w; = wyand wy # wy .
S(Tywy, Tywy , Towp ) < aS(wy, wy, Tywy ) + BS(wo,wo, T, wo )

< aS(Tywy, Tywy, Tywy ) + BS(T,wo, T,wo, Towy )

= 0.
Which implies T;w; = T,wgand hence w; = wy, which is contradiction to the fact that two fixed point are

distinct.

Hence, the common fixed point of T; and T, are unique.

Note 3.3: Theorem 3.2 uses a generalization of the Kannan contraction function (if « = (3 then Equation (3.1)

becomes the Kannan contraction function of Theorem 3.1).

Example 3.4: Let (X, S) be a complete S-metric space define by
S(u,v,w)=(u-v)? + (v-w)? + (w-u)?
Let X=[0,1] < R and we define self mappings T;,T,: X—X as
1
cuefog]
el

uefo!

" el

and Tju =

ule wle

u
4
u
6

Then the condition
S(Tyu, Tyu, Tv)<a[S(u,u, Tyuw) [+B[S(v,v,Tov)],

is satisfied for all u, v € X by taking a= 3= i and is also satisfies that 2a + 3 = % <1

Thus, by Theorem 3.2 T; and T, has a unique common fixed point in X.
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