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Abstract : In this paper | have proved four new results admitting Divided Square Difference Cordial Labeling.
1. Every T, — Tree is a divided square difference cordial graph.
2. The middle graph M(PB,) is a divided square difference cordial graph.
3. The splitting graph S’(B,) is a divided square difference cordial graph.
4. The splitting graph S'(C,,) is a divided square difference cordial graph, if n = 0,1, 3(mod 4).
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1. INTRODUCTION

Let G = (V, E) be a simple, finite, undirected and non-trivial graph with the vertex set V. The number of elements of V, denoted
as [V(G)] is called the order of G while the number of elements of E, denoted as |[E(G)| is called the size of G. More detail of graph
labeling results and its applications can be found in Gallian [2]. | provide brief summary of definitions and other related
information which are useful for the further investigations.

The concept of divided square difference cordial labeling was given by A. Alfred Leo, R. Vikramaprasad and R.
Dhavaseelan[4]. They proved that path, cycle, Star graph, K2,n are divided square difference cordial graphs.

Definition 1. [1] Let T be a tree and ug and Vo be two adjacent vertices in T. Let there be two pendant vertices u and v in T such
that the length of uo — u path is equal to the length of vo — v path. If the edge uo Vo is deleted from T and u, v are joined by an edge
uv, then such a transformation of T is called an elementary parallel transformation (or an ept) and the edge uo Vo is called
transformable edge.

If T can be reduced to a path by the sequence of ept’s, then T is called a Tp — tree (transformed tree) and such a sequence
regarded as a composition of mappings (ept’s) denoted by P, is called a parallel transformation of T. The path, the image of T
under P is denoted by P(T).
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Figure 1

A Tp -tree and a sequence of two ept’s reducing it to a path are shown in Figure 1.

JETIR2509441 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | e370


http://www.jetir.org/
mailto:Ranabhatt.gunjan@gmail.com

© 2025 JETIR September, Volume 12, Issue 9 www.jetir.org (ISSN-2349-5162)

Definition 2. [2] For a graph G the splitting graph S’ (G) of a graph G is obtained by adding a new vertex v ' corresponding to
each vertex v of G such that N(v) = N(v').

Definition 3. [3] The middle graph M(G) of a graph G is the graph whose vertex set is V(G) U E(G) and in which two vertices are
adjacent if and only if either theyare adjacent edges of G or one is a vertex of G and the other is an edge incident with it.

2. MAIN RESULTS

Theorem 1.Every T, — Tree is a divided square difference cordial graph.
Proof.Let T be a T, — Tree with m vertices. By the definition of a transformed tree
there exists a parallel transformation P of T such that for the path P(T), i have
(DV(P(T)) = V(T) and
(I E(P(T)) = (E(T) —Eq) U E,,
Where Eg is the set of edges deleted from T and Ej, is the set of edges newly added through the sequences P = (P, P,, ..., ;) of the
P used to arrive at the path P(T). Clearly, E4 and E,, have the same number of edges. Denote the vertices of P(T) successively as
Uy, U, ..., Uy Starting from one pendant vertex of P(T) right up to the other.
Define g: V(T) — {1,2, ..., m} as follows.
Case l: misoddand1 <j <m.
i; ifj =0,1(mod 4)
G(u) = {j+1; ifj =2(mod4).
j—1; ifj = 3(mod 4)
Let ujuy be a transformed edge in T, 1 < j <k < mand let P; be the ept obtained
by deleting the edgeu;uy, and adding the edge u;,. uy_, where t is the distance of u;
from u;, and the distance of uy from uy_.. Let P be a parallel transformation of T
that contains P1 as one of the constituent epts.
Since uj¢ ui— is an edge in the path P(T), it follows that j + t + 1 = k — t which
implies that k = j + 2t + 1. Therefore, j and k are of opposite parity.
The induced edge label ujuy is given by,
1; ifj =0,2(mod4)and1<j<m
g (wun) = 8" (wupeaess) = {0; fj] = 1,3((mod 4))and 1< jJS m.
The induced edge label . uy_¢ is given by,
. . 1; ifj =0,2(mod4)and1 <j<m
J (uj+t uk_t) =8 (uj+t uj+t+1) 7 {0; fj =1,3(mod4)and1 <j<m.
Therefore g*(uj uk) = 8" (Uj4t Ug—p)-
The induced edge labels are,
) 1; ifjisevenand1 <j<m-—1
g' (4 ujer) = {0; ifjisoddand1<j<m-—1.
Case2: misevenand 1 <j < m.
i; ifj =1,2(mod 4)
G(u) = {j+1; ifj =3(mod4).
j—1; ifj = 0(mod 4)
Let ujuy be a transformed edge in T, 1 < j <k < mand let P, be the ept obtained
by deleting the edgeu; uy and adding the edge u;, uyx_, where tis the distance of y;
from u;, and the distance of uy from uy_.. Let P be a parallel transformation of T
that contains P1 as one of the constituent epts.
Since uj.¢ uk_ is an edge in the path P(T), it follows that j + t + 1 = k — t which
implies that k = j + 2t + 1. Therefore, j and k are of opposite parity.
The induced edge label ujuy is given by,
1; ifj =1,3(mod4)and1 <j<m
g (wui) = g"(uyezenn) = {0; fj] = 0,2((mod 4))and 1< j]S m.
The induced edge label ;. uy_¢ is given by,
. . 1; ifj =1,3(mod4)and1 <j<m
& (uj+t uk_t) -8 (uj+t uj+t+1) - {O; fji =0,2(mod4)and1 <j<m.
Therefore g*(uj uk) = g"(Uj4¢ Ug—r)-
The induced edge labels are,
. 1; ifjisoddand1 <j<m-1
g () = {0; ifjisevenand1 <j<m-—1.
In the above two case, observe that |eg(0) - eg(1)| <1
Hence, T, — tree T admits a divided square difference cordial labelling.

Theorem 2. The middle graph M(B,) is a divided square difference cordial graph.
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Proof. Let vy, v,, ..., v, be the vertices of the path B,. Let V(IM(B,)) = {vi:1<i<n}u{v';:1<i<n-—1} and E(M(B,)) =
{viv',vV' vz, 1<i<n—-1}U{v' v ;4111 <i <n— 2} Therefore M(B,) is of order 2n — 1 and size 3n — 4.
Define g: V(M(B,)) - {1,2, ...,2n — 1} as follows.
Case 1: n is odd.
2i; ifi=2(mod4)and1<i<n,
glvi))=42i—1;ifi=1,3(mod4)and 1 <i<n,
2i—2; ifi=0(mod4)and1 <i<n.

2i; fi=0,1(mod4)and1<i<n-1,
gv)) =42i—1;ifi=2(mod4)and1 <i<n-1,
2i+1; ifi=3(mod4)and1<i<n-1.

Then the induced edge labels are as follows:
(') = {1; ifi=1,2(mod4)and1 <i<n,
& WiVi) = 10;ifi = 0,3(mod 4) and 1 < i < n.

WiV') = {1; ifi=03(mod4)and1 <i<n-1,
& WintV'i) = 10;ifi = 1,2(mod 4) and 1 < i< n — 1.

W V) = {1; ifi=1(mod2)and1<i<n-2,
8 WirtVi) = 10;ifi = 0(mod 2) and 1 <i<n— 2.
Case 2: nis even.

1; ifi=1,
)28 ifi=3(mod4)and2 <i<n,
8Vi) = ) 2 _ 1, ifi = 0(mod 4) and 2 < i <n,

2i—2; ifi=1,2(mod4)and 2 <i<n.

2i; ifi=2(mod4)and1 <i<n-1,
gv')=1<% 2i—1;ifi=3(mod4)and1 <i<n-—1,
2i+1; ifi=0,1(mod4)and1 <i<n-1.
Then the induced edge labels are as follows:
gi(viv'y) =1
) = {1; ifi=1(mod2)and 2 <i<n,
! 0;ifi = 0(mod 2) and 2 < i < n.

(Vi V') = {1? ifi=0,1(mod4)and1<i<n-1,
g WipVii) = 0;ifi=2,3(mod4)and1 <i<n-—1

(Vo V) {1: ifi=1,2(mod4)and1<i<n-2,
8 Wit Vi) = 0:ifi = 0,3(mod 4)and 1 <i<n—2.

In the above two cases, observe that eg(1) = [3112—_4] ,eg(0) = [3n2_4J.

Therefore, |eg(0) — ey(1)] < 1.
Hence, M(P,) is a divided square difference cordial graph.

Theorem 3. The splitting graph S’(B,) is a divided square difference cordial graph.
Proof. Let Let v;,v,,..,v, be the vertices of the path B,. Let V(S'(BR)) = {v,vi:1<i<n} and E(S'(B)) =
{vV' 141,V V41, ViV + 1 <0 < n— 1} Therefore S'(B,) is of order 2n and size 3n — 3.
Define g:V(S'(P,)) — {1,2, ...,2n} as follows.
(25 ifi=0,3(mod4)and2 <i<n,
g(vi) = {21 —1;ifi=1,2(mod4)and 2 <i < n.

g(v')) = {Zi; ifi=1,2(mod4)and1<i<n-—1,
! 2i—1;ifi=0,3(mod4)and1 <i<n-1
Then the induced edge labels are as follows:
.r 1; ifi=1(mod2)and1<i<n-1,
g (vivied) = {o; ifi=0(mod2)and1 <i<n-—1

"(VigrV'y) = {1: ifi=1(mod2)and1<i<n-1,
& WirtV'i) = 10, ifi=0(mod2)and1<i<n- 1

*(vy _)_{15 ifi=0(mod2)and1<i<n-1,
g (Viy1 Vi) = 0; ifi=1(mod2)and1<i<n-1.

In the above two cases, observe that eg(1) = [?] ,eg(0) = [3n2_3J.

Therefore, |eg(0) — ey(1)] < 1.
Hence, splitting graph S’(B,) is a divided square difference cordial graph.
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Theorem 4. The splitting graph S’(C,,) is a divided square difference cordial graph, if n = 0, 1, 3(mod 4).
Proof. Let v',v',, ..., v',, be the added vertices corresponding to vy, v,, ..., v, of the cycle C,.
Also, S'(Cy,) is of size 3n and order 2n.
Define g: V(S5'(C,) ) - {1,2, ...,2n} as follows.
Case 1: for n=3.
g(ve) = 1, g(v2) = 3, 9(vs) = 2, g(v'1) =4, 9(v"2) = 6,9(v's) =5.
Then the induced edge labels are g*(v,v3) = g*(v3v;) = g*(V',v,) = g* (W' 1v,) =1and g*(vyv,) = g*(vsv'y) = g"(V'51y) =
g (W'3vy) = g"(v'v3) = 0.
Therefore e4 (0) =5, eg (1) = 4.
Case 2: for n> 3.
Subcase 1. n = 0(mod 4)
For1<i<n.
i—1; i =3(mod4)
g) =< i; i=0,1(mod 4)
i+1;, i=2(mod4)
g(v’i) = g(vn) + i
Then the induced edge labels are as follows:
Fori<is<n-—1

. 1; ifiis even;
g (vivisn) = {0; ifiis odd.

Wia') = {1; ifi = 0,3(mod 4),
8 WirtV'i) = 10, ifi = 1,2(mod 4) .
g'(viv'n) = g'(v'ivi) = g7 (vivy) = 15

L 1; ifi = 0,1(mod 4),
g (Vipvi) = {

0; ifi =2,3(mod 4).
Therefore g4 (0) = eq (1) = 37”
Subcase 2. n = 1,3(mod 4).
Assign the labels to the vertices v;, v'; for For 1 < i < n as in subcaase 1.
Then the induced edge labels are as follows:
Fori1<i<n-1.

. 1; ifiis even;
&8 (ivie) = 10: ifiis odd.
g*(anl) =1

Wia') = {1; ifi =1,2(mod 4),
& WirtV'i) = 10, ifi = 0,3(mod 4) .
g'(viv'n) = g"(v'1vn) = 0;

v = {1; ifi = 2,3(mod 4),
& WiriVi) = 10, ifi = 0, 1(mod 4) .
Therefore eq (0) = 137”] e (1) = [37”]
From the above two cases |e,(0) — e, (1)| < 1.
Hence, the splitting graph S'(C,,) is a divided square difference cordial graph, if n =0,1,3(mod 4).
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