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Abstract

In this paper, we have proved a theorem on bilinear generating functions for a set of polynomials, satisfy certain
conditions. The theorem has been used to obtain new bilinear generating functions for some polynomials. It is
also note that some of the results given by Srivastava and Singhal ([7], 1972), follow easily as its special cases.
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1 Introduction

Generating functions play a large role in the study of special functions. Various methods have been used by
researcher in the derivation of generating functions of special functions. In the present paper property of
differential operator has been adopted to obtain some novel results of generating functions involving sequence
of functions f,,(x) and f,,(y) defined by

f) =L Gx kM eR[g)], 6 = xS (11)
HO) =200 60y 63 [g0)], B =yt (1.2)

where g(x), g(y) and G(x), G(y) are independent of n.
The main object of the present paper is to derive some bilinear generating relations by using the property of

differential operator.
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2 Main Result
Theorem 2.1: If there exists a bilinear generating relation
F(x,y,t) = Xqp=o an fu(x) fn(y) ", (2.1
where a,, # 0 are arbitrary constant, f,,(x) and f,(y) are defined in (1.1) & (1.2) then
k1+,k
X)) F|———=, —, "”””“]/G[ . ]G[ - ]
(1-xk1t)k1  (1-ykz )Rz k(1-xk1ykz t)kz (1-xk1 t)k1 (1-ykz t)kz
— "' o (W) fin(x) fm(y) xkam xkem ¢
= Zm=0"7 tm) 2,m) T -(2:2)
where om(W) = ¥hzo (—m), a A1(m) A,(m) (—w)™. ...(2.3)

Proof:

Let us consider the bilinear generating function:

F(x,y,t) = Lnzo an fu(X) fu(y) .
Replacing t by x*1 y*2 zw in above function and using (1.1) and (1.2), we get

Fx,y,x y*2 zw) = 33 g an 41(0) 2,(n) G(x) G(y) 2w 67 [g()] 67 [g(].  ...(2.4)
Operating e? 9192 in both the sides of (2.4) and using the property of the differential operator given by

1 1
e?%% f(x,y) = flx (1 —x*zk) ™, y (1 —y*k2zk) ®2, ... (2.5)
we get
Fl—2 y #yaw | se o9 @) Ap00) G |—F
. 1 1 (1—xk1yk22k) — an=0%n""1 2 1
(1-xkizk)kr  (1-ykazk)kz (1-xk1 zKk)k1

G [%] z'w" e*91%2 91[g(x)] 67 [g(¥)]
(1-y*2 zk)*2

k1+,k2 o
“rl i o e w@Rme|——
(1—xk1zk)kr  (1-ykazk)kz (1—xk1zKk)k1
y n oo (26192)m9n 971
G——=|@)" Lm0 ——01[g ()] 62[g (V)]
(1—yk22k)k2 m
= F x y xklyk2 W

T, r, /6| ———=|6|— ]
(1-xk1zk)F1  (1-ykazk)kz (1=xryfe Zk)] [((1—xklzk))k1] [(1—3"‘22k)E

© nl /1 n . m+n
= 3% o alW B WWEETTE gmin| g ()] gImn g (y)]

m!

0 w)z™ 67 [g(x)] 67" [g ()]
= By Tz ol % L ...(2.6)

Putting the values of 67*[g(x)] 63*[g(y)] from (1.1) and (1.2) in (2.6), we get

x y xk1 y""2 zw

1 1 /G : L G 5 ; ]
(1—xk1 zk)E (1—yk2 Zk)E (1_XR1yk2 Zk)] ((1—xk1 zk))kll [(1_yk2 ZR)E

_Zoo omnW)z™  firn(x) fm(}’)xklmykzm
Cam=0 gy 21(m) 2(m) G(x) G(¥)

F

)
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Further simplifying, we get

1 1
G(x)GY)F [x (1 —xFkazk) *1, y (1 — y*2zk)e2, x¥1yk2 zw (1 — x*1yk2 zk)=1|/

G

kim ,kom
y ] — Z?;)l 0 Um(W) fm(x) fm(J’)x 1 y 2 m .”(2.7)

A1(m) A,(m) m! .

x
G S 1
(1—xk1 zk)k1 (1—yk2 zk)k2

Hence the theorem follows on replacing zk by t.

3 Applications

On replacing k, = 1 & t by x %1 t in (2.2), the theorem can be written as

Gx)G(Y) F - 1 yt'’ = ]/ [(1 t)kl] [1 7k

(1-t)F1 k(1-yt)

_voo  0mW) fm(x) fin() Ytym

where a,,(w) is defined in (2.3).

(i) the first application of this theorem, we recall the following known formula for the Kounhauser

biorthogonal polynomials Y,¥(x; k;) and Yf()’; k,) as

a k1

TG ) = T e¥ G (x e ), (3.2)
—B—kyn—

Wi k) =L e 63 (yF 1 ) -(33)

where @« > —1 and k; & k, are positive integer.

Formulae (3.2) and (3.3) are of type (1.1) and (1.2) with 1, (n) = =

GO)=x""e™ GO =y P e and g(x) =x**'e ,g(Y) yPtte™.

Thus the application of our theorem to these polynomials Y, (x; k) and Ynﬁ (y; k) provides us with.

Corollary 3.1:

If F(x,y,t) = Y20 an YE(x; k1) YP(y; ky) ™, ..(3.4)
then
(—a-1) (-B-1

(1—t) 1 (1—t) k2  exp x{l -(1- t)’_‘_i}] exply {1 -(1- t);_zl}]

F x%’ = T yt)l N0 an (W) YE(x; k) Y (y; k) £, (3.5)
(a-0*

where o, (W) = X1y am () (3™

Since Y%(x; 1) = L&(x) and YP(y; 1) =18(y),n=0,1,2, .., for ky = 1, k, = 1, the formula (3.5) leads
us to the result obtained by Srivastava and Singhal ( [7] (1972), p. 757 ) which is the corrected version of a
result proved by Al- Salam ( [1] (1964), p.134).
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(ii) The polynomials G%(x,r,p,k,) and Gf(y,s, q,k,) defined by Srivastava and Singhal ([6]
(1971), p.75) as follows:

x—a—kln

Gn (X, 7,0, ky) = eP*” 6f (x* eP*"), ..-(3.6)

n!

—B-kzn s s
Gl (y,s,q,ky) = % ~ e OP(yF e, ...(3.7)

These are also of type (1.1) and (1.2), with 1, (n) = % =21,(n), G(x) = x~% eP*,
G(y) =y P e and g(x) = x* e P¥ | g(y) = yP =9 and therefore we arrive at the following corollary:
Corollary 3.2:

If F(x,y,t) = Yoo an GF(x,7,p, k1) Gf (y,s,q, k)t" ..(3.8)
then

—-a - T

(1—t)k (1 —t)kz exp [epr {1 -(1- t);_l}] exp[e?”’ {1 -(1- t);_;}]

a-of -y ok

x xkiyk2 w o0
F - y 4 t‘ =¥ so,(W) GE(x,71,p,ky) Gf(y, s,q, k) t", ...(3.9)

k (1-y*2 t)

where 0, (W) = Sheo am (1) O™,

which is as parallel to Srivastava and Singhal given in ( [6] (1971))

4 Conclusion

In this work, we have successfully proved a general theorem on bilinear generating functions for a class of
polynomials satisfying specific conditions. This theorem not only extends the scope of generating function
techniques but also provides a unified framework for deriving new bilinear generating functions for various
families of polynomials. Furthermore, the theorem encompasses several previously known results, including
those by Srivastava and Singhal ([7], 1972) as particular cases, thereby demonstrating its broad applicability

and significance.
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