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Abstract 

In this paper, we have proved a theorem on bilinear generating functions for a set of polynomials, satisfy certain 

conditions. The theorem has been used to obtain new bilinear generating functions for some polynomials. It is 

also note that some of the results given by Srivastava and Singhal ([7], 1972), follow easily as its special cases. 
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1 Introduction 

Generating functions play a large role in the study of special functions. Various methods have been used by 

researcher in the derivation of generating functions of special functions. In the present paper property of 

differential operator has been adopted to obtain some novel results of generating functions involving sequence 

of functions 𝑓𝑛(𝑥) and 𝑓𝑛(𝑦) defined by 

   𝑓𝑛(𝑥) = 𝜆1(𝑛) 𝐺(𝑥)𝑥−𝑘1𝑛 𝜃1
𝑛[𝑔(𝑥)],              𝜃1 = 𝑥𝑘1+1 𝑑

𝑑𝑥
         …(1.1) 

𝑓𝑛(𝑦) = 𝜆2(𝑛) 𝐺(𝑦)𝑦−𝑘2𝑛 𝜃2
𝑛[𝑔(𝑦)],              𝜃2 = 𝑦𝑘2+1 𝑑

𝑑𝑦
 ,         …(1.2) 

where 𝑔(𝑥),  𝑔(𝑦) and 𝐺(𝑥), 𝐺(𝑦) are independent of 𝑛.  

The main object of the present paper is to derive some bilinear generating relations by using the property of 

differential operator.  
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2 Main Result 

Theorem 2.1: If there exists a bilinear generating relation 

𝐹(𝑥, 𝑦, 𝑡) = ∑ 𝑎𝑛
∞
𝑛=0 𝑓𝑛(𝑥) 𝑓𝑛(𝑦) 𝑡𝑛,                                                       …(2.1) 

where 𝑎𝑛 ≠ 0 are arbitrary constant, 𝑓𝑛(𝑥) and 𝑓𝑛(𝑦) are defined in (1.1) & (1.2) then 

 𝐺(𝑥) 𝐺(𝑦) 𝐹 [
𝑥

(1−𝑥𝑘1 𝑡)
1

𝑘1

,   
𝑦

(1−𝑦𝑘2 𝑡)
1

𝑘2

 ,    
𝑥𝑘1𝑦𝑘2  𝑤𝑡

𝑘(1−𝑥𝑘1𝑦𝑘2  𝑡)
1

𝑘2

] /𝐺 [
𝑥

(1−𝑥𝑘1 𝑡)
1

𝑘1

]  𝐺 [
𝑦

(1−𝑦𝑘2 𝑡)
1

𝑘2

] 

                                       = ∑
𝜎𝑚(𝑤) 𝑓𝑚(𝑥)  𝑓𝑚(𝑦)

𝜆1(𝑚) 𝜆2(𝑚)
∞
𝑚=0    

𝑥𝑘1𝑚 𝑥𝑘2𝑚

𝑚!
 (

𝑡

𝑘
)𝑚,                            …(2.2) 

where   𝜎𝑚(𝑤) = ∑  (−𝑚)
𝑛

 𝑎
𝑛

𝑚
𝑛=0 𝜆1(𝑚) 𝜆2(𝑚) (−𝑤)𝑛.                                           …(2.3) 

Proof: 

Let us consider the bilinear generating function: 

𝐹(𝑥, 𝑦, 𝑡) = ∑ 𝑎𝑛
∞
𝑛=0 𝑓𝑛(𝑥) 𝑓𝑛(𝑦) 𝑡𝑛.   

Replacing 𝑡 by 𝑥𝑘1  𝑦𝑘2  𝑧𝑤 in above function and using (1.1) and (1.2), we get 

𝐹(𝑥, 𝑦, 𝑥𝑘1  𝑦𝑘2  𝑧𝑤) = ∑ 𝑎𝑛
∞
𝑛=0  𝜆1(𝑛) 𝜆2(𝑛) 𝐺(𝑥) 𝐺(𝑦) 𝑧𝑛𝑤𝑛 𝜃1

𝑛[𝑔(𝑥)] 𝜃2
𝑛[𝑔(𝑦)].       …(2.4) 

Operating 𝑒𝑧 𝜃1𝜃2 in both the sides of (2.4) and using the property of the differential operator given by  

𝑒𝑧 𝜃1𝜃2  𝑓(𝑥, 𝑦) = 𝑓[𝑥 (1 − 𝑥𝑘1𝑧𝑘)
−

1

𝑘1  , 𝑦 (1 − 𝑦𝑘2𝑧𝑘)
−

1

𝑘2  ,       …(2.5) 

we get 

𝐹 [
𝑥

(1−𝑥𝑘1𝑧𝑘)
1

𝑘1

,   
𝑦

(1−𝑦𝑘2𝑧𝑘)
1

𝑘2

 ,
𝑥𝑘1𝑦𝑘2  z𝑤

 (1−𝑥𝑘1𝑦𝑘2  zk)
] = ∑ 𝑎𝑛

∞
𝑛=0 𝜆1(𝑛) 𝜆2(𝑛) 𝐺 [

𝑥

(1−𝑥𝑘1 𝑧𝑘)
1

𝑘1

]  

                                                                            𝐺 [
𝑦

(1−𝑦𝑘2 𝑧𝑘)

1
𝑘2

] 𝑧𝑛𝑤𝑛 𝑒𝑧 𝜃1𝜃2  𝜃1
𝑛[𝑔(𝑥)] 𝜃2

𝑛[𝑔(𝑦)]  

⇒ 𝐹 [
𝑥

(1−𝑥𝑘1𝑧𝑘)
1

𝑘1

,   
𝑦

(1−𝑦𝑘2𝑧𝑘)
1

𝑘2

 ,
𝑥𝑘1𝑦𝑘2  z𝑤

 (1−𝑥𝑘1𝑦𝑘2  zk)
] = ∑ 𝑎𝑛

∞
𝑛=0 𝜆1(𝑛) 𝜆2(𝑛) 𝐺 [

𝑥

(1−𝑥𝑘1𝑧𝑘)
1

𝑘1

]       

                                                                 𝐺 [
𝑦

(1−𝑦𝑘2𝑧𝑘)

1
𝑘2

] (𝑧𝑤)𝑛  ∑  
(𝑧 𝜃1𝜃2)𝑚

𝑚!
∞
𝑚=0 𝜃1

𝑛[𝑔(𝑥)] 𝜃2
𝑛[𝑔(𝑦)]    

⇒ 𝐹 [
𝑥

(1−𝑥𝑘1𝑧𝑘)
1

𝑘1

,   
𝑦

(1−𝑦𝑘2𝑧𝑘)
1

𝑘2

 ,
𝑥𝑘1𝑦𝑘2  z𝑤

 (1−𝑥𝑘1𝑦𝑘2  zk)
] /𝐺 [

𝑥

((1−𝑥𝑘1𝑧𝑘))

1
𝑘1

] 𝐺 [
𝑦

(1−𝑦𝑘2𝑧𝑘)
1

𝑘2

]  

 

= ∑  
𝑎𝑛 𝜆1(𝑛) 𝜆2(𝑛) 𝑤𝑛 𝑧𝑚+𝑛

𝑚!
∞
𝑚,𝑛=0  𝜃1

𝑚+𝑛[𝑔(𝑥)] 𝜃2
𝑚+𝑛[𝑔(𝑦)]  

= ∑
𝜎𝑚(𝑤)𝑧𝑚 𝜃1

𝑚[𝑔(𝑥)] 𝜃2
𝑚[𝑔(𝑦)] 

𝑚!
∞
𝑚=0  .                                                                              …(2.6) 

Putting the values of  𝜃1
𝑚[𝑔(𝑥)] 𝜃2

𝑚[𝑔(𝑦)] from (1.1) and (1.2) in (2.6), we get 

𝐹 [
𝑥

(1−𝑥𝑘1  𝑧𝑘)
1

𝑘1

,   
𝑦

(1−𝑦𝑘2  𝑧𝑘)
1

𝑘2

 ,
𝑥𝑘1 𝑦𝑘2  z𝑤

 (1−𝑥𝑘1𝑦𝑘2  zk)
] /𝐺 [

𝑥

((1−𝑥𝑘1  𝑧𝑘))

1
𝑘1

] 𝐺 [
𝑦

(1−𝑦𝑘2  𝑧𝑘)
1

𝑘2

]  

= ∑
𝜎𝑚(𝑤)𝑧𝑚  

𝑚!
 
𝑓𝑚(𝑥)  𝑓𝑚(𝑦) 𝑥𝑘1𝑚 𝑦𝑘2𝑚

𝜆1(𝑚) 𝜆2(𝑚) 𝐺(𝑥) 𝐺(𝑦)
∞
𝑚=0  . 
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Further simplifying, we get 

    𝐺(𝑥) 𝐺(𝑦) 𝐹 [𝑥 (1 − 𝑥𝑘1𝑧𝑘)
−

1

𝑘1 ,   y (1 − 𝑦𝑘2𝑧𝑘)
1

𝑘2  , 𝑥𝑘1 𝑦𝑘2 z𝑤 (1 − 𝑥𝑘1𝑦𝑘2 zk)−1] /

𝐺 [
𝑥

(1−𝑥𝑘1  𝑧𝑘)
1

𝑘1

] 𝐺 [
𝑦

(1−𝑦𝑘2 𝑧𝑘)
1

𝑘2

] = ∑  
𝜎𝑚(𝑤) 𝑓𝑚(𝑥)  𝑓𝑚(𝑦) 𝑥𝑘1𝑚 𝑦𝑘2𝑚

𝜆1(𝑚) 𝜆2(𝑚)  𝑚!
∞
𝑚=0 𝑧𝑚.                    …(2.7) 

Hence the theorem follows on replacing 𝑧𝑘 by 𝑡. 

 

3 Applications 

On replacing 𝑘2 = 1 & 𝑡 by 𝑥−𝑘1 𝑡 in (2.2), the theorem can be written as  

𝐺(𝑥) 𝐺(𝑦) 𝐹 [
𝑥

(1−𝑡)
1

𝑘1

,   
𝑦

1−𝑦𝑡
 ,    

 y𝑤𝑡

𝑘 (1−y 𝑡) ] / 𝐺 [
𝑥

(1−𝑡)
1

𝑘1

]  𝐺 [
𝑦

1−𝑦𝑡
] 

                                       = ∑
𝜎𝑚(𝑤) 𝑓𝑚(𝑥)  𝑓𝑚(𝑦)

𝜆1(𝑚)  𝜆2(𝑚)  𝑚!
∞
𝑚=0  (

𝑦𝑡

𝑘1
)𝑚,                                                        …(3.1) 

where   𝜎𝑚(𝑤) is defined in (2.3). 

(i) the first application of this theorem, we recall the following known formula for the Kounhauser 

biorthogonal polynomials 𝑌𝑛
𝛼(𝑥; 𝑘1) and 𝑌𝑛

𝛽
(𝑦; 𝑘2) as 

                     𝑌𝑛
𝛼(𝑥; 𝑘1) =

𝑥−𝛼−𝑘1𝑛−1

𝑘1
𝑛 𝑛!

 𝑒𝑥 𝜃1
𝑛(𝑥𝛼+1 𝑒−𝑥),                  ...(3.2) 

                     𝑌𝑛
𝛽(𝑦; 𝑘2) =

𝑦−𝛽−𝑘2𝑛−1

𝑘2
𝑛 𝑛!

 𝑒𝑦 𝜃2
𝑛(𝑦𝛽+1 𝑒−𝑦)                            ...(3.3) 

where 𝛼 > −1 and 𝑘1 & 𝑘2 are positive integer. 

Formulae (3.2) and (3.3) are of type (1.1) and (1.2) with 𝜆1(𝑛) =
1

𝑘1
𝑛 𝑛!

 ,   𝜆2(𝑛) =
1

𝑘2
𝑛 𝑛!

 , 

𝐺(𝑥) = 𝑥−𝛼−1 𝑒−𝑥 , 𝐺(𝑦) = 𝑦−𝛽−1 𝑒−𝑦  and  𝑔(𝑥) = 𝑥𝛼+1 𝑒−𝑥 , 𝑔(𝑦) = 𝑦𝛽+1 𝑒−𝑦. 

Thus the application of our theorem to these polynomials 𝑌𝑛
𝛼(𝑥; 𝑘1) and 𝑌𝑛

𝛽
(𝑦; 𝑘2) provides us with. 

 

Corollary 3.1:  

If    𝐹(𝑥, 𝑦, 𝑡) = ∑ 𝑎𝑛
∞
𝑛=0  𝑌𝑛

𝛼(𝑥; 𝑘1)  𝑌𝑛
𝛽(𝑦; 𝑘2) 𝑡𝑛,                           ...(3.4)   

then  

(1 − 𝑡)
(−𝛼−1)

𝑘1  (1 − 𝑡)
(−𝛽−1)

𝑘2     exp [𝑥 {1 − (1 − 𝑡)
−1

𝑘1}]   exp [𝑦 {1 − (1 − 𝑡)
−1

𝑘2 }] 

𝐹 [
𝑥

(1−𝑡)
1

𝑘1

,   
𝑦

1−𝑦𝑡
 ,    

𝑤𝑦𝑡

k (1−yt)
] = ∑ 𝜎𝑛(𝑤)∞

𝑛=0   𝑌𝑛
𝛼(𝑥; 𝑘1)  𝑌𝑛

𝛽(𝑦; 𝑘2) 𝑡𝑛,                          ...(3.5) 

where 𝜎𝑛(𝑤) = ∑   𝑎𝑚
𝑛
𝑚=0  ( 𝑛

𝑚
) ( 

𝑦𝑡

𝑘
 )𝑚. 

Since  𝑌𝑛
𝛼(𝑥;  1) = 𝐿𝑛

𝛼 (𝑥) and  𝑌𝑛
𝛽(𝑦;  1) = 𝐿𝑛

𝛽(𝑦), 𝑛 = 0, 1, 2, …, for 𝑘1 = 1, 𝑘2 = 1, the formula (3.5) leads 

us to the result obtained by Srivastava and Singhal ( [7] (1972), p. 757 ) which is the corrected version of a 

result proved by Al- Salam ( [1] (1964), p.134 ). 
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(ii) The polynomials 𝐺𝑛
𝛼(𝑥, 𝑟, 𝑝, 𝑘1) and 𝐺𝑛

𝛽(𝑦, 𝑠, 𝑞, 𝑘2) defined by Srivastava and Singhal ([6] 

(1971), p.75) as follows: 

𝐺𝑛
𝛼(𝑥, 𝑟, 𝑝, 𝑘1) =

𝑥−𝛼−𝑘1𝑛

𝑛!
 𝑒𝑝𝑥𝑟

 𝜃1
𝑛(𝑥𝛼  𝑒−𝑝𝑥𝑟

),         …(3.6) 

𝐺𝑛
𝛽(𝑦, 𝑠, 𝑞, 𝑘2) =  

𝑦−𝛽−𝑘2𝑛

𝑛!
 𝑒𝑞𝑦𝑠

 𝜃2
𝑛(𝑦𝛽 𝑒−𝑞𝑦𝑠

).         …(3.7) 

These are also of type (1.1) and (1.2), with 𝜆1(𝑛) =
1

𝑛!
= 𝜆2(𝑛) , 𝐺(𝑥) = 𝑥−𝛼 𝑒𝑝𝑥𝑟

, 

𝐺(𝑦) = 𝑦−𝛽 𝑒𝑞𝑦𝑠
and 𝑔(𝑥) = 𝑥𝛼  𝑒−𝑝𝑥𝑟

,  𝑔(𝑦) = 𝑦𝛽 𝑒−𝑞𝑦𝑠
 and therefore we arrive at the following corollary: 

Corollary 3.2:  

If  𝐹(𝑥, 𝑦, 𝑡) = ∑ 𝑎𝑛
∞
𝑛=0  𝐺𝑛

𝛼(𝑥, 𝑟, 𝑝, 𝑘1) 𝐺𝑛
𝛽(𝑦, 𝑠, 𝑞, 𝑘2)𝑡𝑛                          ...(3.8)   

then  

(1 − 𝑡)
−𝛼

𝑘1  (1 − 𝑡)
−𝛽

𝑘2     exp [𝑒𝑝𝑥𝑟
{1 − (1 − 𝑡)

−𝑟

𝑘1}]   exp [𝑒𝑞𝑦𝑠
{1 − (1 − 𝑡)

−𝑠

𝑘2}] 

𝐹 [
𝑥

(1−𝑡)
1

𝑘1

,   
𝑦

(1−𝑦𝑘2  𝑡)

1
𝑘2

 ,    
𝑥𝑘1𝑦𝑘2  𝑤𝑡

k (1−𝑦𝑘2  𝑡)
] = ∑ 𝜎𝑛(𝑤)∞

𝑛=0   𝐺𝑛
𝛼(𝑥, 𝑟, 𝑝, 𝑘1) 𝐺𝑛

𝛽(𝑦, 𝑠, 𝑞, 𝑘2) 𝑡𝑛,   …(3.9) 

 

where  𝜎𝑛(𝑤) = ∑   𝑎𝑚
𝑛
𝑚=0  ( 𝑛

𝑚
) ( 

𝑦𝑡

𝑘
 )𝑚,  

which is as parallel to Srivastava and Singhal given in ( [6] (1971) ) 

                                          

4 Conclusion 

In this work, we have successfully proved a general theorem on bilinear generating functions for a class of 

polynomials satisfying specific conditions. This theorem not only extends the scope of generating function 

techniques but also provides a unified framework for deriving new bilinear generating functions for various 

families of polynomials. Furthermore, the theorem encompasses several previously known results, including 

those by Srivastava and Singhal ([7], 1972) as particular cases, thereby demonstrating its broad applicability 

and significance. 

 

5 References 

[1] A. Al Salam: Operational representations for the Laguerre and other polynomials, Duke Math. J. 31 

(1964), pp. 127. 

[2] A. A. Atash & S. S, Barahmah: A trilateral and trilinear generating functions, Journal of Mathematical 

and Computational Science. 7(3) (2017), pp. 583-592. 

[3] A. Erdelyi, W. Magnus and F. Oberhettinger: Higher Transcendental functions.Vol. I. McGraw Hill, 

New York 1953. 

[4] A. Erdelyi, W. Magnus and F. Oberhettinger: Higher Transcendental functions.Vol. II. McGraw Hill, 

New York 1953. 

[5] E.D. Rainville: Special functions, Macmillan, New York, 1960; Reprinted by Chelsea Pub. Co. Bronx, 

New York, 1971. 

http://www.jetir.org/


© 2025 JETIR October 2025, Volume 12, Issue 10                                                                  www.jetir.org (ISSN-2349-5162) 

JETIR2510493 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org e768 
 

[6] H. M. Srivastava and J. P. Singhal: A class of polynomials defined by generalized Rodrigue’s formula, 

Ann. Mat. Pure. Appl., (IV) XC (1971), pp. 75. 

[7] H. M. Srivastava and J. P. Singhal: A class of Bilateral generating functions for certain classical 

polynomials, Pacific J. Math. 42 (3) (1972), pp. 755. 

[8] H. M. Srivastava and H. L Manocha,: A treatise on generating functions, John-Willey  & Sons, New 

York (1984). 

 

 

http://www.jetir.org/

