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Abstract : A graph G = (V,E) is called H, — cordial if for each edge e and each vertex v of G have the label

1< If(e) <k,1 < |f(| <kand |v;(0) —vp(=i)| <1, |es(i) —es(—i)| <1foreachiwith 1 <i < k. In this paper
we investigate H, — cordial labeling of Barycentric Subdivision of Triangular Snake Graph, Double Triangular Snake Graph,
Quadrilateral Snake Graph, Double Quadrilateral Snake Graph, Comb, C,®K; .
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|l. INTRODUCTION

In this paper we consider only finite, simple and undirected graph G = (V,E) where E is a set of edges of G and V is a set of
vertices of G.

Definition 1.1 Let G = (V, E) be a graph. A mapping f:E — {1,—1}is called H — cordial, if there exists a positive constant k,
such that for each vertex v, |f (v)| = k with vertex labeling f(v) = Y.eiw) f(e) , where I(v) is the set of all edges incident to
vertex v and the following two conditions are satisfied |e;(1) — e;(—1)| < 1 and |vz(k) — v;(—k)| < 1. A graph admits H —
cordial labeling is called H — cordial graph. Following lemma gives important relation between vertex labeling and edge labeling.

[5]

Lemma 1.2 If f is assignment of integer numbers to the vertices and edges of graph G such that for each vertex v, labeling
fW) = XYeearw) f(€) , where I(v) is the set of all edges incident to vertex v then Y,ey ) f(V) = 2 Yeer(q) f (€).[5]

Definition 1.3 An assignment f of integer labels to the edges of a graph is called H, — cordial labeling, if for each edge e and
each vertex v of graph we have 1 < |f(e)| <k and 1 < |f(v)| < k with vertex labeling f(v) = Y.eiw) f(e) , Where I(v) is

the set of all edges incident to vertex v and for each i with 1 < i < k we have |ef(i) — ef(—i)| <1land |vf(i) — vf(—i)| <1.A
graph is called H, — cordial if it admits a H, — cordial labeling.

It is clear from definition that if graph admits H — cordial labeling then it is H, — cordial labeling graph. Also if graph is
H, — cordial then it is H, ., — cordial labeling, but converse is not true. [5]

Definition 1.4 Let G be a graph with p vertices and q edges. The barycentric subdivision of G denoted by S(G) is obtained by
subdividing every edge of G with a vertex exactly once. [9]

Definition 1.5 A Triangular Snake Graph T,, is obtained from a path u,, u,, ...., u, by joining u; and u;,, to a new vertex v; for
1 <i < n.thatisevery edge of a path is replaced by a triangle. [10]

Definition 1.6 Double Triangular Snake Graph D(T,,) consists of two Triangular snakes that have a common path. [6]
Definition 1.7 A Quadrilateral Snake Graph @,, is obtained from a path u,, u,, ....,u, by joining u; and u;,, to a new vertex
v;and v} for 1 <i < n.i.e. every edge of a path is replaced by a quadrilateral.[6]

Definition 1.8 Double Quadrilateral Snake Graph D(Q,,) consists of two Quadrilateral Snake that have a common path.[6]

Definition 1.9 The graph B,®K; is called a comb.[8]
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Definition 1.10 Let G and H be two graphs with |V(G)| = n, |V(H)| = m , corona product of G and H is the graph obtained by
taking n copies of H and attaching each such copy of H to every vertex of G. It is denoted by G © H.[8]

Parmar D. and Joshi J.[10] proved the following results:
1. Triangular Snake Graph T,, is H — cordial if n is even.
2. Triangular Snake Graph T, is H; — cordial.

3. Double Triangular Snake Graph D(T,) is H; — cordial.

Joshi J. and Parmar D.[6] [8]proved the following results:

1. Quadrilateral Snake Graph Q, (n = 2) is H; — cordial.

2. A Double Quadrilateral Snake Graph D(Q,)(n = 3) is H; — cordial.
3. The Comb ( B,®K;) (n = 2)is H; — cordial.

4. The crown C,®K; is H — cordial.

1. MAIN RESULT

Theorem 2.1 The barycentric subdivision graph of a Comb S(P,©K;) (n = 2)is H, — cordial if n is odd
and H; — cordial if nis even.

Proof: Let G be barycentric subdivision of a comb S(P,©K;) . Let vertex set and edge set of G be
V={uy,u,x;1<i<n}u{y;1<i<n-1}and
E={wv,vu,;1<i<n—-1}U{ux;,xu’;;1<i<n}

Consider a function f: E - {—2,—1,1,2} defined as

fv)=CFD"1<i<n-1

fuy) =(DL2;1<i<n-1

flux) = flgu'y) =1,

fQupxy) = f(x_nu’n) = -1

fluix)) = (-1)'.2; 2<i<n-l

flu')= (-1 2<i<n-1

n=2 Edge Condition Vertex Condition
n is even er()=n+1le(-1)=n ve(1) =2n —3,v,(—1) = 2n — 2
ef(2)=n—2,e(-2)=n-1 vp(2) = 2,v,(-2) =1
v,(3) =1,1,(-3)=0
n is odd ef(1) =me(-1)=n+1 vp(1) =2n — 2 = vp(—1)
ef(2) =n—1,e(-2)=n—2 vp(2) = 2,vp(-2) =1

In each case, the graph satisfies the condition |e; (i) — e (—i)| < 1 and |v;(0) — v, (—)| < 1.
Hence, S(B,©K;) is H; — cordial.

Example 2.2 S(Ps®K;) is H, — cordial shown in Figure 1.

2 -1 -1 1 1 A -1 1 1

4 @ @ @ @ @ @ @ ©
1 2 A 2 1 2 Kl 2
1 2 -2 2 A
20 1 19 10 20
1 1 1 1 1
19 -1 10 19 1@

Figure 1 S(P;©OK;)
Theorem 2.3 The barycentric subdivision of C,®K; graphis H, — cordial (n = 3).
Proof: Let C,, be a cycle with vertices uq, u,, ...u,, with u,,,; = uy. C,,®K; is obtained from cycle C,, by
attaching pendant edge to each vertex. Hence we get new vertices v;,1 < i <n and edges u;v;,1 <i < n.
Let x4, x5, ..., x, and y;, 5, ..., ¥, be the vertex obtained by subdividing edges w;u;; 1, u;v;, 1 <i<n
respectively.
Consider a function f: E — {—2,—1,1,2} defined as
n
fuix) = f(xuig) = 1 odsis [2]

—1 ;Otherwise
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n
-1 ;1<i<|=
fw) = fm) = i< 3]
1 ;Otherwise
Edge Condition Vertex Condition
n=>3 er(1) = 2n = ef(—1) ve(1) =n=vp(-1)
vp(2) = n=vp(-2)

In each case, the graph satisfies the condition |ef(i) — ef(—i)| <1and |vf(i) — vf(—i)| <1
Hence, S(C,©K; ) is H, — cordial.

Example 2.4 S(C,®K;) is H, — cordial shown in Figure 2.

1

Figure 2 S(CnGKl)

Theorem 2.5 The barycentric subdivision of Triangular snake graph S(T,,),n = 3 is H; — cordial.
Proof: Let x;,r;and t; be the vertex obtained by subdividing edges w;u;, 1, u;v; and vju; ;1 <i<n-—
1 respectively.
Consider a function f: E — {—2,-1,1,2} defined as
Case 1 If nis odd
fluir) = f(rv) = fuity) = fl(tiui+1) =(-D"51<isn-1

( . _n—

1 ;1<i< >

2
—1 ;Otherwise
1 1<i< n_1
f(xiui+1)={ )
—1 ;Otherwise
n =3 Edge Condition Vertex Condition
nis odd ef(1) =3n—3,e,(-1) =3n—4 vf(Sl) = 51,vf(—1) = (; ,
er(2) =1,e,(-2)=0 n-— n—
s r v (2) = —5 vp(=2) = >

Case 2 If nis even _
fur) = f(rv) = f(viti)n= fltiuiy) = (D51 <i<n-2

1 ;1<i<=
fuix;) = 2
—1 ;Otherwise
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1 1<_<n—2
L=l s )
f(ue) = 2 ;izg

k—l ; Otherwise
f(un—lrn—l) =1, (rn—lvn—l) = -2, f(vn—ltn—l) = f(tn—lun) =—-L

n=>3 Edge Condition Vertex Condition
niseven ef(1) =3n—4=e(-1) vp(1) =1 =v:(-1)
er(2) =1=¢er(-2 5n—8
7 (2) r(—2) @ =222

In each case, the graph satisfies the condition |ef(i) — ef(—i)| <1and |vf(i) — vf(—i)| <1
Hence, S(T,) is H; — cordial.

Example 2.6 S(Ts)zis H; — cordial shown in Figure 3.
-2

Figure 3 S(Ts)
Theorem 2.7 The barycentric subdivision of Quadrilateral snake graph S(Q,,),n = 3 is H; — cordial.
Proof: Let x;, y;, r; and t; be the vertex obtained by subdividing edges u;u; .1, v;w;, u;v; and wiu;q; 1 <
i <n — 1respectively.
Consider a function f: E — {—2,—1,1,2} defined as
Case 1 If nis odd
fur) = frw) = fwy) = fFiw) = fwit) = ftiue) = (-DHh1<i<n-1
( n-1
1 ;1<i<

f(uixi)=J 5 .on+1

' 2
—1 ;Otherwise
1 1<i< n_1
fxuip) = { h=t=T
—1 ;Otherwise
n =3 Edge Condition Vertex Condition
nis odd ef(1) =4n—4,e;(-1) =4n -5 vf(71) = 71,vf(—1) = (; .
es(2) =1,e,(-2)=0 n-— n-—
r(2) r(—2) y@ =" v 2 =

Case 2 If nis even '
fur) = friv) = fwy) = fiwy) = fwty) = ftiwge,) = (DL 1<i<n -2

n
1 ;1<i<=

fuix;) = { 2
—1 :Otherwise

1 1<i<—2=
=7

f(xug) = 2 = g
k—l ; Otherwise
f(un—lrn—l) = f(rn—lvn—l) = 1'f(vn—1yn—1) =-2

'f()’n—lwn—l) = f(Wn—ltn—l) = f(tn—lun) = -1
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n =3 Edge Condition Vertex Condition
niseven er(1) =4n—5=er(-1) vp(1) =1 =v(-1)
er(2)=1=¢e;(-2 7n — 10

In each case, the graph satisfies the condition |ef(i) — ef(—i)| < 1and |vf(i) — vf(—i)| <1.
Hence, S(Q,,) is H; — cordial.

Example 2.8 S(Q,)is H; — cordial shown in Figure 4.
1 1 &

1 -1 -2 -1

Figure4 S(Q.,)

Theorem 2.9 The barycentric subdivision of Double Triangular snake graph S(DT,,),n = 3 is H; — cordial.
Proof: Let x;,r; and t; be the vertex obtained by subdividing edges u;u; 1, u;v; and vju; ;1 <i<n-—

1 respectively. r';and t'; be the vertex obtained by subdividing edges u;v’; and v';u;;;1 <i<n-—

1 respectively.

Consider a function f: E — {—2,—1,1,2} defined as

Case 1 If nis odd

flur) = fw) = fwit) = fGiug) =L1<i<n-1

fur') = fE'W) =f@it') =fCuw)=-L1<i<n-1

( - n-1
| 1 ;1SLST
f(uixi)=4 . _n+1
|2 L=
2
k—l ; Otherwise

n
1 I<i< —
f(xiui+1)={ L=t 2
—1 ;Otherwise
Case 2 If nis even
fur) = f(rv) = f(vity) = fltiup) =11 <i<n-—-1
fur'y) =f0'v')) = f(v;ilt’i) =f(tu,)=-11<i<n-1

1 ;1<i<~
fuixy) = { 2
—1 ;Otherwise
1 1<i< n—2
P RS )
flaui) =4, = g
k—l ; Otherwise
n =3 Edge Condition Vertex Condition
n ef(1) =5n—5,e(-1) =5n—-6 ve(1) =2,v,(-1) =1

vp(2) =4n—5,v,(-2) =4n -6

In each case, the graph satisfies the condition |e; (i) — ef(—i)| < 1 and |v; () — v, (—)| < 1.
Hence, S(DT,) is H; — cordial.

Example 2.10 S(DTs)is H;z — cordial shown in Figure 5.
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Figure 5 S(DT5)

Theorem 2.11 The barycentric subdivision of Double Quadrilateral snake graph S(DQ,,),n = 3 is H3 —
cordial.

Proof: Let x;, y;, r; and t; be the vertex obtained by subdividing edges u;u;,q, v;w;, u;v; and wju;q; 1 <
i <n — 1respectively. Lety’;,r’;and t’; be the vertex obtained by subdividing edges v';w’;, u;v’; and
w'iuir1; 1 < i <n— 1respectively.

Consider a function f: E — {—2,—1,1,2} defined as

Case 1 If nis odd

funr) = f(rvy) = fuiy) = fiw) = fwity) = f(Gu) =L 1<i<n-1

fur) =fE'W) =f@y)=f'w)=fwit"h) =flu)=-11<i<n-1

( o on-1
| 1 ;1<i< —
flux) = 4 ._n+1
| 2 L=
2
k—l ; Otherwise
1 1<i< "8
fuieq) = { L=ty 2
—1 ;Otherwise

Case 2 If nis even
fur) = frw) = foy) = fiw) = fwit) = fFtwg) =1 <i<n-—-1
fur'y) = f0' ') = f(v;ily’i) =fO'w)=fWwit)=ftwu,)=-11<i<n-1

1 ;1<i<~
fuix;) = { 2
—1 ;Otherwise
1 1<i< n—2
P RS )
k—l ; Otherwise
n=>3 Edge Condition Vertex Condition
n is odd ef(1)=7n—7,e(-1)=7n-38 ve(1) =2,v,(-1) =1
er(2) =1,e(-2)=0 vp(2) =6n—7,v,(—2) =6n—28

In each case, the graph satisfies the condition |e; (i) — e (—i)| < 1 and |v; () — v, (—)| < 1.
Hence, S(DQ,,) is H; — cordial.

Example 2.12 S(DQ,)is H; — cordial shown in Figure 6.
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Figure6 S(DQ,)

I1l. CONCLUSION

In this paper we have proved that Barycentric Subdivision of Triangular Snake Graph, Double Triangular
Snake Graph, Quadrilateral Snake Graph, Double Quadrilateral Snake Graph, Comb, C,®K; graph are
Hy — cordial graphs.
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