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Abstract : Inthe present scenario we introduces an integration of product of Whittaker function and the Lommel Wright k- function.
these integration are expressed in terms of the wright hypergeometric k-function. various interesting consequence are obtained in
this paper. which plays an important role to solve many problems and results related to Whittaker function and generalized Lommel
Wright k-function.
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l. INTRODUCTION

In recent years the fractional calculus has become one of the most rapidly growing research subject area of mathematical
analysis due to its various application in numerous parts of science along with mathematics.

The Wright Hypergeometric function in series form [3], denoted by ,,(z) defined as:

(a1, 4) "'(ap'Ap) © H?:l I(a; + Am)z"
Ak (B, By) -+ (,Bq'Bq) : Zl - o=t H?=1 F(Bj + Bjn)n!
where the coefficient 4; .......A, and B; ..... B, are positive real numbers such that.
q p
1 +ZB]- = ZA’ >0
j=1 i=1

Gehlot and Prajapati defined the Lommel Wright k function as follows [9].
Fork € R*,w,a;, B; € C & A;,B; € R(A;, Bj) where i =12,...p&j = 1,2,...q and (a; + n4,),(B; + nB;) € C/kz".
We take the Wright Hypergeometric k-function in series form [8], denoted by 1 defined as:

(al, kAl) A (ap, kAp)
p¢g H zZ | =

By, kBy) -+ (Ba kBy)

Where the coefficients 4, .... A, and B; .... B, are positive real number such that

- [1F_, T (a; + nkA;) z"
§=1Tic(B; +nkB;) n!

and slightly generalized form is
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H] 1F"(ﬁ1 (B K) -+ (Bq k) |
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(B K) -+ (Bq, k)

Where qu" is the generalized hypergeometric k-function defined by

)

Fk (k) (1) o (@i (O‘p) kz
riq
(Bl; k) (ﬁq; k) (Bl)nk (Bq
The series representation of the generalized Lommel Wright k-function defined as
> (=" 7\ 2n+E2h
S @ = G) - (L.1)

LT (R + k + nk)™T(R + h+ i + k) 2

Where z € C/(—,0],me N,X,h e C,yy > 0and k € R*.
Here I, (z) is the k-Gamma function introduced by Diaz and Pariguan [12] given as
n)! k™ (nk i1
rk (23) — 11111 E__2______£____2____
n-—oo ( )n,k
with k-Pochhammer symbol
@Dk =z(z+k)(z+2k)...z+ (n—1)k)z€C, k eR*
The classical Euler Gamma function and Gamma k-function are related with following relation
z Z
R N
T,(z) = kk r(k)
for k=1 generalized Lommel Wright k-function reduce in generalized Lommel Wright function. For m=1 reducing in

generalized Bessel Maitland k-function. For m=k=1 reducing in Bessel Maitland function. For m=yi=k=1 and 4= 0 reducing in

claasical Bessel function.

1. WHITTAKER FUNCTION
In 1930, Whittaker showed that it is possible to express some special functions are in terms of a new function suggested by him.
i.e. the Whittaker function. Two Whittaker functions are applied today and they are defined using the kummar confluent
hypergeometric function previously is given as[4,11]:
r'(—2m) r(2m)
Wiem)(0) = =7 Maem) () + —7——< M-m) (%)
rG-m-k) r( )

- _F m—
2

x 1 1
M, m(x) = exp (— E) x™2 F, (m —k+ > 1+2m, x)

The following known results of Mathai and Saxena (Mathai and Saxena,1973) as follows:

s F(1/2+a+ 8 (=n -6
f x°~ L exp(x/2) Wi o) (x) dx = a/ F(_l(/12++ 3{ _( T)] ) 2.1
) ta-n
. F2m+ DI(m + 6 + 1/2)0( — 8)
f X0 exp(=x/2) My () ¢ = e 1 172) 22)
0
Vs (‘ST + ) I +1)
j X8 Wy o) COW( oy () dx = ( ) (2.3)
0

1. MAIN RESULT

Theorem 3.1 Letz € C/(—,0],m € N,X,h € C,y > 0 and k € R* then the product of the Whittaker function and the

generalized Lommel Wright k-function is defined as
N+2h

kz—(%ia—n) (L) k

2(a)?
ilre )

+00
f exp(az/Z)W(,, a)(az)jx B k(ng)dz =
0
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1 w?
k4 —nk — pk — — . -
e <2k_ak+pk+e(x+2h),zek)( nk — pk — O(X + 2R), —20K)  ; ( 4(a2)9>

(3.1)

M+ (+kk)®R+a+kY)
Proof: Letting a z=x, a dz=dx as z— 0, x— 0 and z—o0, x—00 and using (1.1) in the integrand of (3.1) which is followed uniform

convergence of the involved series under the given conditions, we get

[ W% < (~z)
w/2) & ~ 2(a?)P
p-1 W, y,m 0ydz = X 4(a?)
Of 2P exp(az/ D) Win ) (@2) J i (0772 ) " LT (h+ k+ nlO T (R + h + gy + k)
+0o
R+2h
x f x0T oy (0/2) Wiy o ()
0

So that

2= G (4 12) T
)

F(%ia—n)ap”’( k

+00
f 2P~ exp(az/2)W, o (a2) Jih (0z%)dz =
0

T (S + ak + pk + 0(2nk + X + 21) Ty (~nk — pk — 6(2nk + X + 2h) w? \"
x Z T (h + k + nk)™T, (R + h + ny + k) (_ 4(a2)6>

n=0
Now using (2.1) in the above equation, we get

R+2h

2 Gean) (Lo )7

2(a)?

@°r (G2 a—n)

+o
f exp(az/Z)W(,, o (az) ]N P k(mze)dz =
0

x Wk, 4(a?)?

(%k + ak + pk + O(X + 27), zek) (—nk — pk — O(X + 2h), —20K)  ; <— “’—Zﬂ
(h+kk) - (h+kK®R+h+ k)

Which gives our statement (3.1). this completes the proof of theorem.

Theorem 3.2. Let z € C/(—,0],m € N,X,h € C, > 0 and k € R* then the product of the Whittaker function and the

generalized Lommel Wright k-function is defined in (1.1) is given as

xe2n
1-1 < k
k (2 (ak)g) rQ2a+1)

(ak)PT G +a+ n)

+o00
J zPtexp(— az/Z)M(na)(az)]xhk(ooz‘g)dz =
0

1 2
(ak+pk+9(x+2h)+—k,zek> (nk — pk — (X + 2h), —26K) P
k 2 4(a2k?2)f
x Wk (33.2)

1
(h+ kK- (h+kK®+h+k ) (ak —pk —0(R +2h) + Ek,—ZOk)
Proof: Letting a z=x, a dz=dx as z— 0, x— 0 and z—o0, x—0 and using (1.1) in the integrand of (3.2) which is followed uniform

convergence of the involved series under the given conditions, we get

+oo

J- zP~Yexp(—az/2)Mg, a)(az)jx h " (wz?)dz
0

( /2) ( w? )n +00
w k 4(a?)? p+9(2n+x+—2h)—1
—x/2)M
@0 " LR+ k + k)™ T(R + h+niy + k) O exp(=x/2) My () dx
R+2h
e K (z(f{)g) “TrQa+1)
f zP~texp(—az/2)M,, a)(az)]mk(u)ze)dz = = n
) (ak)Pr (2 +a+1n)
2
T (ke + pk + 6(2nk + X + 21) + 3 k) Te(yk — pk — 6(2nk + X + 27) ( w? >n
X —
ST (h+ K+ ™R + B+ ng + 0T (ak — pk — 0(2nk + X+ 2h) +2k) \ 4(a?k?)°

Now using (2.2) in the above equation, we get

Koz
1-7 @ k
k (2 (ak)g) rQa +1)

(@k)Pr (3 +a+1)

+00
Jz lexp(— aZ/Z)M(na)(az)]xhk(u)zg)dz=
0
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1 w? \]
k k+06(R+2h —k,ZGk) k—pk—0 2h), —26k ; —_———
I (a +pk+6(R+ )+2 (nk —p (X +2h) ) ( 4(a2k2)9>|

|(h+ k10— (R + KR+ + K, ) (ak — ok — O(X + 2R) + %k,—zek) |

k
X Wiz

Which gives our statement (3.2). this completes the proof of theorem.
Theorem 3.3. Let z € C/(—,0],m € N,X, i € C, > 0 and k € R* then the product of the Whittaker function and the
generalized Lommel Wright k-function is defined in (1.1) is given as

R+2h

+oo fztotn o) *
2(ak)®
f 2P Wy, (az) W T]a)(az)jxhk(mze)dz = Z(akg"
0
k+0(R+2h)+k °
I[ <P ( - ) + ak, 9k> (pk + (R + 2h) + k, 206k) ; < 4(a(;)k2)9>]|
k
x Wk | pk + 6(R + 2h) | o
(Rt k1) - (R + KR + A+ e, ) (e + ———————+nk, 6k

Proof: Letting a z=x, a d z=dx as z— 0, x— 0 and z—, x—o0 and using (1.1) in the integrand of (3.3) which is followed

uniform convergence of the involved series under the given conditions, we get

+oo

f RCHICE na)(az)/mk(wlg)dz
0

R+2h ( w? )n +00
(a)/2) k 1(a?)?

xp+9(2n+x+_k2ﬁ)_1w €311 (x)dx
&) " LiT(a+k + )T R+ h+nb + k) @I
0

ap
So that
+oo
f 2P T Wy o) (a2)W(_yy o) (az) ];I’f:',l( (wze)dz =

0
X+2h

(o) - Iy (BLEOCRIENITE ) by (ol (2nic+R2R) +1) ( o2 )n
(ak)P "0 P (et ek (R Rt k) 2 (e + 2EFOCTRERSZD ) A 4 (a2k2)0
Now using (2.3) in the above equation, we get
1 N+2h
+o0 & ) k;iain (2(:;)()9) k
-1 , —
f zP W(n’a)(az)W(_,,'a)(az)]&h,k(mz )dz = 2(ak)?
0
PRAORAYZ T K | ko) ok + O(S + 20) + k, 200 ; o
- : S : Ty
z7m+2 pk + 0(R + 2h)
M+ kK (hR+kK®R+r+kP) |k +fink,ek

Which gives our statement (3.3). this completes the proof of theorem.

3.4 SPECIAL CASES : In this section, we obtain some integral formulas involving Lommel Wright k-function as follows.

Corollary 3.4.1. Letz € C/(—,0],X, A € C,y > 0 and k € R* and m=1 in (3.1) then we obtain:

o) (Lo Y

2(a)f
ilre )

+00
f Zp‘lexp(az/Z)W(,,'a)(az)]gh,k(u)zg)dz =
0

X W¥ 4(a?)?

1 2

(Ek + ak + pk + O(X + 2R), zek) (—nk — pk — O(X + 2R),—260K) (— w—)‘
(R+kK) X+ h+k)

Corollary 3.4.2. Letz € C/(—,0],8, i € C,{ > 0 and k € R* and m=1 in (3.2) then we obtain:

R+2h

w Kk
Z(M)g) r2a + 1)

+o k1 n (
J zPlexp(— aZ/Z)M(n,a)(az)];("hk(oozg)dz = T
) o (@k)Pr (3 +a +1n)

1 2
|r<ak+pk+9(x+2h)+—k,26k) (nk — pk — O(X + 24), —20K)  ; (—%)
K| 2 4(a?k?)
X W3 |

e —

1
(h+1K) (R+ 7+ kW) (ak—pk—B(N+2h)+§k,—29k>
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Corollary 3.4.3. Letz € C/(—,0],8, A € C,y > 0 and k € R* and m=1 in (3.3) then we obtain:

R+2h

+00 k%tain ( w ) k
- ] _ 2(ak)®
f zP 1W(,W)(az)W(_,W)(az)]&h,k(oozg)dz _—Z(akgp
0
pk +0(X+2h) +k w?
+ ak, 6k k+60(X+ 2h) + k, 26k ; —_——
) Wk( _ +ak 0 ) ok + 08 +20) +1,200 5 (=g
273 pk + (R + 2h)
l(h+k,k)(&+h+k,lb) k+fink,9k |

Corollary 3.4.4. Letz € C/(—,0],m € N,X,h € C and ¢ > 0 and k=1 in (3.1) then we obtain:
+o0

J- z"_lexp(az/Z)W(,,'a)(az)];zlf’f:"(wzg)dz
0

1 o
(Ei a+p+OR+ 2h),29) (=n—p—0(R+2h),-20) ; (_W)]

( w )N+2h

@)

2@ X 2Wmit
) h+1)-(h+1L,D)R+A+1,y9)

“@rr(ta—y

Corollary 3.4.5. Letz € C/(—,0],m € N,X,h € C and ¢ > 0 and k=1 in (3.2) then we obtain:

(2 (‘;’)e)mh rQa+1)

(a)PF(%+ a +n)

+o00
f zP~lexp(— az/Z)M(n_a)(az)]ﬂf}lm(wzg)dz =
0

[ 1 _ w?
I <a+p+6(N+Zh)+§,26)(n—p—6(x+2h),—26) ; (—m>
X 2Wmi2

| —

|(h+ 1) (h+ 1,1) R+ A+ 1,) (a —p— (R +2h) +%,—ze)

Corollary 3.4.6. Letz € C/(—,0],m € N,X, i € C and { > 0 and k=1 in (3.3) then we abtain:

+o0o

f 2P W00 @2 Wiy o (@2) Jy i (w2 dz
0

+OR+2h)+1 2
(-2 9)N+2h <% ta, e) (0 + 0% + 2h) +1,20) ; <—4(‘:—2)9)
- 2(;)(a)ﬂ X 2Pme p+0(X + 2h)
(h+1,1)---(h+1,1)(x+h+1,¢)(1+fin,e>

Corollary 3.4.7. Letz € C/(—0,0],8X € C and m=k =y =1 and / = 0 in (3.1) then we obtain:

X
w
Ger)
(@°r(;+a=n)
Corollary 3.4.8. Letz € C/(—,0],8 € Cand m=k =y =1 and % = 0 in (3.2) then we obtain:
o\ ox +2,26) ( ox—20) ; (——2_
(329) r@a+1) (a+p+ +5 ) n—p—68— oo
1 213
(a)PF(E+a+17)

1 w?
x 2‘1”2 (Eia’+p+9N,29> (—7’]—[)—9?‘{,—29) 5 <—W>]

(1,1) ®+1,1)

+00
f zP Yexp(az/2)Wy o (az) Jx (wz?)dz =
0

+oo
J Zp—leXp(— aZ/Z)IV[(n’a)(aZ)]N (ng)dz — 1
0 (1L, ®+1,1) (a—p—9N+§,—29)

Corollary 3.4.9. Letz € C/(—,0],8 € Cand m=k =y =1 and % = 0 in (3.3) then we obtain:
w \R
()

+00
f 27 Wiy ) (@) W(—p,0)(a2) J (wz%)dz = 2(a)° x ¥ | o+ 6K
0 (1,1) (R+ 1,1)(1 + 25 in,e)

w

(5 oo o [~z

Iv.  Conclusion:
The integration of product of Whittaker function with respect to the generalized Lommel Wright k-function were derived.

When we take k = 1 we also deduce the results for Lommel wright function.
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