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1. INTRODUCTION:

The nonlinear differential equations have been studied extensively in the Literature by several authors for various aspects
of the solutions. The study of nonlinear fractional differential equations had been made extensively in the literature by several
authors all over the world and now it has become the core part of the nonlinear analysis. [26-31].

The theory of Differential and Integral equations is rapidly developing using the tools of Topology, Functional Analysis and
Fixed point theory. This is particularly true for problems in the related fields of Engineering, and Mathematical Physics. There are
number of applications of differential and integral equations of integer and fractional orders in Electrochemistry, Viscoelasticity,
Control theory, Electromagnetism and Porous media etc. [7-15, 34-37]

In this paper we will study the existence the solution of third order nonlinear functional differential equation.
We consider the following third order nonlinear functional differential equation:

5 x(t)
————— | =g[tx(u®)], ter
f (t2(0(0))) [ | % (1.1)
x(0)=0
Where,f(t,x): Ry XR >R —{0}, g(t,x): Ry xR > Rand 6, u: R, > R
Here the solution of nonlinear differential equations (1.1) we mean a function x € BC(R,,R) such that:

0] The function t —» |—=_| is bounded and continuous for each x € R.
f(t,x(e(t)))

(i) x satisfies (1.1)

2. PRELIMINARIES:

LetX = BC(R,,R) be the space of bounded real valued continuous function on R, and S be a subset of X. Let a mapping
A:X — X be an operator and consider the following operator equation in X, namely,
x(t) = (Ax)(t), forallt e R, (2.1)

Definition 2.1[34]: Let (X, d) be the metric space and a € X and for some real number r > 0 the set B,.[a] = {x € X:d(x,a) <1}
is called closed ball centered at a with radius r.

Definition 2.2[23]: Let X be a Banach space. A mapping A:X — X is called Lipschitz if there is a constant « > 0 such
that,||Ax — Ay|| < allx — y||forall x,y € X. If a < 1, then A is called a contraction on X with the contraction constant «a.
Definition 2.3[19]:.An operator U on a Banach space X into itself is called compact if for any bounded subset Sof X, U(S) is
relatively compact subset of X. If U is continuous and compact, then it is called completely continuous on X.
Definition 2.4[19]: Let X be a Banach space with the norm ||-|| and let U: X — X be an operator (in general nonlinear). Then U is
called
i Compact if U(X) is relatively compact subset of X.

ii. Totally bounded if U(S) is totally bounded subset of X for any bounded subset S of X.

iii. Completely continuous if it is continuous and totally bounded operator on X
It is clear that every compact operator is totally bounded but the converse need not be true.
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Definition 2.5[22]: Let f € £[0,7] and « > 0. The Riemann — Liouville fractional derivative of order ¢ of real function f is
defined as

t
1 d f(s)

1-0dt) (t—-s)

0

= = N A AC)) -

Suchthat D*f(t) =I1°f(t) = T do oo ds respectively.
Definition 2.6[22]: The Riemann-Liouville fractional integral of order ¢ € (0,1) of the function f € £L1[0,T] is defined by the
formula:

’fo(t)=F ds , 0<{<1

1 [ f(s)
r(c)of -5 teloT]

If) =
Where I'({) denote the Euler gamma function. The Riemann-Liouville fractional derivative operator of order { defined by
a4 d

=_— _—__oj1-¢
de$  dt

DS

Definition 2.7[34]: T(n+ 1) = n!
Theorem 2.1 [6] :(Arzela-Ascoli Theorem) If every uniformly bounded and equicontinuous sequence {f,} of functions
in C(R,, R), then it has a convergent subsequence.
Theorem 2.2[6]: A metric space X is compact iff every sequence in X has a convergent subsequence.
Theorem 2.3[5, 6, and 18]: Let S be a non-empty, bounded and closed-convex subset of the Banach space X and let A: X — X and
B: S — X are two operators satisfying
a) A is Lipschitz with a lipschitz constant «,
b) B is completely continuous, and
c) AxBx e Sforall x € S, and
d) aM < 1,Where M = ||B(S)||: sup{||Bx||: x € S}.
Then the operator equation AxBx = x has a solution in S.

3. EXISTENCE THEORY:

Now we want the solution of (1.1) in the space BC(R,, R)of bounded and continuous real valued functions defined on R, .
Define a standard norm ||-]| and a multiplication “-” in BC(R,, R)by,||lx|| = sup{lx(@®)|:t € R.}, (xy)(t) = x()y(t), t € R,
(3.1)

Clearly, BC(R,, R) becomes a Banach space with respect to the above norm and the multiplication in it. By £L1(R,,R) we denote
the space of Lebesgue-integrable function in R, with the norm []-1] c2 defined by x|l =

Jy 1x(@®)ldt (3.2)
Definition 3.1[6]: A mapping g: R, X R — R is Caratheodory if:

i) t - g(t,x) is measurable for each x € R and
i) x — g(t, x) is continuous almost everywhere fort € R,.
Furthermore a Caratheodory function g is £ —Caratheodory if:

iii) For each real number r > 0 there exists a function h, € L*(R,,R) such that|g(t,x)| < h,(t)a.e. t € R, for all
x € Rwith x| <7r
Finally a Caratheodory function g is £} — Caratheodory if:
iv) There exists a function h € VLY(R,,R) such that |g(t,x)| < h(t), a.e. teR, forallx € R
For convenience, the function h is referred to as a bound function for g.

4. MAIN RESULT:

We need following hypothesis for existence of solution of third order nonlinear functional differential equation (TNFDE)
(1.1)
(B1) The functions 8, u: R, — R are continuous.

(B2) The function f: R, X R — R is continuous and bounded with bound F= sup(tx(e(t)))emxk |f (t,x(e(t)))|there exist a
bounded function I: R, — R with bound L satisfying

IF (£.x(00)) - £ (£(6®))| < tO{x(0®)) - y(6®))[} for teR,

forall x,y € R.

(B3) The function g: R, x R — R is satisfying caratheodory condition with continuous function h(t): R, — R such that
git,x)<h()vteR,andx,y ER.

(B4) The function v: R, — R defined by the formulas v(t) = fot(t —5)2h(s) ds is bounded on R, and vanish at infinity, that is
lim v(t) = 0.

t—oo

Remark.4.1: Note that the (Bs) and (B4) hold, then there exists a constant K; > 0 such that K; = sup{v(t): teR,}
Lemma 4.1: Suppose that ¢ € (0,1) and the function f, g satisfying TNFDE (1.1) then x is the solution of the TNFDE (1.1) if
and only if it is the solution of integral equation
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x(t) = [f (t,x(&(t)))] (ZL) Uot(t —-s)g (s,x(u(s))) ds],t ER,

Proof: Integrating equation (1.1) we get,

1D f(tii—t;(t)))[ = 1[g (s, 2(u))]
D? f(tii—t;(t))) = 1[g (5.x(u)))]
e R
g integrating, v et

D m = 12 [g (5,x(u)))]

Again integrating, we get

f (t,x(e(t))

x(t) )] = 1*|g (s, x(u())]

) = [1 (6:x0@)) | [ [o (s-xu)|

x@© = [f (6.x(60))] 5 . 5 fo -9 g (sx(u)) ds
x(t) = [f (t,x(Q(t)))] % Uot(t -s)g (s,x(,u(s))) ds],t ER,

. t " t(t-s)* 1
Since [, f(t)dt™ = | f(s)ds, Where . = 0,1,2,3, ... ... ...

0 (n-1)!

Conversely differentiate (4.1) of order 3 w.r.to t, we get,

ooy wll e sG]

i) RCICER TR
3 x(_t) =

? £ (x(6))), 7les)

(4.1)

Theorem 4.2: Assume that condition (B1) - (B4) hold. Further if LK; < 1, where K; is defined in remark (4.1). Then TNFDE (1.1)

has a solution in the space BC(R,, R).

Proof: By a solution of TNFDE (1.1) we mean a continuous function x: R, — R that satisfies TNFDE (1.1) on R,. LetX =
BC(R,,R) and define a subset B,[0] of X as B,[0] = {x € X:||x|| < r}.where r satisfies the inequality, %FK1 <r.
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Let X = BC(R,, R) be Banach Algebra of all bounded continuous real-valued function on R, with the norm ||x|| = sup|x(t)|,t €
R, (4.2)
Now the TNFDE (1.1) is equivalent to the

x(t) = [f (t,x(Q(t)))] % Uot(t -s)g (s,x(,u(s))) ds],t ER,

Let us define the two mappings A: X — X
and B: B,.[0] » X by

Ax(t) = f (t,x(Q(t))),t €R, (4.3)

Bx(t) = % [fot(t -s)?g (s,x(,u(s))) ds] JLER, 4.4)

Thus from the TNDE (1.1), we obtain the operator equation as follows:

x(t) = Ax(t)Bx(t), t e R, (4.5)

If the operator A and B satisfy all the hypothesis of theorem (2.3), then the operator equation (4.5) has a solution on B,.[0].

Step I: Firstly we show that A is Lipschitz on X . Let x,y € X; then
|Ax(6) = Ay© < |f (6, x(6®)) = f (6 ¥(6®))|
<1®Of]x(6@®) —y(6®)|}

< L|x(t) —y(@)| forallt € R,

Taking supremum over t we get,

lAx — Ayl < Ll|lx — y|| forall x,y € B,[0]

Thus, A is Lipchitz on X with Lipschitz constant L.

Step 11: Secondly we show that B is completely continuous operator on B,.[0]using standard argument such as those in Granas at
[18], it can be shown that B is continuous operator on B,.[0].

To do this, let us fix arbitrary € > 0 and take x, y € B,.[0] such that ||x — y|| < €.

% Uot(t -s)Pyg (s,x(y(s))) ds] _
% Uot(t - )% g(s,7(u(s)) ds]

|Bx(t) — By ()| =

f(t—s)z (s x(/,t(s)) ds

3| =920 (srtwen) as

= 2
< %fot(t —5)%h(s)ds + %J:(t —3s)?h(s)ds

<2f5 (t—s)?h(s)ds

< [ (t—s)?h(s)ds < v(t) (by Hypothesis Bs)
|Bx(t) — By(t)| < e. As v(t) <e

Thus B is continuous.

Step 111: Now we will show that B is compact on B(B,[0])

First we prove that every sequence { Bx, } in B(B,.[0])has uniformly bounded sequence and { Bx,,} is equicontinuous set in B,.[0].
Since g (t,x(,u(t))) is L} — caratheodary, we have

|Bx, ()| =

il @57 g (50 (we)) s

< %Lt(t —5)? |g (s, xn(,u(s)))| ds
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< %fot(t —5)? h(s)ds

< v(t) (By Hypothesis Bs)
Taking supremum over t, we obtain, ||Bx,|| < K, forall x € B.[0]
Where, K; = supex, {v(t)}
This shows that { Bx,,} is uniformly bounded sequence in B(B,.[0])

To show that { Bx,, } is an equicontinuous sequence, let t;, t, € [0, T] be arbitrary. Then for any x € B,.[0]

%fotz(tz —s)%g (s. xn(#(s))) ds —
[Bra(t) - Br, (el = | | &
2| € =92 (530 (u)) ds

0

2

tz(tz —5)%h(s)ds — ftl(t1 —5)2h(s)ds
0 0

< 1
< 3 Iv(&) = v(e)

The right hand side of the above inequality doesn’t depend on x and tends to zero as t; — t,.Therefore|Bx,, (t,) — Bx,(t;)| —»
Oast; = t,.

If t;,t, = T then we have

%f (t, — s)%g (s, xn(y(s))) ds —

1B, (t5) — B (t)] = | ° ty

%f (t, = s)?g (S' xn(,u(s))) ds
0

t2(t2 —5)%h(s)ds — tl(tl —5)%h(s)ds
0 0

2

+ ( by Hypothesis B, )

t2(t2 —5)%h(s)ds
0

t1
<= (t; — s)%h(s)ds
2 0

<o) +svt) SSH+S < east ot

If t;, t, € R, then we have

|Boxn (t2) — Bxn(ty)] < |Bxp(t2) — Bxn(T)| + |Bxn(T) — By ()|
If t; >t,,thent; > TandT - t,

Therefore |Bx, (t,) — Bx,,(T)| -0 |Bx, (T) — Bx,,(t;)| = 0
S0 |Bx, (t;) — Bx,(t;)| 20 as t; - ¢,

Hence, { Bx,,} is an equicontinuous sequence of functions in B(B,.[0]) so B(B,[0]) is relatively compact by Arzela-Ascoli
theorem. By definition 2.4 B is compact which gives, B is compact and continuous operator on B,.[0].

Thus B is completely continuous on B,.[0]
Step IV: To show x = AxBy € B,[0]
Let x,y € B.[0] such that x = AxBx

[x(©] = |Ax()Bx(t)]
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< |Ax(O)]Bx (0|

<|r(tx(6®))| ’%fot(t ~ %9 (5,x(u(s)) ) ds

< %|f (t.x(6®))| fot(t = )% [g (s, x(u(s)))| ds

1t 1
< sz (t —s)?h(s)ds < EFU(t)( by Hypothesis Hg )
0

Taking supremum over ton R, we obtain ||AxBx|| < éFK1 , Vx € B,[0]

That is we have, ||x|| = ||AxBx|| < r, Vx € B.[0].
which gives x = AxBy € B,.[0]

Hence assumption(c) of theorem (2.3) is proved.
Step V: Also we have

M = |B(B,[0DIl = sup{lBxI|: x € (B,[0])}

1 t

_ sup {Suptem Ef(t — )% (5,x(u(s))) ds l
0

\ . x € B,[0] )

1 t
< sup {suptem [EJ; (t— s)zh(s)ds] 1x € Br[O]}

1
< S sup{supiex, [v(O)]: x € B, [0]}

=

<-K

2
and therefore LM = %LK1 <1

Thus the condition (d) of theorem (2.3) is satisfied.
Hence all the conditions of theorem (2.3) are satisfied and therefore the operator equation AxBx = x has a solution in B,.[0] . As
a result, the TNFDE (1.1) has a solution defined on R, .
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