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Abstract :  In this paper, we establish a new expansion formula for the multivariable I – function by employing the generalized 

 - function introduced by Srivastava, Gupta, and Goyal. Using the classical identity of Nair [6] together with the series 

representation of the generalized  - function, we derive a decomposition formula expressing the multivariable I – function as an 

infinite series.  
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1. INTRODUCTION 
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The generalized Fox’s H-function, namely the I-function of r-variables introduced by Prathima, Nambisan and Santha 

Kumari [7, p.38]  is defined and represented as: 
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where  ),...,( 1 rss  and risii ,...,2,1),( 
 
are given by, 
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Remark: 1 
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For further details refer [7]. 
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The series on the right-hand side of (1.18) is absolutely convergent for all values of z, real or complex, when p q . Also, 

when 1p q  , the series is convergent if | | 1z  .  
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If 1p q  , the series never converges except when 0z  , and the function is only defined when the series terminates.  
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1 1 1 2 2 2

(1) ( ) (1) (1) (1) (1) (1) (2) (2) (2) (2) (2)

2 1 1 1 1 1 1
; ,..., ; : , ;1 , , ; , , ;1 ; , ;1 , , ; ;...r

j j j j j j j j j j j j j j j jq m m q l m m q
I b B d d D d d d D      

 
  

   ( ) ( ) ( ) ( ) ( )

1 1
. . . ; , ;1 , , ; ,

r r r

r r r r r

j j j j jm m q
d d D 



   (2.4) 

     
1 1 1

(1) ( ) (1) (1) (1) (1) (1)

3 1 1 1
; ,..., ; : , ;1 , , ; , (1 ,1;1);r

j j j j j j j j jp n n p
I a A c c C k   


      

        
2 2 2

(2) (2) (1) (1) (1) ( ) ( ) ( ) ( ) ( )

1 1 1 1
, ;1 , , ; ;. . . ; , ;1 , , ; ,

r r r

r r r r r

j j j j j j j j j jn n p n n p
c c C c c C   

 
    (2.5)

         
1 1 1

(1) ( ) (1) (1) (1) (1) (1) ( ) ( ) ( ) ( ) ( )

4 1 1 1 1 1
; ,..., ; : (1,1;1) , ;1 , , ; ;...; , ;1 , , ;

r r r

r r r r r r

j j j j j j j j j j j j j jq m m q m m q
I b B d d D d d D     

 
   (2.6) 

     
1 1 1

(1) ( ) (1) (1) (1) (1) (1)

5 1 1 1
; ,..., ; : , ;1 , , ; , (0,1;1);r

j j j j j j j j jp n n p
I a A c c C   


      

        
2 2 2

(2) (2) (1) (1) (1) ( ) ( ) ( ) ( ) ( )

1 1 1 1
, ;1 , , ; ;. . . ; , ;1 , , ; ,

r r r

r r r r r

j j j j j j j j j jn n p n n p
c c C c c C   

 
    (2.7) 

         
1 1 1

(1) ( ) (1) (1) (1) (1) (1) ( ) ( ) ( ) ( ) ( )

6 1 1 1 1 1
; ,..., ; : ( ,1;1) , ;1 , , ; ;...; , ;1 , , ; .

r r r

r r r r r r

j j j j j j j j j j j j j jq m m q m m q
I b B k d d D d d D     

 
   (2.8) 

 

provided  

   (i) Re( ) Re( ) 0, 1,2,...,j jc d j l   ,        (2.9) 

                (ii) 0, 1,2,...,i i r   ,         (2.10) 
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   (iii) 1
arg( ) , 1,2,...,

2
i iz i r            (2.11) 

  
where  

i
 is given by (1.14). 

Proof: 
Express the Left-hand side of (2.1) in terms of contour integral using (1.9), it becomes: 

 
 

1 2

1

1

1 1 1 1 1 2 1

1 1

11
... ( )... ( ) ( ,..., ) ( ) ... ...

(2 ) 1
r

l
j js s s

r r r r rr
jL Lr j j

c s
s s s s z z z ds ds

d s


   

  

  

  
     (2.12) 

        where 
1 1( ,..., )rs s  and ( ), 1,. . .,i is i r   are given by (1.12) and (1.13) respectively.                    

Using (1.16), the expression (2.12) reduces to: 

   

 
1

1

1
11

1 1 1 1 1 1 1

0
1

( ,1), 1 ,( )1
... ( )... ( ) ( ,..., ) ... ; ...

(2 ) ! ( ) 1 ,

r

k
j j ls s k

r r r r l l rr
kL Lr j j l

k cs
s s s s z z ds ds

k k d




    
  

 





  
 
   
 

          (2.13)        

             

 Interchanging the order of integration and summation, which is justified under the given conditions, and using (1.17), (2.13) 

reduces to: 

 

 
1

1

1 1
1 1 1 1 1 1 1

0 1
1

( ,1), 1 , (1 )1 1
; ... ( )... ( ) ( ,..., ) ... ...

! ( ) (2 ) (1 )1 ,

r
j j l s s

l l r r r r rk r
k L Lrj j l

k c s
s s s s z z ds ds

k k s kd


    

  







     
     
 

    (2.14) 

Now interpret these integrals in (2.14) with the help of (1.9) to get the right-hand side of (2.1). 

 The change in the order of summation and integrations which are justified because the series 

 

 
11

1

0
1

( ,1), 1 ,( 1) ( )
;

! ( ) 1 ,

k
j j lk

l lk
k

j j l

k cs

k k d


 

 







    
   
 

   converges uniformly in any arbitrary interval 
1 ,a s b   

1

1 1 1 1 1( ). . . ( ) ( ,..., ) . . . rs s

r r r rs s s s z z    are continuous and the integrals  

 

 
1

1

11
1 1 1 1 1 1 1

0
1

( ,1), 1 ,( 1) ( )1
... ( )... ( ) ( ,..., ) ... ; . . .

(2 ) ! ( ) 1 ,

r

k
j j ls s k

r r r r l l rr k
kL Lr j j l

k cs
s s s s z z ds ds

k k d


    

   







    
   
 

   

exist, when the given conditions are satisfied.  

The proof of (2.2) is similar; instead of (1.16), (1.15) is used with   and  1, . . . , rs s  are replaced by 
1


 and 

1, . . . , rs s   respectively.  

 

3.  Special Cases: 

 

When 1,j  for 1,2,. . .,j l , and using (1.20), (2.1) and (2.2) become: 

1, 1

1 1

1 1

0,0: ; ... ; ,

, : , ; ...; ,

2

r r

r r

m n l m n

p q p l q l p q

r

z J

I

z J




 

 
 
 
 
 

 

 

 
1 1

1 1

1 3

1 0,0: 1, ; ... ; ,

1 , : 1, 1; ...; ,

01
1

4

, 1(1 ) 1
;

(1 ) ! 1

r r

r r

l
j lj m n m n

l l p q p q p qk
kj j j l

r

z I
k cc

F I
d k d

z I







  



                 

 , when 1
2

1   (3.1) 

              

 

 
1 1

1 1

1 5

1 0,0: 1, ; ... ; ,

1 , : 1, 1; ...; ,

01
1

6

, 1(1 ) 1
;

(1 ) ! 1

r r

r r

l
j lj m n m n

l l p q p q p q

kj j j l
r

z I
k cc

F I
d k d

z I






  



                 

 , when 0 1   (3.2) 
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where 

           
1 1 1

(1) ( ) (1) (1) (1) (1) (1) ( ) ( ) ( ) ( ) ( )

1 1 1 1 1 1 1
; ,..., ; : ,1;1 , , ;1 , , ; ; . . . ; , ;1 , , ; ,

r r r

r r r r r r

j j j j j j j j j j j j j j jp l n n p n n p
J a A c c c C c c C     

 
  

         

           
1 1 1 2 2 2

(1) ( ) (1) (1) (1) (1) (1) (2) (2) (2) (2) (2)

2 1 1 1 1 1 1
; ,..., ; : , ;1 , , ; , ,1;1 ; , ;1 , , ; ;...r

j j j j j j j j j j j j j j jq m m q l m m q
J b B d d D d d d D     

 
  

   ( ) ( ) ( ) ( ) ( )

1 1
. . . ; , ;1 , , ; ,

r r r

r r r r r

j j j j jm m q
d d D 


 

and 
3 4 5 6, , ,I I I I  are given by (2.5), (2.6), (2.7) and (2.8) respectively.  

provided the conditions (2.9), (2.10) and (2.11) are satisfied with 1,j  for 1,2,. . .,j l . 

 When 0,l   the conditions on  can be relaxed and using (1.21), the results (3.1) and (3.2) take the following form. 

1, 1

1 1

1 1

0,0: ; ... ; ,

, : , ; ...; ,

2

r r

r r

m n m n

p q p q p q

r

z K

I

z K

 
 
 
 
 

 

 
1 1

1 1

1 3
1

0,0: 1, ; ... ; ,

, : 1, 1; ...; ,

0

4

1

!
r r

r r

k

m n m n

p q p q p q

k

r

z I

I
k

z I






 



 
  

  
 
 

 , provided 1 1 1     (3.3) 

 
1 1

1 1

1 5

0,0: 1, ; ... ; ,

, : 1, 1; ...; ,

0

6

1

!
r r

r r

k

m n m n

p q p q p q

k

r

z I

I
k

z I




 



 
  

  
 
 

 , provided 1 1    (3.4) 

where 

 

         
1 1 1

(1) ( ) (1) (1) (1) (1) (1) ( ) ( ) ( ) ( ) ( )

1 1 1 1 1 1
; ,..., ; : , ;1 , , ; ;...; , ;1 , , ; ,

r r r

r r r r r r

j j j j j j j j j j j j j jp n n p n n p
K a A c c C c c C     

 
  

         
1 1 1

(1) ( ) (1) (1) (1) (1) (1) ( ) ( ) ( ) ( ) ( )

2 1 1 1 1 1
; ,..., ; : , ;1 , , ; ;.... . . ; , ;1 , , ; ,

r r r

r r r r r r

j j j j j j j j j j j j j jq m m q m m q
K b B d d D d d D     

 
  

and 
3 4 5 6, , ,I I I I  are given by (2.5), (2.6), (2.7) and (2.8) respectively.  

The additional conditions in the results (3.3) and (3.4) are 0i
   and 

1
arg( ) , 1,2, . . . , .

2
i iz i r     

 Putting 0, 1,p q r    ( ) 1, 1 , 1,2,..., ,i

j i iC n j p i r      ( ) 1, 1 , 1,2,...,i

j i iD m j q i r      and specialising 

the parameters in (2.1), (2.2), (3.1), (3.2), (3.3) and (3.4), the results established by Nair V.C [6] are obtained. 

 On account of the most general characters of the result (2.1), due to the presence of I – functions of several variables, 

many special cases of known and unknown can be derived. 
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