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. INTRODUTION AND PRELIMINARIES

The concept of cone metric space introduced by Huang and Zhang [4] , where the set of real numbers is replaced by an ordered
Banach space and obtained some fixed point results in cone metric space. Later on several Mathematicians have been working in
these results, and they extended these results in different ways ( see for e.g. [1-3, -12]). Branciari [ ], Azam , Arshad and Beg [2]
extended cone metric space into cone rectangular metric space. Recently, Jelli and Samet [5] obtained the Kanna’s fixed point
theorem in a cone rectangular metric space. In this paper we obtain, the B-K’s (Banach —Kannan’s) fixed point theorem in a
CCRM( Complete Cone Rectangular Metric) -spaces.

The following are needed to obain our main result which are dueto [4,5].

Definition .1.1. Let M be always a real Banach space and Q is a subset of M, Q is called a cone if and only if :
(i Qs closed , non empty and Q = {0},

(i) ax +PByeQ forall X,y e Q and o, BeR,

(iii) xeQ and -xeQ implies x = 0.

Definition 1.2. Given a cone Q — M , we define a partial ordering < on M with respect to Q by x <<y ifx <yand x # Y. we
shall write x <<y if y-x e interior of Q. The cone Q is called normal if there is a number L > 0 such that for all x, y €L,

0 <x <y implies || X" SL"y".
The least positive number L satisfying the above is called the normal constant of Q.

In the following we always suppose M is a Banach space , Q is a cone in M with int P #@ and < is partial ordering with
respect to P.

Definition 1.3. Let X be a non- empty set . Suppose that the mapping p : X X X — M satisfies the following

(@ p(x,y)> Oforallx,yeX,x#y, and p(x,y) =0 ifand only if x = y;

(b) p(x, y) = p(y, x) , forall x, y € X;

(c)px, y)<px, W)+ p(w,2)+ p(zy) ,

for all x, y, w,ze X and for all distinct points w,z eX \{Xx, y} (rectangular property). Then p is called a cone rectangular metric on
X and (X, p) is called a cone rectangular metric space.

Note that any cone metric space is a a cone rectangular metric space but the converse is not true in general.

Example 1.4. LetE=R?,P={(X,y) eM/x.y>0}, p:X*X — M such that P(x,y)={(0,0)ifx=y;(3a, 3)ifx,y
are in {1.2}, x #y; (a, 1 ) if x and y can not both at a time in {1. 2}, x # y, where o > 0 is a constant . Then (X, p) is a cone
rectangular metric space but it is not a cone metric space since we have p(1, 2) = (3a, 3) > p(1, 3) + p(3,2) = 2a, 2).

Lemma 1.5. Let ( X ,p) be a cone rectangular metric space , Q be a normal cone. Let (x,) be a sequence in X. Then X,—x as
n—o0 iff || p(xn, x) || =0 as n—co.

Definition 1.6. Let (X, p) be a cone rectangular metric space. Let {x»} be a sequence in X and x € X. If for every ¢ eM with
0<<M there is an ngeN such that p(x» , X) << ¢, then {Xx,} is said to be convergence , {Xn} convergences to x and x is the limit
point of {x,}. We denote this by x,— X, asn —oo.

JETIR2603187 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | b713


http://www.jetir.org/

© 2026 JETIR March 2026, Volume 13, Issue 3 www.jetir.org (ISSN-2349-5162)

Definition 1.7 Let (X, p) be a cone rectangular metric space. Let {x,} be a sequence in X and x € X. If for every ¢ eM with 0<< M
there is an m,neN such that p(Xn, Xm) << ¢, then {x,} is said to be a Cauchy sequence.

Lemma 1.8 . Let (X, p) be a cone rectangular metric space and Q be a normal cone . Let {x,} be a sequence in X and

x € X. then {x,} is a Cauchy sequence if and only if p(Xn, Xm) — 0 as n, m—o.

Definition 1.8 Let (X, p) be a cone rectangular metric space. If every Cauchy sequence is convergent in X, then X is called a
complete one rectangular metric space.

2. Main Result
Theorem 2.1. Let ( X, p) be a CCRM-space. Let P be a normal cone with normal constant H. Suppose a mapping
A; X—X satisfies the following
p(Ax, Ay) <ap(x, y) + b[p(Ax, x) + p(Ay, y)]
then (i) A has a unique fixed point in X.
(ii) For every xeX the iterative sequence (A"x) converges to the fixed point.
Proof: Let xe X . We have
p(Ax , A?x) <ap(x, Ax ) +b[p(Ax ,x ) + p(AAx , Ax )]
<ap(x, Ax ) +b[p(Ax ,x ) + p(Ax , A% X )](1-b) p(Ax , A%X )
< (atb) p(Ax,x)
<(atb) /(1-b) p(Ax ,x)
Again  p(A2x,A%x)<ap(Ax, A2x) +b[p(Ax ,A%x )+ p(AZx, A®x)]
p(A2x, A®x)<atb/1-b p(Ax, AZX)
< (atb/1-b)? p(x, Ax).
Thus in general if n is positive integer then
p(AZx, A®x) < (atb /1-b)" p(x, Ax)
<k" p(x, Ax ), where k= (at+b /1-b)e [0,1).
We divide the proof into two cases .
Case-l : Let A™x = A"x for some m,neN, m#n. Let m>n ..
Then A™"(A"X) = A"x. That is, A"y =y, where g = m-n, y = A'X.
Now since q > 1 whereP(y, Ay) = p(A%, A%*1) <k" p(y, Ay)
Since k € [0, 1) we obtain
-p (y, Ay) P and p (y, Ay) €P,
Which implies that || p (v, Ay)|| = 0. Thatis, Ay=y.
Case-11: Assume that A™x # A", for all m,n eN, m # n. Clearly we have
p(A™, A™x) <k"p(x, Ax) <k" /1- k p(x, Ax),
and p(A", A™2%) <a p(A™! X, A" x ) +b[p(A™ X ,A"x )+ p(A™! X , A™2 X )]
<a[p(A™x, A"x )+ p(A"X, A™1x) ]+b[p(A™ X A" x )+ p(A™ X, A™2x )],
<(atb) p(A™ x, A"x )+ ap(A"x, A" x) +b p(A™ x, A"2x),
<(atb)k"™ p(x,Ax)+ ak" p(x,Ax) +bk™ p(x,Ax),
<(atb)k"/k p(x,Ax)+ ak" p(x,Ax) +bk™ p(x,Ax),
<(atb)k"/k p(x,Ax).
If m> 2 is odd then written m= 21+ 1, 1> 1 and using the fact that A% # A¥x for g,keN, q #k, we can easly see that
p(A"X, An+mx) < p(An X, Al x ) + p(An+l X ’An+2 X ) R p(An+2I X, A2y )’
< kK"p(x,Ax )+ k™ p(x,Ax)+... +k™p(x,Ax),
< k"1-k p(x, Ax).
Again if m> 2 is even the writing m= 21, 1 > 2 and using the same arguments as before, we can get that
p(A™X, A™Mx) < p(A"X, A™Zx )+ p(A™2 X A™x )+ ..+ p(A™2H x| AM2lx )
< k"p(x, Ax )+ k™ p(x ,Ax)+... +k"H p(x, Ax),
< k"1-k p(x, Ax).
Thus combining all the cases we have
p(A™X, A™Mx) < k"1-k p(x, Ax), for all m,n eN.
Hence we get that
| pA™, A™™x) || < hkV1k |p(x, Ax)| . for all m, neN.
Since, h k"/1-k || p( x, Ax) || — 0, as n — oo.Therefore {A"x} is a Cauchy sequence. By the completeness of X there exists X eX
such that A"x — x™, as n — .
Now we shall show that Ax™ = x”. Without loss of generality we can assume that A" x™ # x",A"x" for any reN, we have

p(x", AX)<p(x’, A"x)+ p(A"x, A"x )+ p( A" x, AX")
<p(x’, A"x)+ p(A"X, A"x Y+ap(A"X, X" )+b[ p(A X, X )+ p(x", AX")]
<p(x’, A"x)+ p(A"X,A"™x Y+(a+b)p(A"X, X )+ bp(x", AX")
p(x", AX )< 1+@atb) p(A"x,x*)+ p(A"X, A™x ) +bp(x", AX")
<l+@tb)/1-b p(A"X,x*)+ 1/ 1-b p( A"x, A™IX)
lpx", AX) || <h [1+(a+b) / 1-b [|p( A" x, x*) ||+ 1/ 1-b ||p( A" x, A™x ) ||] —0 as n—co.
Implies that p(x*, Ax") =0. Thatis, AX" = x".
Uniqueness; If x," is another fixed point of A then
p(X*, Xl*) <a p(AX*, Axl*) + b[ p( X *1 AX ) + p( Xl* ) AX]-* )]
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p(x", x1) ||[<ha ||pax”, Ax) ||

| p(x", x1") || <0,
Implies that p(x", X1") = 0, that is , X" = x;".
This completes the proof of the theorem.

REMARK. If we take a = 0 in the above theorem we get the theorem 2.1. of [5].

CONCLUSION Our results are extended and general results than the results of [5]
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