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Abstract: In this work, we have proposed fractional order mathematical model constructed by six coupled fractional order
ordinary differential equations of multi-drug resistant tuberculosis with twin line treatment and initial conditions. The present
fractional order mathematical model has been solved by using fractional order Homotopy perturbation method which yield
approximate solutions for all the six ordinary differential equations by applying Riemann-Leivoulli fractional integral. The
properties and nature of physical states of these equations have been emphasized more precisely by taking fractional order.
Numerical simulation of the model has been carried out by varying order of the differential equations under same value of
parameters and uniform initial conditions. Convergence of series of approximate solution is prominently demonstrated. The
graphical results have been obtained significantly which determines the impact of fractional order of the model. Fractional order
of all ordinary differential equations in the mathematical model are considered to be uniform. The mathematical model with
generalization of order has given new fundamental characteristics, deeper understanding and variety of results of tuberculosis.
Fractional order model reduces the complexity and makes the complex structure easy for analysis of such natural phenomenons.

|. INTRODUCTION

In seventeenth century, researchers and scientists formulated various mathematical concepts in fractional order form. The
concept of calculus on consideration of fractional order derivatives and integrals emerged as fractional calculus [1]-[2]. In the past
decades, the systems of fractional order derivatives and integrations have been used in many fields of science and technology
such as physics and astrophysics [3], Biomedical and biotechnology [4], mathematical modelling in biology [5] etc. Mathematical
modelling for various diseases which governs diverse factors at various stages has brought wide interest among scientists on
account of its significant role to provide excellent results and its dynamical behavior [6]-[8].

The inception of existence of Mycobacterium tuberculosis is doubtful, but some information about tuberculosis has been
mentioned in ancient history of Egypt [9]. Danial [10] has given a brief history of tuberculosis and mentioned that the genus
Mycobacterium tuberculosis originated more than 150 million years ago. Various factors like malnourishment, HIV infection,
smoking, diabetics and use of alcohol are leading to new cases of tuberculosis. As per the recommendations of a recent modelling
study, tuberculosis incidents could be gradually reduced by availing more social protection, creating awareness about preventive
measures and eradicating extreme poverty. United Nations has highlighted the need for accelerating efforts to achieve the goal of
ending tuberculosis epidemic by 2030 [11]-[12].

Mathematical modelling of tuberculosis with optimal control has been successfully represented and analysed by Fatmawati et.
al. [13]. Muhafzn et. al. [14] have established a mathematical model of tuberculosis studied by. A fractional order mathematical
model of tuberculosis with vaccination and reinfection have studied by Nandi et al. [15]. Arqub O. A. et. al. [16] have proposed
fractional epidemic model and solved it by homotopy analysis method. In this paper, we have proposed fractional order homotopy
perturbation method (FHPM). The method has successfully tackled the present fractional model and given rise to fruitful results.
This method is the extension of homotopy perturbation method (HPM) proposed by He [17] and successfully implemented to
solve various types of linear and non-linear differential equations. This method is a systematic combination of concept of
topology called homotopy and classic perturbation technique [18]. This method provides suitable way to obtain approximate or
analytic series solutions of wide range of problems in various fields.
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ll. PRELIMINARY

2.1. Basic definitions and some properties of fractional calculus.

In this segment, let’s observe some basic definitions of fractional derivatives and integrals [18]-[19]

Theorem 2.1. [18] A real function h(t),t > 0, is said to be in the space C,,u € R if there exist a real number p > u such
that h(t) = t? hy(t), where h,;(t) € [0 oo] and it is said to be in the space C;

ifand only if h® € C;,n € N.

Definition 2.2. (Riemann-Liouville fractional integral of order a)'® Riemann-Liouville fractional integral operator ((J&)) of order
a >0 of a function h e C, u = —1 is defined as

« 1 (f
alt = ﬁL (t =)t h(r)dr

@t = h(t)
Where, t = a = 0 and I is Gamma function.
Some properties of Riemann-Liouville fractional integral operator are
For h(t)eC,, pe R,u=—-1landa,a,p =0,v=-1

1.
dEh(E). a h(E) = Rt
2.
@ r(e).  h(t) = aF h(D). AE(E)
3.
a r (V + 1)
Jt(t—aq)V =—~ "7 (4 _ )tV
@t (t-a) F(a+v+1)(t 2
Definition 2.3. (Riemann-Liouville fractional derivative of order a) [18]
If h(t)eC[a,b] and a < t < b then
. 1 d (¢ k@)
Df - —_
0RO =11 dt,L -0

Where ae(0,1) is called Riemann-Liouville fractional derivative of order a.
Definition 2.4. (Caputo fractional derivative) [18]
Caputo fractional derivative aPt of h(t) is defined as
Df — 1 ‘ —a d
ath(t)—r(l_a)Ja(t T) dth(T)dT
Fort = a > 0and heC™;
2.2. Fractional order homotopy perturbation method [FHPM]
In this section, we have briefly explained fractional order homotopy perturbation method to solve system of ’n’ number of time
fractional ordinary differential equations with initial conditions. The general form of system of time fractional order partial
differential equations can be considered as follows
D% (%1, Xg X3, s X1, £ )+ Nj (%1, 22, X3, oo, Xppoq, T, Uy, Usy wov, Uy )

= gj(x1'x2ﬂx3""'xn—1!t) (21)
Where x;eR* and j = 1,2, ....,n
With initial condition
U; (X9, X2y X3y vy X1, tg ) = fi (X1, X2, X3, 00, Xp1), E = 1,2, 00,1 (2.2)
All N; are nonlinear operators and g; are functions of x; and t.
By taking ’p’ as an embedded parameter, we construct homotopy for each of the differential equation as follows

) D% u; + Ni(x1, X5, X3, e, Xpoq, £, Ug Uy, ey U
(1—P)(D“fuf—uj,o)+P< o N (0 2, X e €2, 1 n)>:o (2.3)
+9; (X1, X2, X3, 000, X1, )
. Uig+ Ni(x, %5, X2, 0, X1, t, U Uy, ., U
D“luj =), —P( 1,0 J( 1, X2, X3 n-1 1, Uz, n)) (2.4)
+9; (X1, X3, X3, e, Xp_q, )

a
Applying inverse operator, tofr] to both sides of Eq. (2.4), we get
uj'o +
aj aj
Wi (Xq, X2, X3, ooy Xy, t) = to't Ujo = Pty Nj(xl,xz,x3, wrXp—, 6, Uy Uy, e, Un)

=9 (X1, X2, X3, e, Xpp_1, )

Whel’e,] = 1,2, e, n and Uj(xl, X, X3, . ,xn_l, to) = u]'(xl, X, x3, . ,xn_l, to)
By equating the coefficients of power of P in (2.3), we get the series for the system (2.1) as
Uj(xl,xz,x3, vy Xn—1, t) = Uj’o + PUj,l + PZU]"Z + .= Z;‘X;OPL l]],l (2.5)

Where all U;; are functions of xq, x, x3, ..., x,—; and t. By taking P — 1 in Eq. (2.5), we have obtained the approximate series
solution for the system (2.1) as
Uj(xl,xz, X3, ...,xn_l, t) = Uj’o + Uj’1 + Uj‘z + = Z;)O:O U],l (2.6)
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It is necessary to note that the major advantage of fractional order homotopy perturbation method [FHPM] is that it gives solution
in the form of perturbation series which can freely give solution and it may be convergence in all sense which has been explained
independently.

111. ANALYSIS OF MATHEMATICAL MODEL OF
TUBERCULOSIS

Now we have extended standard fractional order mathematical model for transmission of tuberculosis
with twin line treatment of tuberculosis in human host which has been introduced by V. Kumar Gupta et.
al.?! to integer order form. To understand the dynamics of the disease, we have analysed system of fractional
order ordinary differential equations which has defined model of tuberculosis with drug resistance to two
line treatment. We have considered the human population constant. Let’s define the present model by
keeping uniform population *N’. The total population will be divided into six classes. First one is a
susceptible individuals with recruitment rate ’a’, an individual may get infected which is represented by
class of infected individuals I(t). Let the rate at which an individual will shift from susceptible to exposed
individual E(t) be ’¢’ and exposed individual E(t) to infected individual I(t) be ’f’. On infection, a person
goes for first line treatment R, (t) and second line treatment R, (t) with resistance rate to treatment h’ and
"k’ respectively. After proper and adequate treatment, the individuals will be shifted to recovered class R(t).
Since there is no permanent immunity to tuberculosis, recovered individual can be again transferred to
susceptible disease class at the rate’d’. Considering the rates of disease roused mortality from class I(t),
Ri(t), Ry(t) as’g’, ’I’ and 'n’ respectively. While rate of natural death is considered to be ’b’. The
resistance class R;(t) and R,(t) on convalescence move to recovered class R(t). at the rate 'm’ and p’
respectively. The proposed fractional order mathematical model of multi-drug resistant tuberculosis with
two line treatment consist of six coupled fractional order differential equations.

0PES(t) = aN — bS(t) — ¢ S(OI(t) + d R(t) (3.1)
0PEE(t) = c S(O)I(E) + d R(t) — (b + f)E(t) (3.2)
0°81(t) = FE(M) +dR() —(b+ g+ h+k)I() (3.3)
0PER,(¢) = hI(t) — (b + | + m)R,(t) (3.9)
0PER,(t) = kI(t) — (b + n+ p)R,(t) (3.5)
0PER(t) = mR,(t) + pR,(t) — (b + d)R(¢) (3.6)

Where a is the real number suchthat0 < a <1
3.1. Approximated series solution of mathematical model.

In this section, we will apply FHPM to solve fractional order mathematical model for drug resistant
tuberculosis with two line treatment. Let’s take initial guess for the functions S(t), E(t), I(t), R;(t), R, (t)
and R(t) and will construct homotopy for the equations (3.1) to (3.6).

Let So(t) = So, Eo(t) = Eg, Io(t) = Iy, Ry, (t) = Ry, Ry, (£) = Ry and Ry (t) = R, be initial guesses.

H(S(0),p) = (1=p) ((0P£S(e) = 0PES,(1))

+p ( 0°ES(t) — aN + bS(t) + cS(H)I(t) — dR(t) ) = 0 (3.7)
HE(),p) = (1 —p) (0%FE() — 0PFEg(1))

+p (0PEE() — cS(OI®) + (b + NHR(®)) =0 (3.8)

HU(®),p) = (1—p) ((0°F1(6) = 0%€14(1))
+p (0%€1(6) = FE@) + (b + g + f + K)I()) = 0 (3.9)

H(R, (£),p) = (1= p) (0P Ry(£) — 0PFRy, (1))

+p ( 0PER (&) —hI(E) + (b + L + m)Rl(t)) =0 (3.10)
(Ry(6),p) = (1 = p) ((0PFR, () — 0PFR,, (1))

+p (0PFR, () — kI(6) + (b + 1 +P)R,(8)) = 0 (3.12)
(Ry(6),p) = (1 = p) (0PFR(£) = 0PF Ry (1))

+p ( 0PER(t) — mR,(t) — pR,(t) + (b + d)R(t)) =0 (3.12)
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Where ‘p’ is homotopy parameter such that p € [0,1]
Let’s suppose that the series solution of the equations (3.1) to (3.6) are as given below

S(t) = So(t) + pS1(t) + p2S,(6) + p3S:(t) + -+ =X2, Pl-.s'i(t)
E(t) = Eo(t) + pE1(t) + p*Eo(t) + pPEs(t) + -+ = X2 p'Ei(t)
I®) = I +pL®) +p°LE) +p° L)+ =XZp' L)
R1(t) = R1,(t) + pR1,(t) + p*R1,(t) + pR15(0) + -+ =22, p'R1; ()
R2(t) = R2,(t) + pR2:(t) + p*R2,(t) + p?R23(t) + -+ = X2, p'R2;(t)
R(t) = Ro(t) + pR1(t) + p*R2(t) + p*R3(t) + - =X2op'R;(t) (3.13)

Substituting the series solution of the functions in their respective homotopy and equating coefficients of
powers of p.

Let’s take coefficients of p®as Sy(t) =Sy, Eq(t) = E, , I,(t) =1y, R1,(t) = R1,, R2,(t) = R2,,

Ro(t) = Ry
Equating the coefficients of p
51(t) = [aN = bSy — cSplo + dRo] r(;;) — 4o r(;in
E1(t) = [cSolo — (b + f)E)] F(til) B F(;il)
L) =[fEo—(b+g+h+k)] F(f:l) = Co F(:il)
R1,(t) = [hly — (b + [+ m)R1, ][‘(tj-1) Do F(;il)
R2y(2) = [kly = (b +n + p)R2g] s = Fymei
R(®) = Ry £ pR20 — -+ DRl s = G
Equating the coefficients of p
S,(t) = aN F(til) [dGy — bAg — c(Aply + SoCo)] —— F(2a+1) aNﬁ + Al%
E>(t) = [c(Aoly + S0Co) — (b + f)B ]F(2a+1) A l"(;il)
L) =[fBo — (b + g+ h+ k)Gl [‘(2 FET R F(zt::l-l)
R1,(t) = [ACy — (b + | + m)D,] F(zail) 1%
R2,(t) = [kCy — (b + n+ p)Fo] r(zta‘:-n - F(zt:rl)
R,(t) = [mDy + pF, — (b + d)G,] m 1 %
Equatlng the coefficients of p*
S3(t) = aN r(;in —aN(b +cly) s F(2a+1)
- [bAl + clgA; — ¢SoCy + C??f;;izs;zl) 1] r(.:::rl)

ta tZ(Z t3a

= aN

T(a+l) 4; ra+1) A3 TGa+1)

2a _ AgCoTRa+1)| ¢3¢
E3(t) = acNly —— F(Z oy [C(A1Io +¢SoC) — (b +f)By + (fa+1)” | TGa+1)
t2a t3a
=B, r2a+1) +B; rGa+1)
t3a t3a

L) =[fBi=(b+g+h+ k)Gl imms = Cergarn

t3a t3a
R15(t) = [RCy = (b + 1+ m)Dy] s = Do s

t3a t3a

R25(t) = [kC; — (b +n+ p)F,]

rGa+tl) 2TGa+1)
tsa
R3(t) = [mDy +pFy — (b + d)Gl]m 2T GarD
Equating the coefficients of p*

B ¢ B caNCOF(2a+1) t3¢
S4() = AN i = AN (b + clo) s — | b + el + SEOIE D)
_ _ c(AgC1+41Co)T(3a+1) et
+[(b + CIO)A3 CSOCZ rQCa+1DI(a+1) + dGZ] F(4a+1)
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_ N toz _ A t2a + A t3d + A t4—a
=a I(a+1) 4r@a+1) 5TrGBa+1) 6 r(4a+1)

_ t2a _ caNT'(2a+1) t3¢
E4(t) - aCNIO —F(2a+1) [CloAZ (F(Z ))2 CO + (b + f)BZ] F(3C(+1)

c(A1Co+4AoC1)T(3a+1) + (b + f)BZ]

- [CIOAS — €S0z (a+1I(a+1) FGa+1)
cCyA;T(3a+1) t*e
B [CIOA3 —Solz + ra+1r(a+1) +(b+f)Bs + dGZ] I(4a+1)
_ t2a t3% t*e
=B, ra+1) °TGa+l)  *Ta+1)
t3a 4a 3« e
14(t) - fBZ ra+1) [ - (b g+ h + k)CZ] I‘(4a+1) C3 rGa+1) + C3 F'(4a+1)
tia tia
R14(t) - [hCZ - (b tk+ m)DZ] r(4a+1) D3 F(4a+1)
tia tia
R2,(8) = [kC, = (b + n+ PR = Faraars
tha tia
R4 (t) = [mD, + pF, — (b + d)G,] T(4a+1) Gs I(4a+1)
Equating coefficients of p°
aNCoI'(Qa+1)] 3%

Ss(t) = aN @ +1) —[aN(b +cl, ]1-(2 ) [(b_CIO)A4+ (M(a+1)? ITBa+1)

_ _ (C(A2C0+aNC1)F(3a+1) 4a

[(b+CIO)A5 T(2a+ 1T (a+1) + S°C3] T(4a+1)
(CA3COF(2a+1) CA]_C]_F(ZOH‘l) 50C2F(2a+1)

_| @l s G it (M(a+1D) l"(3a+1)l"(a+1)]

+6SoCa + dGs

r'sa+1)

. N t* A tZa t t4a tSa
—a r(a+1) 7ra+1) 8 r(3at1) 9 I(4a+1) 10 p(5041)
2 caCoNT T (2a + 1) 3a
SRR ey

Es(t) = acNly ————=< — |clp4; —
s(1) = acNlory 1y~ |lo (F@a+ 1)
(aNCy+42Co)cl Ba+1) +¢cSoC3 — (b + f)BS]

y [CIOAS T TQa+Dr(a+1) T(4a+1)
_ _ C(A3C0+AOC2)F(4a+1) CA1C1F(4C{+1) t3¢l
[C10A6 FGatDN @D (r2a+1) + cA €y +¢SoCy (b + f)Bg + Garn T
(ApC)T(4a+1) 5%
FrBa+1)r(3a+1)| r(sa+1)
tZa t3a t4—a tSa
T U7 r@at1) 8 rBatl) O T(a+1) 10 p(5a+1)
t2a’ t?’a t4a

150 = f [Batgars — Bs toers ~ Botamrs
—(btgthtih) [C3 r@a+1) — G F(4a+1)]

tza t4-a tsa
=Cs T2a+1) +Ce F(4a+1) C; T(5a+1)
_ t4a hC b k t5a _ D t4¢l D tsa
R15(t) = h(s T(4a+1) +[hCy — (b +k+m)] r(s +1)  T4Tr@a+1) t s r(a+1)
t4¢l tsa

t4a 5a
R25(¢t) = k(s T(4a+1) +[hCy = (b + 1 +p)] r(5a+1) = IF'(4a+1) +F r(5a+1)

5a tS(Z

Rs(D) = [mDs +pFs — (b + 63l oy = Gatremrys
We get the approximate series solution of the system by taking p — 1 in the equations 3.13

= X0 Si(t)

S(t) = Sp(®) + S1(1) + S2 () + S3(t) + -+
E(t) = Eo(t) + E1(6) + E,(t) + E3(6) + - = X2 Ei (D)
1(t) = Io(t) + I, (¢) + I, () + I3(t) + - = Dizo ()

R1(t) = R1y(t) + R1,(t) + R1,(t) + R15(t) + - = Y2, R1;(¢t)
R2(t) = R2y(t) + R2,(t) + R2,(t) + R2;(t) + - = Y2, R2;(¢)
= Y20 Ri(0)

R(t) = Ro(t) + R, (t) + R,(t) + Ry(t) + -

3.2. Convergence of fractional order homotopy perturbation method [FHPM].
In this section, we need to prove the convergence of series of functions since the solution of functions are in

the form of series [20].
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Definition 3.1. (Convergence of Series)

Let v; (x), v, (x),v3(x) ... be asequence of real valued functions. The series Yo, vy, (x)

is said to converge to the function v(x), if the sequence {v(x)},~, of partial sums defined by
N(x) = Yo-i vp(x) convergeto v(x) [16].

Theorem 3.2. Suppose X and Y be Banach spaces and N: X — Y is a contradiction

nonlinear mapping, that is for all v, v € X [20]

IN(v) = N@|l < yllv—7l| 0<y<1
Which is according to Banach fixed point theorem having fixed point such that
Nu) = u.
The sequence generated by NHPM is regarded as
Voer = N(Vp_y) Voor = Y04, n=1,2,3 ...

And suppose that V, = v, € B,(u), where B,.(u) = {u* € X||lu* — v|| < r}, then
We have the following statement
D IV —ull <y"llve —ull
2) Vo € Br(w)
3) limV,=u
n—->0oo
In this section, we have proved convergence of the approximate series solution of all
Classes. As by initial guesses,
So(t) =Sy, Eo(t) =Ey ,1,(t) =1,,R1,(t) = R1y,, R2,(t) = R2,, Ry(t) = R, are constants, hence
are bounded functions in [0, t,].
15:(8) < Aol [E1(O)| < By, [h(DI = €
R1,(t) <Dy ,R2,(t) < F, ,R,(t) <G,
Consequently, S;(t), E;(t), I;(t), R1;(t), R2;(t),and R;(t) fori=2,3.4.....
are also bounded in domain [0,t,] . Hence by theorem 3.2, the series solutions for all the classes are

converge such that
Z 5:(0) = 5(0), Z Ei®) = @), Z L(©) = 10

zm (t) = R1(D), sz ) = R2(D), ZR (t) = R()

The above theory proves convergence of series solutlon of the mathematlcal model by FHPM.

Ilv. NUMERICAL IMPLEMENTATION

In this section, numerical simulation of approximate solution in the form of series of present model by fractional order homotopy
perturbation method [FHPM] has been presented for all classes in the form of 2-D plots. To have a pragmatic approach based on
practical rather than theoretical considerations two sets of initial values and parameters are fitted for explanation of nature of
classes. The graphical results have been analysed for various values of order of differential equations.

18000 T T T T T T T 100
=105
16000 |- o=t 1 0'__‘—\\
=095 S
L] - n ™ AN
I R
' -200 ",
12000 N
-300 N\

__ 10000 N \
g & 00

8000 +

-500
6000 'y
600
4000 / -/// } ob
2000 - __/_,/ - 500
(i - . - —_— - : -800 - - : ’ . -
0 1 2 3 4 5 & 7 ] 9 10 o 1 2 3 4 5 & 7 ] 9 10
t t
(a) Graph of S(t) against time t varying « (b) Graph of E(t) against time t varying a
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Figure 1. Graphs of all classes against time domain by varying the order () of derivatives.

4.1. Discussions. In the first case, the initial conditions are fitted as S(0) = 1, E(0) = 2, 1(0) = 1, R1(0) = 1, R2(0) = 1, R(0) = 1,
and the values of parameters used are a = 0.0007, N = 1000, b =0.07, ¢ = 0.7, d = 0.75, f= 0.998, g = 0.008, h = 0.07, k = 0.55, |
=0.0004, m = 0.008, p=0.0095,n=0.3, ata. = 1.05, o =1, a=0.95, a= 0.9, 0. = 0.85.

Figure 1(a) describes susceptible individuals S(t) against time t for varying a. It is observed that for some period of time, there is
steady position of S(t) followed by considerable increase in number of susceptible individuals. More gain has been observed with
respect to increase in order of differential equation i.e. a.

Figure 1(b) defines the nature of exposed individuals E(t) against time t for varying a. It communicates decline in exposed
individuals after keeping constant state at initial condition. It has been observed that rate of exposed individuals is directly
proportional to order of differential equation of E(t) i.e. a. The graph shows some positive inclination in the last stage, as some
cases may be exposed after recovery too.

Figure 1(c) defines the behaviour of infected individuals I(t) against time t for varying o which emphasizes sharp decline in
infected individuals I(t) and it is to be noted that the changes in the graphs positively map with the change in order of equation 3.3
of infected individuals.

Figure 1(d) shows the graph resistance to first line treatment individuals R1(t) against time t for varying o takes stationery state up
to certain state, then it increases slowly as compared to infected individuals. With reference to relation of order o of differential
equation to R1(t) i.e. 3.4, increase in R1(t) takes place as the increase in a.

Figure 1(e) depicts gradual increase in resistance to second line treatment individuals R2(t) against time t for varying o. It is to be
noted that the positive inclination is found more in R2(t) than R1(t).

Figure 1(f) shows class of recovered individuals R(t) who have been treated eliciting positive trend as time increases. Rate of
change of recovered individual takes steady position up to some period of time then it increases gradually as per the order o of
differential equation 3.6 of recovered individual class .
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Figure 2. Graphs of all classes against time domain by varying the order (a) of derivatives.
In the next set, the total population is fitted as 10000 and initial conditions for number of individuals of all classes have been
estimated and considered as S(0) = 2000 E(0) = 50, I1(0) = 50, R1(0) = 5, R2(0) = 5, R(0) = 5. All the parameters represent the
recruitment rate of individual from one type of class to another type of class. We have considered their respective values as a =
0.00005, b =0.56, ¢ = 0.15, d = 0.0075, f=0.08, g = 0.008, h = 0.0009, k = 0.0055, | = 0.04, m = 0.00001, p = 0.0095, n = 0.03 to
get graphical results for all classes in figure 2.
Figure 2(a) describes susceptible individuals S(t) against time (t) for a = 1.05, .= 1, = 0.95, a.= 0.9, a.= 0.85. The plots defines
the characteristics of susceptible individuals (S(t)) as for some period it keeps steady position, followed by considerable increase
in number of susceptible individuals.
Figure 2(b) defines the inherent traits of exposed individuals E(t) against time t for a. It communicates inclination of graph
succeeding steady state at initial stage. It has been observed that rate of exposed individuals is directly proportional to order of
differential equation of E(t).
Figure 2(c) defines the trends in infected individuals I(t) against time (t) for a = 1.05, a =1,
a=0.95, a=0.9, a = 0.85 which underline decrease in infected individuals I(t).
Figure 2(d) and 2(e) depicts the plots of individuals resistant to first line treatment individuals R1(t) and resistant to second line
treatment individuals R2(t) against time t respectively. The plots are considered for o = 1.05, a =1, . = 0.95, a = 0.9, o = 0.85.
While the graphs are stationary upto certain time, decrement takes place progressively. This decrement is on account of positive
effect of treatment leading to recovery.
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Figure 2(f) represents class of recovered individuals R(t) who have been treated successfully. The plot has a variable pattern as
there is steady state followed by a short phase of declination with respect to varying a. Therefore in the above figures 1 and 2, we
strongly declare that the proposed fractional order mathematical model for tuberculosis with two line treatment with initial
conditions and stated values of parameters evaluates the system more efficiently. The fractional order model focuses on effect of
nonlocal frequency under laws of natural phenomenons in tuberculosis.

V. CONCLUSION

Simulation of approximate solution of fractional order mathematical model has been carried out for different values of order (a)
of differential equations present in the model taking same value of parameters and initial guesses of individual classes. It has been
observed that the most important role of the present model is to provide an excellent instrument for the description of dynamic
behavior, memory status and hereditary properties to deal with its physical processes. The fractional order mathematical models
explain the current status along with the historical background of the system. The mathematical model with generalization of
order has given new fundamental characteristics, deeper understanding and variety of results of tuberculosis. Fractional order
model reduces the complexity and makes the complex structure easy for analysis of such natural phenomenons. It is clear that
simulation results give the similar characters as with the mathematical model of SIR with vital dynamics and constant population
[20] but the present results are more dynamic.
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