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 Introduction   

After the introduction of fuzzy sets by Zadeh [15] in 1965 and fuzzy topology by Chang [4] in 1967, several researches were 

conducted on the generalizations of the notions of fuzzy sets and fuzzy topology. The concept of intuitionistic fuzzy sets (IFS, for 

short) was introduced by Atanassov [1,2,3] as a generalization of fuzzy sets. In the last 27 years various concepts of fuzzy 

mathematics have been extended for intuitionistic fuzzy sets. In 1997 Coker [5] introduced the concept of intuitionistic fuzzy 

topological spaces (IFTS, for short) as a generalization of fuzzy topological spaces. In 1999, Ozbakir and Coker [8] introduced the 

concept intuitionistic fuzzy multifunctions and studied their lower and upper intuitionistic fuzzy semi continuity from a topological 

space to an intuitionistic fuzzy topological space. Recently the author Sobana.et.al [11] of this paper introduced the concepts of 

intuitionistic fuzzy 𝑒-open sets and maps in intuitionistic fuzzy topological space. In the present paper we study the concepts of 

lower and upper 𝑒-continuous intuitionistic fuzzy multifunctions. 

 Preliminaries  Throughout this paper (𝑋, 𝑇) and (𝑌, 𝑆) represents a topological space and an intuitionistic fuzzy topological 

space respectively. 

  

 Definition 2.1 1 [12] A subset 𝐴 of a topological space (𝑋, 𝑇) is called   

    • regular open if 𝐴 = 𝑖𝑛𝑡𝑐𝑙(𝐴),  

    • regular closed if 𝐴 = 𝑐𝑙𝑖𝑛𝑡(𝐴),  

   

 Definition 2.2 2 [12] Let (𝑋, 𝑇) be a topological space and 𝐴 be a subset of 𝑋. Then the 𝛿-interior and 𝛿-closure of 𝐴 are 

defined by:  

 𝑖𝑛𝑡𝛿(𝐴) =∪ {𝐾:𝐾isregularopenset𝐾 ⊆ 𝐴}, 
𝑐𝑙𝛿(𝐴) =∩ {𝐾:𝐾isregularclosedset𝐴 ⊆ 𝐾}.  

    

 

 Definition 2.3 3 A subset 𝐴 of a topological space (𝑋, 𝑇) is called   

    • 𝛿-semi open [9] if 𝐴 ⊆ 𝑐𝑙𝑖𝑛𝑡𝛿(𝐴),  

    • 𝛿-semi closed [9] if 𝐴 ⊇ 𝑖𝑛𝑡𝑐𝑙𝛿(𝐴),  

    • 𝛿-pre open [10] if 𝐴 ⊆ 𝑖𝑛𝑡𝑐𝑙𝛿(𝐴),  

    • 𝛿-pre closed [10] if 𝐴 ⊇ 𝑐𝑙𝑖𝑛𝑡𝛿(𝐴),  

    • 𝑒-open [7] if 𝐴 ⊆ 𝑐𝑙𝑖𝑛𝑡𝛿(𝐴) ∪ 𝑖𝑛𝑡𝑐𝑙𝛿(𝐴),  

    • 𝑒-closed [7] if 𝐴 ⊇ 𝑖𝑛𝑡𝑐𝑙𝛿(𝐴) ∩ 𝑐𝑙𝑖𝑛𝑡𝛿(𝐴).  

   

 

 Remark 2.1 4 Every open (resp. closed) set is 𝑒-open (resp. 𝑒-closed) and every 𝛿-semi open, 𝛿-pre open (resp. 𝛿-semi 

closed, 𝛿-pre closed) set is 𝑒-open (resp. 𝑒-closed) but the separate converses may not be true.   

 

The family of all 𝑒-open (resp. 𝑒-closed, 𝛿-semi open, 𝛿-pre open, 𝛿-semi closed, 𝛿-pre closed) subsets of topological space 

(𝑋, 𝑇) is denoted by 𝑒𝑂(𝑋) (resp. 𝑒𝐶(𝑋), 𝛿𝑆𝑂(𝑋), 𝛿𝑃𝑂(𝑋), 𝛿𝑆𝐶(𝑋), 𝛿𝑃𝐶(𝑋)). The intersection of all 𝑒-closed (resp. 𝛿-semi 

closed, 𝛿-pre closed) sets of 𝑋 containing a set 𝐴 of 𝑋 is called the 𝑒-closure (resp. 𝛿-semi closure, 𝛿-pre closure) of 𝐴. It is 

denoted by 𝑒𝑐𝑙(𝐴) (resp. 𝛿𝑠𝑐𝑙(𝐴), 𝛿𝑝𝑐𝑙(𝐴)). The union of all 𝑒-open (resp. 𝛿-semi open, 𝛿-pre open) sub sets of 𝐴 of 𝑋 is 
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called the 𝑒-interior (resp. 𝛿-semi interior, 𝛿-pre interior) of 𝐴. It is denoted by 𝑒𝑖𝑛𝑡(𝐴) (resp. 𝛿𝑠𝑖𝑛𝑡(𝐴), 𝛿𝑝𝑖𝑛𝑡(𝐴)). A subset 𝑁 

of a topological space (𝑋, 𝑇) is called 𝑒-neighborhood of a point 𝑥 of 𝑋 if there exist a 𝑒-open set 𝑂 of 𝑋 such that 𝑥 ∈ 𝑂 ⊂ 𝑁. 

𝐴 is a 𝑒-open in 𝑋 if and only if it is a 𝑒-neighborhood of each of its points. A mapping 𝑓 from a topological space (𝑋, 𝑇) to 

another topological space (𝑋∗, 𝑇∗) is said to be 𝑒-continuous if the inverse image of every open set of 𝑋∗ is 𝑒-open in 𝑋. Every 

continuous mapping is 𝑒-continuous but the converse may not be true. A multifunction 𝐹 from a topological space (𝑋, 𝑇) to 

another topological space (𝑋∗, 𝑇∗) is said to be lower 𝑒-continuous (resp. upper 𝑒-continuous) at a point 𝑥0 ∈ 𝑋 if for every 

𝑒-neighborhood 𝑈 of 𝑥0 and for any open set 𝑊 of 𝑋∗ such that 𝐹(𝑥0) ∩𝑊 ≠ ϕ (resp. 𝐹(𝑥0 ⊂ 𝑊) there is a 𝑒-neighborhood 

𝑈 of 𝑥0 such that 𝐹(𝑥) ∩𝑊 ≠ ϕ (resp. 𝐹(𝑥) ⊂ 𝑊) every 𝑥 ∈ 𝑈. 

  

 Definition 2.4 5 [1,2,3] Let 𝑌 be a nonempty fixed set. An IFS 𝐴̃ in 𝑌 is an object having the form 𝐴̃ = {〈𝜇𝐴(𝑦), 𝜈𝐴(𝑦)〉: 𝑦 ∈
𝑌} here the functions 𝜇𝐴(𝑦): 𝑌 → 𝐼 and 𝜈𝐴(𝑦): 𝑌 → 𝐼 denotes the degree of membership (namely 𝜇𝐴(𝑦)) and the degree of non 

membership (namely 𝜈𝐴(𝑦)) of each element 𝑦 ∈ 𝑌 to the set 𝐴̃ respectively, and 0 ≤ 𝜇𝐴(𝑦) + 𝜈𝐴(𝑦) ≤ 1 for each 𝑦 ∈ 𝑌.   

  

 Definition 2.56 [1,2,3] Let 𝑌 be a nonempty set and the IFS 𝐴̃ and 𝐵̃ be in the form 𝐴̃ = {〈𝜇𝐴(𝑦), 𝜈𝐴(𝑦)〉: 𝑦 ∈ 𝑌}, 𝐵̃ =
{〈𝜇𝐵(𝑦), 𝜈𝐵(𝑦)〉: 𝑦 ∈ 𝑌} and let {𝐴̃𝛼: 𝛼 ∈∧ } be an arbitrary family of intuitionistic fuzzy sets in 𝑌. Then:   

    • 𝐴̃ ⊆ 𝐵̃ if ∀𝑦 ∈ 𝑌[𝜇𝐴(𝑦) ≤ 𝜇𝐵̃and𝜈𝐴(𝑦) ≥ 𝜈𝐵̃(𝑦)],  

    • 𝐴̃ = 𝐵̃ if 𝐴̃ ⊆ 𝐵̃ and 𝐵̃ ⊆ 𝐴̃,  

    • 𝐴̃𝑐 = {〈𝑦, 𝜈𝐴(𝑦), 𝜇𝐴(𝑦): 𝑦 ∈ 𝑌},  

    • 0̃ = {〈𝑦, 0,1〉: 𝑦 ∈ 𝑌} and 1̃ = {〈𝑦, 1,0〉: 𝑦 ∈ 𝑌},  

    • ∩ 𝐴̃𝛼 = {〈𝑦,∧ 𝜇𝐴(𝑦),∨ 𝜈𝐴(𝑦)〉: 𝑦 ∈ 𝑌},  

    • ∪ 𝐴̃𝛼 = {〈𝑦,∨ 𝜇𝐴(𝑦),∧ 𝜈𝐴(𝑦)〉: 𝑦 ∈ 𝑌}.  

   

 Definition 2.6 7 [6] Two IFS`s 𝐴̃ and 𝐵̃ of 𝑌 are said to be quasi coincident (𝐴̃𝑞𝐵̃ for short) if ∃𝑦 ∈ 𝑌 such that 𝜇𝐴(𝑦) >
𝜈𝐵̃(𝑦) or 𝜈𝐴(𝑦) < 𝜈𝐵̃(𝑦).   

  

 Definition 2.7 8 [6] For any two IFS`s 𝐴̃ and 𝐵̃ of 𝑌, (𝐴̃𝑞𝐵̃) ⇔ 𝐴̃ ⊂ 𝐵̃𝑐.   

  

 Definition 2.8 9 [5] An intuitionistic fuzzy topology on a non empty set 𝑌 is a family 𝑇 of IFS in 𝑌 which satisfy the following 

axioms:   

    • 0̃, 1̃ ∈ 𝑆,  

    • 𝐴̃1 ∩ 𝐴̃2 ∈ 𝑆 for any 𝐴̃1, 𝐴̃2 ∈ 𝑆,  

    • ∪ 𝐴̃𝑖 for any arbitrary family {𝐴̃𝑖: 𝑖 ∈∧} ∈ 𝑆.  

   

In this case the pair (𝑌, 𝑆) is called an IFTS and each IFS in 𝑆 is known as an intuitionistic fuzzy open set in 𝑌. The 

complement 𝐵̃𝑐 of an intuitionistic fuzzy open set 𝐵̃ is called an intuitionistic fuzzy closed set in 𝑌. 

  

 Definition 2.9 10 [5] Let (𝑌, 𝑆) be an IFTS and 𝐴̃ be an IFS in 𝑌. Then the interior and closure of 𝐴̃ are defined by 

𝑐𝑙(𝐴̃) =∩ {𝐾: 𝐾isanintuitionisticfuzzyclosedsetin𝑌and𝐴̃ ⊆ 𝐾}, 
𝑖𝑛𝑡(𝐴̃) =∪ {𝐾:𝐾isanintuitionisticfuzzyopensetin𝑌and𝐾 ⊆ 𝐴̃}.   

  

 Definition 2.10 11 [8] Let 𝑋 and 𝑌 are two non empty sets. A function 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is called intuitionistic fuzzy 

multifunction if 𝐹(𝑥) is an intuitionistic fuzzy set in 𝑌, ∀𝑥 ∈ 𝑋.   

  

 Definition 2.11 12 [13] Let 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is an intuitionistic fuzzy multifunction and 𝐴 be a subset of 𝑋. Then 𝐹(𝐴) =
⋃𝑥∈𝐴 𝐹(𝑥).   

  

 Definition 2.12 13 [8] Let 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) be an intuitionistic fuzzy multifunction. Then the upper inverse 𝐹+(𝐴̃) and 

lower inverse 𝐹−(𝐴̃) 𝐴 of an intuitionistic fuzzy set 𝐴̃ in 𝑌 are defined as follows: 

𝐹+(𝐴̃) = {𝑥 ∈ 𝑋: 𝐹(𝑥) ⊆ 𝐴̃} and 

𝐹−(𝐴̃) = {𝑥 ∈ 𝑋: 𝐹(𝑥)𝑞𝐴̃}   

  

 Definition 2.13 14 [14] Let 𝐴 be IFS (𝑌, 𝑆). 𝐴 is called an intuitionistic fuzzy regular open if 𝐴 = 𝑖𝑛𝑡𝑐𝑙(𝐴) and 

intuitionistic fuzzy regular closed if 𝐴 = 𝑐𝑙𝑖𝑛𝑡(𝐴)   

  

 Definition 2.14 15  [14]Let (𝑌, 𝑆) be an IFTS and 𝐴 be an IFS in 𝑌, then the fuzzy 𝛿-closure and 𝛿-interior of 𝐴 are 

denoted and defined by  

 

 𝑐𝑙𝛿(𝐴) =∧ {𝐾: 𝐾isanintuitionisticfuzzyregularclosedsetin𝑌and𝐴 ≤ 𝐾}, 
𝑖𝑛𝑡𝛿(𝐴) =∨ {𝐾: 𝐾isanintuitionisticfuzzyregularopensetin𝑌and𝐾 ≤ 𝐴}.  
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 Definition 2.15 16 [11] Let 𝐴 be an IFS in an IFTS (𝑌, 𝑆). A is called an intuitionistic fuzzy   

    • 𝛿-semi open if 𝐴 ≤ 𝑐𝑙𝑖𝑛𝑡𝛿(𝐴),  

    • 𝛿-semi closed if 𝐴 ≥ 𝑖𝑛𝑡𝑐𝑙𝛿(𝐴),  

    • 𝛿-pre open if 𝐴 ≤ 𝑖𝑛𝑡𝑐𝑙𝛿(𝐴),  

    • 𝛿-pre closed if 𝐴 ≥ 𝑐𝑙𝑖𝑛𝑡𝛿(𝐴),  

    • 𝑒-open if 𝐴 ≤ 𝑐𝑙𝑖𝑛𝑡𝛿(𝐴) ∨ 𝑖𝑛𝑡𝑐𝑙𝛿(𝐴),  

    • 𝑒-closed if 𝐴 ≥ 𝑐𝑙𝑖𝑛𝑡𝛿(𝐴) ∧ 𝑖𝑛𝑡𝑐𝑙𝛿(𝐴),  

   

3. Upper and lower 𝒆-continuous intuitionistic fuzzy multifunctions 

 Definition 3.1 17  An intuitionistic fuzzy multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is said to be   

    • intuitionistic fuzzy upper 𝑒-continuous (resp. 𝛿-semi continuous, 𝛿-pre continuous) at a point 𝑥0 ∈ 𝑋, if for any 

intuitionistic fuzzy open set 𝑊̃ ⊂ 𝑌 such that 𝐹(𝑥0) ⊂ 𝑊̃ there exists a set 𝑈 ⊂ 𝑒𝑂(𝑋) (resp. 𝑈 ∈ 𝛿𝑆𝑂(𝑋), 𝑈 ∈ 𝛿𝑃𝑂(𝑋)) 
containing 𝑥0 such that 𝐹(𝑈) ⊂ 𝑊̃,  

    • intuitionistic fuzzy lower 𝑒-continuous (resp. 𝛿-semi continuous, 𝛿-pre continuous) at a point 𝑥0 ∈ 𝑋, if for any 

intuitionistic fuzzy open set 𝑊̃ ⊂ 𝑌 such that 𝐹(𝑥0)𝑞𝑊̃ there exists a set 𝑈 ⊂ 𝑒𝑂(𝑋) (resp. 𝑈 ∈ 𝛿𝑆𝑂(𝑋), 𝑈 ∈ 𝛿𝑃𝑂(𝑋)) 
containing 𝑥0 such that 𝐹(𝑈)𝑞𝑊̃.  

 Intuitionistic fuzzy upper 𝑒-continuous (resp. 𝛿-semi continuous, 𝛿-pre continuous) and intuitionistic fuzzy lower 

𝑒-continuous (resp. 𝛿-semi continuous, 𝛿-pre continuous) if it is intuitionistic fuzzy 𝑒-continuous (resp. 𝛿-semi continuous, 𝛿-pre 

continuous) and intuitionistic fuzzy lower 𝑒-continuous (resp. 𝛿-semi continuous, 𝛿-pre continuous) at each point of 𝑋.   

  

 Lemma 3.1 18  Let 𝐴 be a subset of a space (𝑋, 𝑇). Then 𝐴 is 𝑒-open in (𝑋, 𝑇) if and only if 𝐴 is 𝛿-semi open and 𝛿-pre 

open   

  

 Theorem 3.119  An intuitionistic fuzzy multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is intuitionistic fuzzy upper 𝑒-continuous if and only 

if it is intuitionstic fuzzy upper 𝛿semi-continuous and intuitionistic fuzzy upper 𝛿pre-continuous.   

 

   Proof. It follows from Lemma (3.1)            width 0.22 true cm height 0.22 true cm depth 0pt 

  

 Corollary 3.120  A fuzzy multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is fuzzy upper 𝑒-continuous if and only if it is fuzzy upper 

𝛿semi-continuous and fuzzy upper 𝛿pre-continuous.   

 

  

 Corollary 3.221  A multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is upper 𝑒-continuous if and only if it is upper 𝛿semi-continuous and 

upper 𝛿pre-continuous.   

  

 Theorem 3.222  An intuitionistic fuzzy multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is intuitionistic fuzzy lower 𝑒-continuous if and only 

if it is intuitionstic fuzzy lower 𝛿semi-continuous and intuitionistic fuzzy lower 𝛿pre-continuous.   

 

   Proof. It follows from Lemma (3.1)            width 0.22 true cm height 0.22 true cm depth 0pt   

 Corollary 3.323  A fuzzy multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is fuzzy lower 𝑒-continuous if and only if it is fuzzy lower 

𝛿semi-continuous and fuzzy lower 𝛿pre-continuous.   

  

 Corollary 3.424  A multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is lower 𝑒-continuous if and only if it is lower 𝛿semi-continuous and 

lower 𝛿pre-continuous.   

  

 Lemma 3.225  Let 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) be an intuitionistic fuzzy multifunction. Then [𝑒𝑐𝑙(𝐹)]−(𝑉̃) = 𝐹−(𝑉̃) for each 

intuitionnistic fuzzy open set 𝑉̃ of 𝑌.   

 

   Proof. Suppose that 𝑉̃ be any intuitionistic fuzzy open set of 𝑌. Let 𝑥 ∈ [𝑒𝑐𝑙(𝐹)]−(𝑉̃). If 𝑥 ∉ 𝐹−(𝑉̃). Then, (𝐹(𝑥)𝑞𝑉̃). 
Which implies 𝐹(𝑥) ⊂ 𝑉̃𝑐 . Since 𝑉̃𝑐  is intuitionistic fuzzy closed and hence intuitionistic fuzzy 𝑒-closed, 𝑒𝑐𝑙(𝐹(𝑥)) ⊂ 𝑉̃𝑐 . 

Consequently 𝑥 ∉ [𝑒𝑐𝑙(𝐹)]−(𝑉̃) , which is a contradiction. Hence, 𝑥 ∈ 𝐹−(𝑉̃) . This shows that [𝑒𝑐𝑙(𝐹)]−(𝑉̃) ⊂ 𝐹−(𝑉̃) . 

Conversely, let 𝑥 ∈ 𝐹−(𝑉̃). Then 𝐹(𝑥)𝑞𝑉̃. Suppose that 𝑥 ∉ [𝑒𝑐𝑙(𝐹)]−(𝑉̃). Then (𝑒𝑐𝑙(𝐹(𝑥)))𝑞𝑉̃. And so 𝑒𝑐𝑙(𝐹(𝑥)) ⊂ 𝑉̃𝑐 , 

which implies that 𝐹(𝑥) ⊂ 𝑉̃𝑐 . Hence, (𝐹(𝑥)𝑞𝑉̃) . Which is a contradiction. Hence 𝑥 ∈ [𝑒𝑐𝑙(𝐹)]−(𝑉̃) . This shows that 

[𝑒𝑐𝑙(𝐹)]−(𝑉̃) ⊃ 𝐹−(𝑉̃). Consequently, we obtain, [𝑒𝑐𝑙(𝐹)]−(𝑉̃) = 𝐹−(𝑉̃).            width 0.22 true cm height 0.22 true cm 

depth 0pt 

  

 Theorem 3.326  An intuitionistic fuzzy multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is intuitionistic fuzzy lower 𝑒-continuous if and only 

if 𝑒𝑐𝑙(𝐹): (𝑋, 𝑇) → (𝑌, 𝑆) is intuitionistic fuzzy lower 𝑒-continuous.    

 

   Proof. Necessity. Suppose that 𝐹 is intuitionistic fuzzy lower 𝑒-continuous. Let 𝑥 ∈ 𝑋 and 𝑉̃ be any intuitionistic fuzzy 

open set of 𝑌 such that 𝑒𝑐𝑙(𝐹(𝑥))𝑞𝑉̃. By Lemma (3.2), we have 𝑥 ∈ [𝑒𝑐𝑙(𝐹)]−(𝑉̃) = 𝐹−(𝑉̃). Since 𝐹 is intuitionistic fuzzy 

lower 𝑒-continuous, there exists 𝑈 ∈ 𝑒𝑂(𝑋) containing 𝑥 such that 𝐹(𝑢)𝑞𝑉̃, ∀𝑢 ∈ 𝑈. Now 𝑉̃ be an intuitionistic fuzzy open set 
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of 𝑌. 𝐹(𝑢)𝑞𝑉̃ ⇒ 𝑒𝑐𝑙(𝐹(𝑥))𝑞𝑉̃. This shows that 𝑒𝑐𝑙(𝐹) is intuitionistic fuzzy lower 𝑒-continuous. 

Sufficiency. Suppose that 𝑒𝑐𝑙(𝐹): (𝑋, 𝑇) → (𝑌, 𝑆) is intuitionistic fuzzy lower 𝑒-continuous. Let 𝑥 ∈ 𝑋 and 𝑉 be any 𝑒-open 

set of 𝑌 such that 𝐹(𝑥)𝑞𝑉̃. By lemma (3.2), we have 𝑥 ∈ [𝑒𝑐𝑙(𝐹)]−(𝑉̃) = 𝐹−(𝑉̃) and hence 𝑒𝑐𝑙(𝐹(𝑥))𝑞𝑉̃. Since, 𝑒𝑐𝑙(𝐹) is 

intuitionistic fuzzy lower 𝑒-continuous, there exists 𝑈 ∈ 𝑒𝑂(𝑋) containing 𝑥 such that hence, 𝑒𝑐𝑙(𝐹(𝑥))𝑞𝑉̃, ∀𝑢 ∈ 𝑈. Hence, 

𝐹(𝑢)𝑞𝑉̃, ∀𝑢 ∈ 𝑈 and 𝐹 is intuitionistic fuzzy lower 𝑒-continuous.            width 0.22 true cm height 0.22 true cm depth 0pt 

  

 Corollary 3.527  An fuzzy multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is fuzzy lower 𝑒-continuous if and only if 𝑒𝑐𝑙(𝐹): (𝑋, 𝑇) →
(𝑌, 𝑆) is fuzzy lower 𝑒-continuous.    

  

 Corollary 3.628  An multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is lower 𝑒-continuous if and only if 𝑒𝑐𝑙(𝐹): (𝑋, 𝑇) → (𝑌, 𝑆) is lower 

𝑒-continuous.    

  

 Lemma 3.329  Let 𝐴 and 𝐵 be subsets of a topological space (𝑋, 𝑇),   

    • If 𝐴 ∈ 𝛿𝑆𝑂(𝑋) ∪ 𝛿𝑃𝑂(𝑋) and 𝐵 ∈ 𝑒𝑂(𝑋), then 𝐴 ∩ 𝐵 ∈ 𝑒𝑂(𝑋),  

    • If 𝐴 ⊂ 𝐵 ⊂ 𝑋, 𝐴 ∈ 𝑒𝑂(𝑋) and 𝐵 ∈ 𝑒𝑂(𝑋) then 𝐴 ∈ 𝑒𝑂(𝑋).  

   

  

 Theorem 3.430  If an intuitionistic fuzzy multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is intuitionistic fuzzy upper 𝑒-continuous (resp. 

intuitionistic fuzzy lower 𝑒-continuous) and 𝑋0 ∈ 𝛿𝑃𝑂(𝑋) ∪ 𝛿𝑆𝑂(𝑋) then the restriction 𝐹|𝑋0: 𝑋0 → 𝑌 is intuitionistic fuzzy 

upper 𝑒-continuous (resp. intuitionistic fuzzy lower 𝑒-continuous).   

 

   Proof. We prove only the assertion for 𝐹 intuitionistic fuzzy upper 𝑒-continuous, the proof for 𝐹 intuitionistic fuzzy lower 

𝑒-continuous being analogous. Let 𝑥 ∈ 𝑋 and 𝑉̃  be any intuitionistic fuzzy open set of 𝑌 such that 𝐹|𝑋0(𝑥) ⊂ 𝑉̃ . Since 𝐹 

intuitionistic fuzzy upper 𝑒-continuous and 𝐹|𝑋0(𝑥) = 𝑉̃, there exists 𝑈 ∈ 𝑒𝑂(𝑥) containing 𝑥 such that 𝐹(𝑈) ⊂ 𝑉̃. Set 𝑈0 =
𝑈 ∩ 𝑋0, then By Lemma 3.225 we have 𝑥 ∈ 𝑈0 ∈ 𝑒𝑂(𝑋0) and (𝐹|𝑋0)(𝑈0) ⊂ 𝑉̃. This shows that 𝐹|𝑋0: 𝑋0 → 𝑌 is intuitionistic 

fuzzy upper 𝑒-continuous.            width 0.22 true cm height 0.22 true cm depth 0pt 

  

 Corollary 3.731  If a fuzzy multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is fuzzy upper 𝑒-continuous (resp. fuzzy lower 𝑒-continuous) 

and 𝑋0 ∈ 𝛿𝑃𝑂(𝑋) ∪ 𝛿𝑆𝑂(𝑋) then the restriction 𝐹|𝑋0: 𝑋0 → 𝑌 is fuzzy upper 𝑒-continuous (resp. fuzzy lower 𝑒-continuous).   

  

 Corollary 3.832  If a multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is upper 𝑒-continuous (resp. lower 𝑒-continuous) and 𝑋0 ∈
𝛿𝑃𝑂(𝑋) ∪ 𝛿𝑆𝑂(𝑋) then the restriction 𝐹|𝑋0: 𝑋0 → 𝑌 is upper 𝑒-continuous (resp. lower 𝑒-continuous).   

  

 Theorem 3.533  An intuitionistic fuzzy multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is intuitionistic fuzzy upper 𝑒-continuous (resp. 

intuitionistic fuzzy lower 𝑒-continuous) if for each 𝑥 ∈ 𝑋 there exists 𝑋0 ∈ 𝑒𝑂(𝑋) containing 𝑥 such that the restriction 

𝐹|𝑋0: 𝑋0 → 𝑌 is intuitionistic fuzzy upper 𝑒-continuous (resp. intuitionistic fuzzy lower 𝑒-continuous).   

 

   Proof. We prove only the assertion for 𝐹 intuitionistic fuzzy upper 𝑒-continuous, the proof for 𝐹 intuitionistic fuzzy lower 

𝑒-continuous being analogous. Let 𝑥 ∈ 𝑋 and 𝑉̃ be any intuitionistic fuzzy open set of 𝑌 such that 𝐹(𝑥) ⊂ 𝑉̃. There exists 𝑋0 ∈
𝑒𝑂(𝑋) containing 𝑥 such that 𝐹|𝑋0(𝑥) = 𝐹(𝑥), is intuitionistic fuzzy upper 𝑒-continuous, there exists 𝑈 ∈ 𝑒𝑂(𝑥) containing 𝑥 

such that 𝐹|𝑋0(𝑈0) ⊂ 𝑉̃. Then By Lemma (3.3) we have 𝑥 ∈ 𝑈0 ∈ 𝑒𝑂(𝑋) and 𝐹(𝑢) = 𝐹|𝑋0(𝑢) for 𝑢 ∈ 𝑈0. This shows that 

𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is intuitionistic fuzzy upper 𝑒-continuous.            width 0.22 true cm height 0.22 true cm depth 0pt 

  

 Corollary 3.934  A fuzzy multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is fuzzy upper 𝑒-continuous (resp. fuzzy lower 𝑒-continuous) if for 

each 𝑥 ∈ 𝑋 there exists 𝑋0 ∈ 𝑒𝑂(𝑋) containing 𝑥 such that the restriction 𝐹|𝑋0: 𝑋0 → 𝑌 is fuzzy upper 𝑒-continuous (resp. 

fuzzy lower 𝑒-continuous).   

  

 Corollary 3.1035  A multifunction 𝐹: (𝑋, 𝑇) → (𝑌, 𝑆) is upper 𝑒-continuous (resp. lower 𝑒-continuous) if for each 𝑥 ∈ 𝑋 

there exists 𝑋0 ∈ 𝑒𝑂(𝑋) containing 𝑥 such that the restriction 𝐹|𝑋0: 𝑋0 → 𝑌 is upper 𝑒-continuous (resp. fuzzy lower 

𝑒-continuous).   
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