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Abstract
In this paper we introduce the notion of a t-norm (&, ) -Fuzzy bi-ideal of a near-ring and obtain

the characterization of a bi-ideal in terms of a t-norm (&, ) -Fuzzy bi-ideal of a near-ring. We
establish that every t-norm (&, y) -Fuzzy left (resp. right) N -subgroup or t-norm (5, y)
-Fuzzy left (resp. right) ideal of a near-ring isa t-norm (5, y) -Fuzzy-fuzzy bi-ideal of a

near-ring. But the converse is not neceassrily true. Further, we discuss the properties of t-norm
(8, ¥) -Fuzzy bi-ideal of a near-ring.

Key words and phrases: t-norm (&, y)-Fuzzy sets, t-norm (8, y) -Fuzzy sublattices, t-norm
(6, y) -Fuzzy subnear-ring, fuzzy two-sided N -subgroup. t-norm (&, y) -Fuzzy ideal, and t
-norm (3, y) -Fuzzy bi-ideal.

1. Introduction

The notions of fuzzy ideals were introduced by S-Abou-Zaid in 1991[8,1]. The notion of fuzzy
subgroup was introduced by A. Rosenfeld [5] in his pioneering paper. Subsequently the definition
of fuzzy subgroup was generalized by Negoita and Ralescu [6]. Fuzzy ideals of a ring were first
introduced by Liu [14]. T. Ali and A.K. Ray [7] studied the concepts of fuzzy sublattices and fuzzy
ideals of a lattice. The notions of fuzzy subnear-ring, fuzzy ideal and fuzzy R -subgroup of a
near-ring were introduced by Salah Abou-Zahid [8] and it has been studied by several authors
[11,12,3,4]. We introduce the notion of a (&, ) -fuzzy bi-ideal of a near-ring and obtain the

characterization of a bi-ideal in terms of a (&, y) -fuzzy bi-ideal of a near-ring. We establish that
every (o, y)-fuzzy left (resp. right) N -subgroup or (&, y) -fuzzy left (resp. right) ideal of a
near-ring is a (3, y) -fuzzy bi-ideal of a near-ring. But the converse is not neceassrily true.
Further, we discuss the properties of (9, y) -fuzzy bi-ideal of a near-ring and also, we prove a

correspondence theorem between the families of fuzzy ideals of two homomorphic lattices. This is
an extension of the result of M. J. Rani [10] and T. Manikantan [9].

2. Preliminaries
In this section We recall some definitions and results that will be needed in the sequel. The
interval [0,1] is a lattice and this entity ([0,1],<) is denoted by I .

Definition 2.1 [16] A triangular norm, t-norm is a function t:[0,1]x[0,1] — [0,1]satisfying, for
each a,b,c,d,<[0,1], the following conditions:

(1) t(0,0)=0,t(a,1)=4a; (ii) t(a,b)<t(c,d),whenever a<c,b<d;

(i) t(a,b) =t(b,a); and (iv) t(t(a,b),c) =t(a,t(b,c)).

Definition 2.2 [10] A fuzzy subset x of X issaid to be a fuzzy sublattice of X if Vx,ye X,
() p(x v y) 2 pu(X) A p(y), (1) p(XAY) 2 p(X) A pu(y).
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Definition 2.3[10] Let zel*, then u is called a fuzzy ideal of X if VxyeX,
(L), s(xvy) > u() A p(y), (1), s(XAY) > pa(X) A pa(y).

If 1, holds, then z(xAY)>u(X)Au(y). Thusby I, and 1,, zeFL(X), (i.e) a fuzzy ideal of
X is fuzzy sublattice of X .

Definition 2.4 [8] A fuzzy sub set A of N is called a fuzzy subnear-ring of N if Vx,yeN,
() A(x—y) 2min{A(x), A(y)}, (i) A(xy) = min{A(x), A(Y)}-

Definition 2.5 [5] A fuzzy sub set A of agroup (G,+) issaid to be a fuzzy subgroup of G if
VX yeG, (i) AX+y)=>min{AX),A(y)}, (i) A(—x) = A(X), or equivalently
A(x—y) =min{A(x), A(y)}. If A isafuzzy subgroupofagroup G,then A(0)>A(XV xeG.)

Definition 2.6 [8] A fuzzy sub set A of N issaid to be a fuzzy two-sided N -subgroup of N
if (i) A isafuzzysubgroup of (N,+), (ii) A(xy)>AX)V X, yeN, (iii)

A(xy) > A(y) Vx,yeN. If A satisfies (i),(ii) then A is called a fuzzy right N -subgroup of
N . If A satisfies (i) and (iii), then A is called a fuzzy left N -subgroup of N .

Definition 2.7 [8] A fuzzy sub set A of N issaid to be a fuzzy ideal of N if

(i) A isafuzzysubnear-ringof N, (i) A(y+x—-y)=AX)VXYyeN,

@) A(xy)=A(y)Vx,yeN. (iv) Ala(b+i)—ab)>A(i)Va,b,ie N. A fuzzy subset
with (i),(it) and (iii) is called a fuzzy right ideal of N whereas a fuzzy subset with (i),(ii) and (iv)
is called a fuzzy left ideal of N .

3. t-norm (0, y) -fuzzy bi-ideals of near-rings

Based on the notion of (A, x)-fuzzy ideals introduced by B. You [13]. In this section we
introduce the notion of a t-norm (8, y) -fuzzy bi-ideal of a near-ring and obtain some of its
characterizations and properties. In the following discussion, we always assume that 0<o6 <y <1

Definition 3.1 A fuzzy sub set A of a group (G,+) is said to be a t-norm (5, y) -fuzzy
subgroupof G if Vx,yeG, (i) A(X+Y)vo=t(AX),Aly),7), (i) A(—x)v o =t(A(x),y),or
equivalently  A(x—y)v o >t(A(X),A(y),y). If A is a fuzzy subgroupof a group G, then
A) v S >t(A(X), )V x eG.

Definition 3.2 A fuzzy sub set A of N iscalleda t-norm (8, y)-fuzzy subnear-ring of N if
VX, yeN, ()AXx=y)vs=t(A(X),A(y).7), (i1) A(xy) v & =t(A(X), A(Y), 7)-

Definition 3.3 A fuzzy sub set A of N issaidtobea t-norm (5, y)-fuzzy two-sided N
-subgroup of N if (i) A isa t-norm (9, y)-fuzzy subgroup of (N,+), (ii)

AXY) v O =t(AX), ) VX, yeN, (i) A(xy) v >t(A(Y), 7)) Vx,ye N. If A satisfies (i),(ii)
then A iscalleda t-norm (5, y)-fuzzy right N -subgroup of N .If A satisfies (i) and (iii),
then A iscalleda t-norm (o, y)-fuzzy left N -subgroup of N .

Definition 3.4 A fuzzy sub set A of N issaidtobea t-norm (&, y)-fuzzyideal of N if (i)
A isa t-norm (0, y)-fuzzy subnear-ring of N, (ii) A(y+x—y)v o =t(A(X),») VX,y €N,
(i) A(xy) v o =2 t(A(Y), ) VX, y e N. (iv) A(a(b+i)—ab)v o >t(A(y),y) Va,b,i e N. A fuzzy
subset with (i),(ii) and (iii) is called a t-norm (9, ) -fuzzy right ideal of N whereas a fuzzy
subset with (i), (ii) and (iv) is called a t-norm (&, y) -fuzzy left ideal of N .
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Definition 3.5 Let A and B be two fuzzy subsets of N. Wedefine a fuzzy subset A*B of N
N SUP, _arbir_aMIK{(A(a), A(b), B(i)) A G}ifx = a(b +i) —ab,a,b,i e N
by ((A*B)(x))vé = (e :
0 otherwise
where xe N. Note that if N is zero-symmetric and A(0) v S >t(A(X),7) V xe N, then
AoB c Ax*B.

Definition 3.6 A fuzzy subgroup A of N is called a t-norm (&, y) -fuzzy bi-ideal of N if
((AeNo AN ((AeN)*A) v S t(Ay).

Example 3.7 Let N =0,a,b,c be the near-ring with (N,+) as the Klein's four group and (N,.)
as defined below (Scheme 15: (0,13,0,13) See [1], p.408 [15]).

+ 1|0 a b Cc 0 a b Cc
0 (0 a b C 0 |0 0 0 0
a |a 0 c b a |0 b 0 b
b |b Cc 0 a b |0 0 0 0
c |c b a 0 c |0 b 0 b

Definea t-norm (&8, y) -fuzzy subset A:N —[0,1] by

A(0)=0.8,A(a) =0.3,A(b) =0.6, A(c) =0.3 and 6=0.1 and » =0.9. Then
(AoNoA)(0)=0.8,(AcNoA)(a)=0,(AcNoA)b) =0,
(AoNoA)(c)=0,(AoN)*A)(0)=0.8,(A>N)*A)(a) =0,
(AoN)=*A)(b)=0,(AoN)=*A)(c) =0,

andso A isa t-norm (&, y)-fuzzy bi-ideal of N .

Theorem 3.8 Let {A:ieJ} be any family of t-norm (o, y) -fuzzy bi-ideals of N . Then
A= A isa t-norm (J, y)-fuzzy bi-ideal of N, Where J be an index set.
Proof. By theorem 3.4 of [9], A isa t-norm (&, y) -fuzzy subgroup of N . Now for all xeN.
since A=n_,;A c A, forevery ieJ, we have

(AN o A) A ((AoN)* A)YX))) v S <E(((A oN o A) N ((A o N)* A)(X))). 7)

(Since A isa t-norm (8, y)-fuzzy bi-ideal of N')

<t(A(x),y) forevery iel.

It follows that
(((AoN o A)N (Ao N)* A)(X))) v & <inf{t(A (), 7)1 € I}=t((Nicy A) (%), 7) = t(A(X), 7).
Thus ((AeNoA)N((AeN)*A)vsct(Ay).So Aisa t-norm (8, y) -fuzzy bi-ideal of N .

Theorem 3.9 Let A be a t-norm (6, y) -fuzzy subgroup of N. If (AocNoA)vSct(Ay),

then A isa t-norm (&, y)-fuzzy bi-ideal of N .

Proof. Assume that Aisa t-norm (&, y)-fuzzy subgroup of N such that

(AoNoA)vS ct(Ay). Forall xe N, we have

(((AeNo A)n((AeoN) = A)(X))) v & = t((Ae N o A)(X), (Ao N) * A)(X), ) <t((Ae N o A)(X), ) <t((A(X)).7)
Therefore ((AeNoA)N((AeN)*A))voct(Ay).Hence A isa t-norm (5, y)-fuzzy

bi-ideal of N .
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Theorem 3.10 Let N be a zero-symmetric near-ring. If A'is a t-norm (5, y) -fuzzy bi-ideal of
N, then (AcNoA)vSct(Ay).

Proof. Assume that Aisa t-norm (o, y)-fuzzy bi-ideal of N . Then, we have
((AeNoAYN((AoN)*A)) v <t(A y). Since A isa fuzzy subgroup of N,
A)v S >t(A(X),7) VxeN. andsince N(x)=1V xe N, we have
((AoN)(©))vo=t((AoN)(x),y) Vxe N .since N iszero-symmetric,

((AoN)o A)vS ct(((AoN)*A),»). Then it is clear that
((AeNeoA)N((A=N)=A)vSct(A 7).

Theorem 3.11 Let | be a non-empty subset of N and K, bea t-norm (8, y)-fuzzy subset of
N . Then the following conditions are equivalent:

@)1 isa t-norm (&, y)-fuzzy bi-ideal of N,

(i) K, isa t-norm (&, y)-fuzzy bi-ideal of N .
Proof. First assume that | is a t-norm (&, y)-fuzzy bi-ideal of N . Let a be any element of
N.If ael, then K@)vo=((KocNoK)N((K,oeN)*K))(@)vo<t(l,y). If agl, then
K,(@)vo=t(0,y) on the otherhand assume that

(K eNeK)N((K e N)*K))(@) v =11 7),

that is, min{(K,oN oK))(@)((K,oN)*K,))(@)}v o =t(1,y).Then

(K oNeoK)(@)vé =((K oN)eKy)(@) vy =t(sup,.,,min{(K, o N),K,(a)}.7)

= t(sup,_,omin (sup,_, p MinK, (p,),N(p,)}. K,(0)).7)

(since N(x)=1,vxeN) :t(supazpqmin<supp:plp2min{Kl(pl), Kl(q)}>,7x) =1—(1) and
((KyoN)# K )(@) v & = t(SUP,q s jy-amMIN{(K; o N)(N), (Ky e N)(m), (K, (1)}, 7)
= E(SUP,n(rms jy anMIMSUP-q 1, K (1), SUP, oy Ky (M), K (1)} 7) =1 (2)
This implies that there exist elements b,c,b,b,,x,y,1,%,X,,y;, ¥, in N with
a=bc=x(y+i)—xy,b=b,b,, x=xx, and y=y,y, such that
K,(b) =K (c) =K (x)) = K,(y;) = K,(i) =1. So b, c,x,V,,iel. Therefore

a=bc=(bb,)ceINI and a=x(y+i)—Xy = (}X)((V1Y,) +1) — (%X, )(¥;Y,) € (IN) *1 and so
ae(INI n(IN)*1)v o <t(l,y) which contradicts a¢ | . Thus

K@) vo=((KoeNoK)N((K oN)=*K))(@)vo=t(0,y) Thisshows that
(K;eNoK)N((K,oN)*K)))vo =K, vo.Bytheorem 3.8 of [9], K, isa t-norm (5, y)
-fuzzy subgroup of N . Hence K, isa t-norm (&, y)-fuzzy bi-ideal of N .

Conversely, assume that K, isa t-norm (9, y)-fuzzy bi-ideal of N . Let a be any
element of INI n(IN)=*1. Then there exist elements b,b,,x,y,X,,y, of N and elements
c,b,x,y,i of I suchthat a=bc=x(y+i)—xy,b=b,b,,x=xx%, and y=y,y,. Now

(Ky o N oK )(@) v 8 = t(sup,_qmin(sup,_, o mindK, (p,), K,(@)}),7) > tmingK, (), K, (©)},7) = {1,1} =1
and so (K,oNoK))(a)vo=1.By (2), we have
((K; © N)*K,)(8) V & = H(SUP, ey o MINESUP,y K (), SUD, g,y K (M), K ()3 6)
> tH{K, (%), Ky (y,), K (D} =t{1,1,1} =1
andso (K,oNoK)(@)vo=1.
Therefore
t(K (@) v = ((K o NeK)N((K;oN)*K)))(@), y) =t(min{(K, o N o K))(@), (K, e N) *K,)(@)}, 7) =1
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Thus ael. So INIn(IN)*1 < 1. By theorem 3.8 of [9], | is a subgroup of N . This
shows that | isa t-norm (8, y)-fuzzy bi-ideal of N .

Theorem 3.12 Every t-norm (8, y) -fuzzy right N -subgroup of N is a t-norm (5, y) -fuzzy
bi-ideal of N .
Proof. Let A bea t-norm (&, y)-fuzzy right N -subgroup of N . Choose

a,b,c,x,y,i,b,b,,X,%,Y,,y, in N suchthat a=bc=x(y+i)-xy,b=b,b,,x=xx, and
Y =Y.y, Then

(((AeNoA) N ((AoN)*A)(@))v &

=H{((AeN)° A)(@), (Ao N)* A)(@), 7} = t(min{sup,_,.min{(A° N)(b), A(c)},

((Ae N)* A)(X(y +1) = xy)}, ) = t(min{sup,,.min [Supb:blbzmin{A(bl), N(b,)}, A(C)}

((AeN) = A)(X(y +1) = xy)} 7).
(Since

N(z) =1V z e N.) =t(min{sup,_,.min [supb:blbz A(b), A(c)} ,((AoN) = A)(x(y+1)—xy)}, »).

(Since A is a t -norm (J,y) -fuzzy right N -subgroup of N , we have
Albe) v = A((bb,)c) v 6 = Al (b,c)) v o 2 t(ABy), 7 )

<t(min{sup,_,.minfA(bc), N(c)}, N(x(y +1i) — xy)}, ») mod*3.8cm

= t(min{A(bc), N(x(y +1) = xy)}, ) mod*3.8cm = t(A(bc), ) = t(A(a), ).

Thus ((AeNoA)N((AoN)*A)vAct(A ).

Hence A isa t-norm (&, y)-fuzzy bi- ideal of N .

Theorem 3.13 Every t-norm (8, y) -fuzzy left N -subgroup of N is a t-norm (&, y) -fuzzy
bi-ideal of N .
Proof. Let A bea t-norm (&, y)-fuzzy left N -subgroup of N . Choose

a,b,c,x,y,1,¢,C,, X, %, ¥;, Y, in N suchthat a=bc=x(y+i)—xy,c=c,C,, x=XxXx, and
Y=1V,Y,. Then

(((AoNoA)N((AoN)*A))(@) v

=min{((A>N) e A)(a), ((A>N)*A)(@), 7}

= t(min{sup,_,,min{A(b), (N e A)(c)}, (Ao N)* A)(x(y +1) —xy)}.7)

= £(Min{SUp.o;min| A(b), SUP., ¢, MIn{N (6, AC,)}], (A= N) * AY(x(y +1) =xy)}. )

= H(MIrSUp, oeMmin| A(b),SUp._.c, AC;) |, (Ao N)* AY(X(y +1) =)} 7)

(Since A isa t-norm (&, y) -fuzzy left N -subgroup of N, we have
A(be) v & = A(B(G.C,)) v 8 = A(b)c,) v 8 > H(A(C,), 7)

< t(min{sup,_,.min{N (b), A(bc)}, N(x(y +i) —xy)}, ») mod*3.8cm = t(A(bc), ) = t(A(a), ).
Thus ((AeNoA) N ((AoN)*A) v ct(Ay).
Hence A isa t-norm (&, y)-fuzzy bi-ideal of N .

Theorem 3.14 Every t-norm (&, y) -fuzzy two sided N -subgroup of N is a t-norm (&, y)
-fuzzy bi-ideal of N .
Proof.The proof is straightforward from Theorem (3.12) and Theorem (3.13).
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Theorem 3.15 Every t-norm (9, y) -fuzzy left ideal of N isa t-norm (&, y)-fuzzy bi-ideal of
N .
Proof. Let A bea t-norm (o, y)-fuzzy left ideal of N . Choose a,b,c,X,y,i,b,b,,x,%,,y,,Y,
in N suchthat a=bc=x(y+i)—xy,b=b,b,,x=xx, and y=y,y,. Then
(((AeNoA) N ((AoN)*A))(@)) v & = min{((A-N) e A)(a),((AeN)*A)(a), 7}
= t(min{sup,_,,min{(A° N)(b), A(c)}, (Ao N) * A)(X(y +i) —xy)}, 7)
= t(min{sup,_,,min{(A° N)(bb,), A(C)}, SUP,-,(y i), MIM{(Ae N)(X), (A N)(y), Ai)}}, 7)
(Since AcN c N andsince A isa (9,y)-fuzzy left ideal of
N, A(x(y +1) —xy) v 6 2 t(A(i), 7))
t(< min{sup, ., MIN{(N (b0, ), N ()}, SUP,—; y iy o, MIN{(N)(x), (N)(Y), A(X(y +1) = xy)}}, 7)
=t(A(X(y+1)—xy)}}, ) mod*2.5cm = A(a) A y.
Therefore ((AcNoA)N((AoN)*A)vSct(Ay).Hence A isa t-norm (8, y) -fuzzy
bi-ideal of N .

Theorem 3.16 Every t-norm (o, y) -fuzzy right ideal of N is a t-norm (&, y)-fuzzy bi-ideal
of N. Proof.The proof is similar to that of Theorem (3.12) .

Theorem 3.17 Every t-norm (&, y) -fuzzy ideal of N isa t-norm (5, ) -fuzzy bi-ideal of N .
Proof. The proof is straightforward from Theorem (3.15) and Theorem (3.16).

Example 3.18 Let N =0,a,b,c be the near-ring with (N,+) as the Klein's four group and
(N,.) as defined below (Scheme 18: (7,7,1,1) See [1], p.408[15]).

+ 10 a b C 0 a b C
0 |0 a b C 0 |0 0 0 0
a |a 0 c b a |a a a a
b |b c 0 a b |0 0 b b
c |c b a 0 c |a a c c

Definea t-norm (&8, y) -fuzzy subset A:N —[0,1] by

A(0)=0.9,A(a) =0.4,A(b) =0.4,A(c)=0.7 and 6=0.1 and »=0.95. Then
(AocNoA)(0)=0.9,(AcN-A)(a)=0.7,

(AoNoA)(b)=0.4,(AocNoA)(c)=0.7,(AoN)* A)(0) = 0.9,

(AoN)=*A)(a)=0,(AoN)=*A)(b) =0.7,(AoN)* A)(c) = 0.

Therefore A isa t-norm (9, y) -fuzzy bi-ideal of N . Since A(a)v é = A(ca) v S <t(A(c),y)
and A(a)v o = A(@0)v o <t(A(0),y),Aisnota t-norm (5, y)-fuzzy two-sided N -subgroup of
N . Since A(a)v o = A(c0)v o <t{A(c),A(0),y}, A isnota t-norm (9, y) -fuzzy subnear-ring
of N andso A isnota t-norm (&, y)-fuzzy ideal of N .
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