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Abstract

The purpose of this paper is to introduce and study a new class of fuzzy sets called (r,s)-generalized fuzzy

e -closed sets in double fuzzy topological spaces. Furthermore, the relationship between the new concepts
are introduced and established with some interesting examples.
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1.Introduction

A progressive development of fuzzy sets [9] has been made to discover the fuzzy analogues of the crisp
sets theory. On the other hand, the ideal of intuitionistic fuzzy sets was first introduced by Atanassov [2].
Later on, Coker [3] presented the notion of intuitionistic fuzzy topology. Samanta and Mondal [7],
introduced and characterized the intuitonistic gradation of openness of fuzzy sets which is a generalization
of smooth topology and the topology of intuitionistic fuzzy sets. The name “intuitionistic" is disconnected in
mathematics and applications. Gracia and Rodabaugh [5] conclued that they word under the name
“double". In 2008, Erdal Ekici [4] introduced e-open sets in general topology. In 2014, Seenivasan et. al
[8] introduce fuzzy e-open sets in fuzzy topological spaces. As a generalization of the results in References
[4, 8], we introduce and study (r,s)-fuzzy e-closed sets and (r,s)-generalized fuzzy e-closed sets in

double fuzzy topological spaces. Also the relationship between (r,s) -fuzzy e -closed (resp. (r,s)

-generalized fuzzy e-closed) sets and and some other sets are introduced and established with some
interesting couter examples.

2. Preliminaries
Throughout this paper, X will be a non-empty set, | =[0,1],1,=(0,1] and I, =[0,1). A fuzzy set A is
quasi-coincident with a fuzzy set B (denoted by, AQB) iff there exists Xxe X such that A(x)+B(x)>1
and they are not quasi-coincident otherwise (denoted by, AaB). The family of all fuzzy sets on X is
denoted by 1. By 0 and 1, we denote the smallest and the greatest fuzzy sets on X . For a fuzzy set
Ae1”*,1- A denotes its complement. All other notations are standard notations of fuzzy set theory.
Now, we recall the following definitions which are useful in the sequel.
Definition 2.1 [7] A double fuzzy topology (T,T*)on X isa pairof maps T,T*:1* — 1, which satisfies
the following properties:

(i) T(A)<1-T*(A) foreach Aecl”.

(i) T(AAA)>T(A)AT(A) and T (AAA)<T*(A)VT*(A), foreach A, A el”.
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(i) TOvi A)Z ALT(A) and TP, A)<\/,,T'(A) foreach Ael” iel.

The triplet (X,T,T*) is called a double fuzzy topological space (briefly, dfts). A fuzzy set A is called an
(r,s)-fuzzy open (briefly, (r,s)-fo) if T(A)>r and T*(A)<s. A fuzzy set A is called an (r,s)-fuzzy
closed (briefly, (r,s)-fc)setiff 1-A isan (r,s)-fo set.

Theorem 2.1 [6] Let (X,T,T%) be a dfts. Then double fuzzy closure operator and double fuzzy interior
operator of Ael” are defined by
CT,Té (Ar,s)= A{Bel *|A<B,T(l-B)>r,T*(1-B) <s}.

| (Ar,s)=\ABe!*|A=B,T(B)=rT"(B)<s}.

Where rel, and sel; suchthat r+s<1.

Definition 2.2 [1] Let (X,T,T") be a dfts. Foreach Aecl*,rel, and sel,. A fuzzy set A s called an
(r,s) -generalized fuzzy closed (briefly, (r,s)-gfc) if CT'Tél (Ar,s)<B,A<B,T(B)>r and T*(B)<s. A
is called an (r,s) -generalized fuzzy open (briefly (r,s)-gfo)iff 1-A is (r,s)-gfc set.

3. (r;s) fuzzy e-closed and (r,s)-generalized fuzzy e-closed sets

Definition 3.1 Let (X,T,T") be a dfts. Then foreach Ael”,rel, and sel,.Afuzzyset A iscalled an
(r,s) -fuzzy regular open (briefly, (r,s)- fro)if A= IT " (CT " (A,r,s),r,s) and (r,s)-fuzzy regular closed
(briefly, (r,s)- frc)ifif A= CT " (IT " (Ajr,s),r,s).

Definition 3.2 Let (X,T,T") be a dfts. Then for each Ael”, re l, and sel,, we define operators
oC . and Ol L 1*x1,x1, > 1% as follows: 6C L (Ar,s)= A{Bel” :A<B,Bis (r,s) —frc} and

— X . .
é‘IT,Tﬁ (Ar,s)=\ABel” :B<A Bis(rs)-fro}.
Definition 3.3 Let (X,T,T%) be a dfts. Then foreach Ael”*,re l, and sel;:afuzzyset A iscalledan
(i) (r,s)-fuzzy 6 semiopen (briefly, (r,s)- foso)if A<C__, (5ITT5 (A,r,s),r,8) and (r,s)-fuzzy

TS
(5CT’Té (Ar,s),r,s).

a

o0 semiclosed (briefly, (r,s)- fosc)if AZIT’T‘,
(i) (r,s)-fuzzy o pre open (briefly, (r,s)- fopo)if ASIT’Té(cSCT'Té(A,r,S),r,S) and (r,s)-fuzzy
0 pre closed (briefly, (r,s)- fdpc)if AZCT’Té(élT'Té (A,r,8),1,5).
(iii) (r,s)-fuzzy B open (briefly, (r,s)-fpo )if ASCTTé(I
(r,s)-fuzzy p closed (briefly, (r,s)-fpc)if AZIT'T,,(C |

a T,Té

i C(Ars) rs)rs) and

(IT T;‘i (A! rvs)v r,S)r,S) .
(iv) (r,s)-fuzzy e-open (briefly, (r,s)- feo)if
A<C (§ITT5(A’r'S)'r’S)V'TT5(5C (Ajr,s),r,s) and (r,s)-fuzzy e-closed (briefly, (r,s)- fec)if

T T

A> IT]Té (§CT,T5 (A, r,s),r,s)/\CT’Té (5ITVTé (A,r,8),1,9).

Definition 3.4 Let (X,T,Té) be a dfts. Then for each Ael” re I, and sel,, we define operators
eCT’Tél (resp. é'SCTYTél , 5PCT’Té and ,b’CTYTél ) and
el _; (resp.6SI__,,6P1_ and Bl __,): I x 1y x1, — 1% as follows:
eCTYTé (resp.5SCTyTé,§PCTYTé and ﬁCTYTé)(A,r,s) = .

A{Bel*:A<B, Bis(r,s)- fec (resp. f Ssc, f Spcand f sc)}
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5PITYTé and ﬂIT’Ti)(A,r,s) =

eIT’Té (resp. 5S|mé’
viB el :B<A Bis(r,s) - feo (resp. f 5so, f Spoand f 50)}.

Definition 3.5 Let (X,T,T%) be a dfts, Ael*,rel, and sel, A is called an (r,s)-fuzzy e-Q
-neighborhood of x € P(X) ifthere exists an (r,s)-feoset Bel” suchthat xqB and B<A

The family of all (r,s) -fuzzy e-Q-neighborhood of x, denoted by e-Q(x,,r,S).

Theorem 3.1 Let (X,T,T%) be a dfts. Then for each Ael”,rel, and sel,, the operator eC_

a

satisfies the following statements:
(i) eC_,(@rs)=0, eC_,(@rs)=1.

(i) ASeCTVTﬁ(A,r,s).

(iii) If A<B, then eCTYTé(A,r,s)SeCTYTé(B,r,s).

(iv) If A isan (r,s)-fec, then A=eCTYT§(A,r,s).

(v) If A isan (r,s)-feo,then BgA iff quCTvTé(A,r,S).

(vi) eCT’Té (eCT’Té (A,r,s),r,s):eCT’Té (Ar,s).

(vii) eCTVTé(A,r,s)veCTvTé(B,r,s)seCTYTﬁ(AvB,r,s).

(viii) eCT’Té(A,r,s)/\eCT’Té(B,r,s)zeCT’Té(AAB,r,s).
Proof. (i), (ii), (iii) and (iv) are proved easily.
(v) Let BgA and B is an (r,s)-feo set, then A<1-B. But we have, BgA iff quCT’Tﬁ(A,r,S) and
eCT'Ta(A,r,s)SeCT’Té(]_.—B,r,S)=1—B, so BaeCT,Tﬁ(A,r,S), which is contradiction. Then BgA iff
quCT,Tﬁ (Ar,9).
(vi) Let X, be a fuzzy point such that X’ eCT’Té (A,r,s). Then there is an (r,s) -fuzzy e-Q -
neighborhood B of X, such that BaA. But by (v), we have an (r,s)-fuzzy e-Q-neighborhood B of
X, such that BaeCT'Tﬁ (Ar,S). Also, X ZeC__,(eC__,(Ars)r,s). Then
eCTYTi(eCT'Ti(A,r,s),r,s)SeCT‘Ta(A,r,s). But we have, eCT'Té(eCT‘Ti(A,r,s),r,s)ZeCT‘Té(A,r,s).
Therefore eCTYTé (eCT,Ti (Ar,s),r,8) = eCTYTé (Ar1,S).
(vii) and (viii) are obvious.

Similarly the other operators (i.e) 5SCT e 5PCT " and ﬂCT " satisfies the above conditions.

Theorem 3.2 Let (X,T,T%) be a dfts. Then for each Ael”,rel, and sel,, the operator eITT“

a

satisfies the following statements:
(i) eITTﬁ @-Ar,s) :1—eCT " (Ar,s), eCT " @-Ar,s) :1—elTTi (Ar,s).

(i) el ,(@Qrs)=0, el ,@&rs)=1

(iii) eITvTé(A,r,s)sA.

(iv) If A isan (r,s)-feo, then A=eITTé(A,r,s).
(v) If A<B, then eITYTé(A,r,s)seITyTﬁ(B,r,s).
. (eIT’Té (Ar,s),r,s)= eITVTé (Ar,s).

vi) el

(vii) eITYTé (AvB,r,s)> eIT‘Ta (Ar,s)v e'w‘i (B,r,s).
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(viii) eIT’Té (AvB,r,s)< eIT’Téi (A,r,s) /\eIT’Té (B,r,s).

Proof. It is similar to Theorem 3.1.
Similarly the other operators (i.e) 58|T oy 5PIT . and ﬂIT L4 satisfies the above conditions.

Definition 3.6 Let (X,T,T%) be a dfts. Then foreach Ael”*,re I, and sel,:afuzzyset A iscalled

(i) (r,s)-generalized fuzzy & semiopen (briefly, (r,s)-gfdso) if BS(?SITTé (A r,s) whenever
B<A and T(1-B)>r,T*(1-B)<s.

(i) (r,s)-generalized fuzzy & preopen (briefly, (r,s)-gfopo)if B< 5PIT " (A r,s) whenever
B<A and T(1-B)>r,T*(1-B)<s.

(iii) (r,s)-generalized fuzzy f-open (briefly, (r,s)-gf fo)if B< ,BIT " (A;r,s) whenever B<A
and T1-B)>r,T*(1-B)<s.

(iv) (r,s)-generalized fuzzy e-open (briefly, (r,s)-gfeo)if B< elT " (A,r,s) whenever B<A and
TL-B)>r,T*(1-B)<s.

(v) (r,s)-generalized fuzzy & semiclosed (briefly, (r,s)-gfdsc) if 58CT "
A<B and T(B)>r,T*(B)<s.

(vi) (r,s)-generalized fuzzy 6 preclosed (briefly, (r,s)-gfop c)if 5PCTT§ (A r,s)<B whenever
A<B and T(B)>r,T*(B)<s.

(vii) (r,s)-generalized fuzzy p-closed (briefly, (r,s)-gf Bc)if ﬂCT " (A,r,s)<B whenever A<B
and T(B)>r,T*(B)<s.

(viii) (r,s)-generalized fuzzy e-closed (briefly, (r,s)-gfec) if eCT 4 (Ar,s)<B whenever A<B
and T(B)>r,T*(B)<s.
Example 3.1 Let X ={x, y} . Defined B,C,D and E by
B(x) = (0.3), B(y) = (0.4); C(x) = (0.4), C(y) = (0.5); D(x) = (0.8), D(y) = (0.8); E(x) = (0.4),
E(y) =(0.6); F(x) =0.4, F(y) = 0.4.

1, if Ae{0,1}, 0, if Ae{0,1},

(A r,s)<B whenever

T(A) = % if Ae{B,C}, T*(A)= % if Ac{B,C},

0, otherwise. 1, otherwise.

11 11 11 11
N C i e W . (=2,2)-gfo but not —,=)-f . (=,>)-gfc).
(i) is an (2 2) sc (resp (2 2) gf o sc) but not an (2 2) c (resp (2 2) gfc)

(i) C isan (%,%)-fec (resp. (%,%)-gfec) but not an (%,%)-fé‘pc(resp. (%,%)-gf& pc).

1 11
=)-fc, (=,=)-I sc.
2) C (2 2) sC

(iii) D isan (%,%)—fépc, (%,%)—ecbutnotan (%,
11 11

iv)] E isan (=,=)-fBcbutnotan (=,>)-fec.

(iv) (2 2) B (2 2)

11 11 11 11
F isan (=,=)-gfec, (=,=)-go pcbutnotan (=,=)-gfd sc,(=,=)-gfc.
(v) i (2 2) g (2 2) gJ pcbu (2 2) g (2 2) g
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Example 3.2 Let X ={x, y} . Defined G,H,I1,J,K and L by
G(x) =(0.1),G(y) =(0.3); H(x) = (0.3), H(y) = (0.2); 1 (x) = (0.1), I (y) = (0.2);
J(x) =(0.3),J(y) =(0.3); K(x) =0.7,
K(y) =0.6; L(x) =(0.4), L(y) = (0.3).
1, if Ae{0,1},

T(A) = % if Ae{G,H,1,J,K},

0, otherwise.
0, if Ae{0,1},

TY(A) = % if Ac{G,H,I,J K},

1, otherwise.

11 11
i) L isan (=,=)-gf Bcbutnotan (=,=)-gfesc.
(i) (2 2) gf B (2 2) g

(r.5)-fe (r.5)-gfc

(t.5)-£8 pe (s)-fdsc  (ns)lgfdpe  \ns)-gfdsc
Exsj-f‘é/c b:,;.-_;éc
(r.5)-f 3 c (r.5)-of B c

Theorem 3.3 Let (X,T,T%) be a dfts, Ael”, is (r,s)-gfeo set rel, and sel,, if and only if
BSeITTé(A,I’,S) whenever B<A, T(1-B)>r and T*(l-B)<s.

Proof. Suppose that A is an (r,s)-gfeo set in I*, and let T(1-B)>r and T*(1-B)<s such that
B<A By the definition, 1-A is an (r,s) -gfec set in 1*. So, eCTTa(l—A,r,S)Sl—B. Also,

1—eITT5(A,r,s)S1—B. And then, BSeITTé(A,r,S). Conversely, let B<AT(l-B)>r and
T*Q-B)<s,rel, and sel,, such that B<el ,(Ars). Now l1-el . (Ars)<1-B, Thus
eCTTé,l (I-Ar,s)<1-B. Thatis, 1-A isan (r,s)-gfecset,then A isan (r,s)-gfeo set.

Theorem 3.4 Let (X,T,T%) be a dfts, Aecl”, is (r,s)-gfeo set rel, and sel,. If A is an (r,s)
-gfec set, then

(i) eCTTé (A,r,s)—A does not contain any non-zero (r,s) -fc sets.

(i) A isan (r,s)-feciff eCTTé (Ar,s)—A is (r,s)-fc.

(iii) B is (r,s)-gfecset for eachset Bel” such that ASBSeCTTé(A,r,S).

(iv) For each (r,s)-foset Bel” suchthat B<A, B isan (r,s)-gfecrelativeto A ifand only if
B isan (r,s)-gfecin 1%,

(v) For each (r,s)-feoset Bel” such that eCTTéi (Ar,s)qB iff AgB.
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Proof. (i) Suppose that T(@-B)>r and T'(@l-B)<s,rel, and sel, such that
BSeCTYTé(A,r,S)—A whenever Acl” isan (r,s)-gfecset.Since 1-B isan (r,s)-fo set,
As(l—B):eCTyTé(A,r,s)g(l—B)

=B< (1—eCTYTé (A,r,5))

=B< (1—eCT’Té (A 1,5)) A(eCT’Té (A;r,s)—A)

=0
and hence B =0 which is a contradiction. Then eCT]Té(A,rS)—A does not contain any non-zero (r,s)-fc

sets.
(i) Let A be an (r,s)-gfec set. So, for each rel, and sel, if A is an (r,s)-fec set then,

eCT'Té(A,r,S)—A=Q whichisan (r,s)-fc set.

Conversely, suppose that eCTYTé (A,r,s)—A is an (r,s)-fc set. Then by (i), eCT'Té (A;r,s)—A does not
contain any non-zero an (r,s) -fc set. But eCT‘Ta(A,r,S)—A is an (r,s) -fc set, then
eCTYTé(A,r,s)—A:Q: A:eCT’Té(A,r,s). So, A isan (r,s)-fecset

(iii) Suppose that T(C)>r and T*(C)<s where rel, and sel, suchthat B<C andlet A bean
(r,s) -gfec set such that A<C. Then eCTVTé(A,r,s)SC. So, eCTYTé(A,r,s):eCT‘Ta(B,r,s), Therefore
eCTYTé(B,r,s)sC.So, B isan (r,s)-gfecset.

(iv) Let A be an (r,s) -gfec and T(A)>r and T(A)<s, where rel, and sel. Then
eCTYTé(A,r,S)SA. But, B<LA so, eCT’Té(B,r,s)seCT’Tﬁ(A,r,S)SA. Also, since B is an (r,s) -gfec

relativeto A, then A/\eCT (B,r,s):eCTTﬁ(B,r,s) so eCTTé(B,r,S):eCTTé(B,r,S)SA

T (A)
Now, if B isan (r,s)-gfecrelativeto A and T(C)>r and T*(C)<s where rel, and sel, such
that B<C, then for each an (r,s)-foset CAA B=BAA<CAA Hence B isan (r,s)-gfec relative
to A,eCT'Té(B,r,S):eCTYTﬁ(A)(B,r,S)S(C/\A)SC.Therefore, B isan (r,s)-gfecin I*
Conversely, let B be an (r,s)-gfec set in 1* and T(C)>r and T*(C)<s whenever C<A such
that B<Arel, and sel,. Then for each an (r,s)-fo set Del”,C=DNA But we have, B is an
(r,s) -gfec set in | such that B<D.
eCT]Té(B,r,S)SD:>eCTYTé(B,r,S)=eCT’T§(B,r,S)/\AS DAA=C.Thatis, B isan (r,s)-gfec relative to
A
(v) Suppose B isan (r,s)-feo and AE{B,reI0 and sel,. Then A<(1-B). Since (1-B) isan (r,s)
fecsetof 1* and A isan (r,s)-gfec set, then eCT’Tﬁ(A,r,s)E]B.
Conversely, let B be an (r,s)-fbc set of 1* such that A<B,rel, and sel. Then Aa(l—B). But
eCTYTé(A,r,s)a(l—B):eCT’Té(A,r,S)SB. Hence A isan (r,s)-gfec.
Proposition 3.1 Let (X,T,T") beadfts, Ael”,rel, and sel,.

(i)If A isan (r,s)-gfecandan (r,s)-feoset,then A isan (r,s)-fecset.

(ii)if A isan (r,s)-foandan (r,s)-gfec,then AAB isan (r,s)-gfecset whenever
B<eC_, (Ar,s).

Proof. (i) Suppose A is an (r,s)-gfec and an (r,s)-feo set such that A<B,rel, and sel,. Then
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eCTTé(A,r,S)SA. But we have, ASeCTTé(A,r,S). Then, A= eCTTé(A,r,S).Therefore, A isan (r,s)

-fec set.
(ii) Suppose that A isan (r,s)-foandan (r,s)-gfecset, rel, and sel,. Then

eCT - (A,r,s) < A= Aisan (r,s) -fec set

= AABisan (r,s) -fec
= AABisan (r,s) -gfec.
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