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Abstract

In this paper the concept of r -fuzzy e-border, r -fuzzy e -exteriorand r -fuzzy

e -frontier in the sense of Ramadan [3] and SO stak [7] are introduced. Some interesting
properties and characterizations of them are investigated. Interrelations among the concepts
introduced are studied with relevant examples.
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1.Introduction

The concept of fuzzy set was introduced by Zadeh [10] in his classical paper. Fuzzy sets
have applications in many fields such as information [6] and control [8]. In 1985, Sostak [7]
established a new form of fuzzy topological structure. The concept of fuzzy e-open set was

introduced and studied by Seenivasan [5]. The concept of fuzzy e-T, -space was introduced
2
and studied by [5]. The concept of g -border, g -frontier were studied in [1]. In this paper, the

concepts of r -fuzzy é—border, r -fuzzy é—exterior, r -fuzzy e -frontier in the sense of
Sostak [7] and Ramadam [3] are introduced.

Throughout this paper, let X be a non-empty set, | =[0,1] and 1,=(0,1].
2. Preliminaries

Defintion 2.1 [4] A function T :1* —1 s called a smooth topology on X if it satisfies
the following conditions:

(i) TO)=T@) =1.
(i) T(yAy)2T () AT(1,) forany gy, el”.
(i) TOvoth) = AT (1) forany {udel™.
The pair (X,T) is called a smooth topological space
Remark 2.1 Let (X,T) be a smooth topological space. Then, for each
rel,, T ={uel”;T(u)>r} isChang's fuzzy topology on X.
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Proposition 2.1 [4] Let (X,T) be a smooth topological space. For each Ael*,re I
an operator C_: | X x I, =1 X s defined as follows:
C.(4,r) :/\{,u:,uZ}L,T(i—,u)Zr} . For A,uel® and r,sel, it satisfies the
following conditions:
(1) C.(0,r)=0.
(2) A<C.(4,1).
(3) C.AANVC (1) =C.(Avur).
(4) C.(4,r)<C_(4,s) if r<s.

(5) C.(C.(4r).nN=C.(4r).

Proposition 2.2. [3] Let (X,T) be a smooth topological space. For each A€1*,r e I
an operator |_: [Ral% l, > 1 X s defined as follows:
(A1) = \Au: u<AT(u)2r}. For each A,uel” and r,sel, it satisfies the
following conditions:
(1) 1.A=A4,r)=1-C_(4,r)
) 1. @Lr)=1.
(3) L(AnN<A
@) LADAL ()=l (AAnr).
(5) L(4,rN=1_(4,) if r<s.

(6) 1L.(I.(A4,r),r=1(4r).

Definition 2.2 [2] Let (X,7) be a fuzzy topological space, A<1”* and rel,.
Then
(1) Afuzzyset A iscalled r-fuzzy regular open (forshort, r-fro)if
A=1(C_(4,r),r).
(2) Afuzzyset A iscalled r-fuzzy regular closed (for short, r-frc)if
A=C_(1_(4,r),r).

Definition 2.3 [2] Let (X,7) beafts. For A,uel” and rel,.
(1) The r-fuzzy & closure of A, denoted by 6—C_(4,r), and is defined by
5—C.(A,r)= Al |u=A,u is r-frc }.
(2) The r-fuzzy o interiorof A,denotedby J—1_(4,r), andis defined by

S—1 (A r)=\Auel™ |u<A,u is r-feo }.

Definition 2.4 [9] Let (X,r) be a fuzzy topological space, A<l and rel,.
Then
(1) afuzzyset A iscalled r-fuzzy e open (for short, r-feo)if
A< (6-C.(4,r),r)vC (6—-1_(4,r),1).
(2) Afuzzyset A iscalled r-fuzzy regular closed (forshort, r-frc)if
A21 (6-C_(4,1),r)AC_(6—1_(4,r),1).
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Definition 2..5 [9] Let (X,7) beafts. For A, uel* and rel,.
(1) The r-fuzzy e closure of A,denotedbyfe-C_(4,r),andis defined by fe-

C.(Ar)=afuecl”|u=A,u is r-fec }.
(2) The r-fuzzy e interiorof A, denoted byfe-I_(4,r),and is defined by fe -

(A1) =\Auel™ |u<Au is r-feo }.

Lemma 2.1 [9] In a fuzzy topological space X,

1 Anyunionof r-fuzzy e-opensetsisa r-fuzzy e-open set.
2 Anyintersection of r-fuzzy e-closedsetsisa r-fuzzy e-closed set.

3. r-fuzzy e-open sets

In this section, the concept of r fe -border, r fe -frontier and r-fe -exterior are
introduced and its properties are studied by providing necessary examples.
Definition 3.1 Let (X,T) be asmooth topological space. For A, €l X and re Iy
(1) A iscalled r-fuzzy €-open (briefly r-feo)iffe- I_(4,r) > u, whenever
A>pu and upel”* is r-fec.
(2) A iscalled r-fuzzy e-closed (briefly r-fec)if fe-C_(4,r) < u, whenever
A<u and uel”® is r-feo.
(3) The r-fuzzy e -interior of A, denoted by fe- I;(4,r) is defined as fe-
I (A )= \Au:u<Au is r-feo}.
(4) The r-fuzzy e-closure of A, denoted by fe -C; (4,r) is defined as fe-
CAnN=alu:uzi,u is r-fec}.

Proposition 3.1 Let (X,T) be a smooth topological space. For each A, el X and
I €1,, the following statements hold:

(1) fé—IT(/I,I’) is the largest r—féosetsuchthatfé—IT(ﬂ,r)S/I.
2) If 4 is r—féo,thenfe—lT(/i,r):/i.

(3) If A is r-f€o,thenfe-1 (fE-1 (Z,r),r)=fe-1 (4,r).

(4) 1-fe-1.(Ar)=fe-C,(A-Ar).

(5) 1-fe-C (A,r)=fe-1,(1-Ar).

(6) If A=H thenfe-1. (4, r)<fe-1.(ur).

(7) f8-1 (Av 1) >Fe-1 (A, r)vie-1 (u1).

(8) f€-1 (AAur)<FE-1 (A r)Afe-1 (i),

(9) If A=H thenfe-C,(1,r)<fe-C,(ur).
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Proof. Proof of (1) and (2) is trivial.
Proof of (3) follows from (2).

(4) 1- f
el; (A,1) =1\ Au: u <A, pisr—fe—openy= Afl—p:1-p>1-2,1—uisr —fe—closed} = fe
-C,A-A,r).

(5) 1- f e -
C, (A1) =1— afu: pt> A, pist —fe—closed} = \ Al —p:1- u<1-A,1- pisr —fe—open} = f e
L @A-A,r).

(6) Since A<y, f e -

I, (A, 1) =\A0:0<1,0isr—Fe—open}<\AO:0 <y, Oisr —fe—open}=fe- I, (x,1) . Hence, f
e-l. (A, r)<fe-l(ur).

(7) f e .

L (Avur)=\Ar:y<Avuyisr—fe—open}>(\Ar:r=Ayisr—fe—open}) v(\Ar:y<uyisr-fe—op
fe- 1. (A,r)vie—I,(ur). Hence, fe- Iy (Av i, r) 2fe- 1. (A,r)vie- I (ur).

(8) f e :
lL(AAur)=\Ar:y<Avuyisr—fe—open}<(\Ar:y<A,yisr—fe—openh) A(\Ay:y<u yisr—fe—op
_Hencefe-I-(Aapr)<fe-1.(A,r)afe-l (ur).

(9) Since A<y, fe-C,(A,r)= af0:0>1,0isr—fe—closed}< A{0:0>u, 0 is T
-fe-closed}=fe-C. (u,1). Hence fe-C, (4,r)<fe-C. (s,r).

Definition 3.2 Let (X,T) be a smooth topological space. For each Ael* and
rel,, the r-fuzzy e-border of A, denoted by fe-b.(A,r) is defined as fe-b;(4,r)=A1—fe-
I (4,1).

Definition 3.3 Let (X,T) be a smooth topological space. For each Ael* and
rel,, the r-fe-border of A, denoted by fé—bT(/l, r) is defined as fé-br(ﬂ, r=A-fe-
I (4,1).

Proposition 3.2 Let (X,T) be a smooth topological space. For each A, u €l X and
I €l,, the following statements hold:

(1) fe-b.(4,r)<fe-b (4,r).

(2) If A is r—fé—open,thenfé—br(/l,r):6.
(3) fe-l.(fe-b.(4,r),r<A.

(4) fe-b.(A,r)<fe-C.(1-A,r).

(5) fe-b.(Avur)<fe-b (A,r)vfe-b (ur).
(6) fe-b.(Aaur)=fe-b (A,r)Afe-b (ur).
(7) fe-l.(4,r)vfe-b (1,r)>fe-1.(4,r).
(8) fe-l.(A,r)afe-b (1,r)<fe-1.(4,r).
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Proof. (1) Now, fe-1.(4,r)< fe-1.(A4,r). This implies that A—fe-1,(,r)>fe-
I (A,r). Hence fe-b. (4,r) >fe-b. (4,r).

(2)If A is r-fe-openthen /1=fé-bT(Z,r).Hencefé-IT(/i,r):/i—fé-IT(/l,r)za.

(3) Now, fe-I-(fe-l.(4,r),r)=fe-l.-(A-fe-1.(4,r),r)<A-fe-1.(4,r)<A. Thus f
e-l.(fe-1,(A,r),rN<Aa.

(4) fe-b (4, r)=A-fe-1.(4,r)=A-(A—fe-C (1-A,r)=fe-C (1-A,r)—(1-1)<fe-
C,(1—-A,r). Hence, fe-b, (4,r) <fe-C.(1-A4,r).

(5) fe-bUvur=(Avu—fe - LAvur)<@Avu)—(fe-1(Arv fe -
() =(A—fe-l.(A)v(u—fe-l(ur)=fe-b (Lr)vfe-b (ur). Hence, fe-
b (Av u,r)<fe-b (A,r)vfe-b (ur).

6) fe-bUAamnN=(Aap)—fe - LArumD)>Aap)—(fe -1, (A4NAfe -
L () =(A—fe- L(A)A(u—fe- L (ur)=fe-b (A r)afe-b (ur). Hence, fé -

b (AApur)=fe-b (A,r)Afe-b (ur).
Proof of (7) and (8) is trivial.

Definition 3.4 Let (X,T) be a smooth topological space. For Ael* and rel,,
the r-fuzzy e -frontier of A, denoted by fe-Fr.(A,r) is defined as fe-Fr (4,r)=fe-
C, (Ar)—fe- 1, (A,1).

Definition 3.5 Let (X,T) be a smooth topological space. For Ael* and rel,,
the t-fuzzy e-frontier of A, denoted by fe-Fr.(A,r) is defined as fe-Fr.(4,r)=fe-
C.(A,r)—fe-1.(4,r).

Proposition 3.3 Let (X,T) be a smooth topological space. For A,uel” and
I €l,, the following statements hold:

(1) fé-FrT(/I,r)Sfé-FrT(l,r).

(2) fe-by(4,r)<fe-Fr.(4,r).

(3) f&-Fr(Ar)=fe-Fr,i-4r).

(8) f€-Fr (fe-1.(4,r),r)<fe-Fr (4,r).

(5) fé_FrT(fé-CT(/I,r),r)Sfé-FrT(/Lr).

6) f€-1 (A,r)>A—fE-Fr (4r).

(7) fé-FrT(ﬂvy,r)Sfé-FrT(ﬂ,r)vfé-FrT(,u,r).
(8) fé_FrT(ﬂ/\lu,r)Zfé—FrT(ﬂ,,l’)/\fé—FrT(,U,r).
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Proof. (1) Now, fe- I, (4,r) <fe-1,(4,r). It follows that fe-C, (1,r)—fe- I, (4,r) >fe-
C,(A,r)—fe-1.(A,r).Hence, fe-Fr.(1,r)>fe-Fr.(4,r).

(2) Now, fe-b (A,r)=A—fe- 1 (4,r)<fe-C.(4,r)—fe-1.(4,r) =fe-Fr (4,r). Hence,
fe-b. (4,r) <fe-Fr.(4,r).

(3) fe-Fr,(L,r)=fe-C (Lr)—fe-I. (A, r)=(A-fe- 1, (Ar)—-fe-l . (1-Ar)=fe-
C,(A-A,r)—fe-1.(A—A,r)=fe-Fr.(A—A,r). Hence, fe- Fr, (1,r) =fe- Fr.1—A,r).

@) fe-Fr.(fe-l.(4r),r)=fe-C(fe-l.(4r),r—fe-l.(fe-I.(4r),r<fe-
C.(A,r)—fe-I.(A,r)=fe-Fr.(4,r).Hence fe-Fr.(fe-I.(1,r),r)<fe-Fr (4,r).

(5) fe-Fr.(fe-C (4 r),r)=fe-C.(fe-C.(Ar)r)—fe-l.(fe-C.(4r)r)<fe-
C.(A,r)—fe-I.(A,r)=fe-Fr.(4,r).Hence fe-Fr.(fe-C (4,r),r)<fe-Fr.(4,r).

(6) A—fe-Fr.(A,r)=A—(fe-C.(4,r)—fe-1.(4,r))<fe-C.(4,r)—fe-C (4,r)+fe-
I, (A,r)=fe-1.(A,r).Hence, A—fe-Fr (4r)<fe-l.(4r).

(7) fe-Fr.(Avur)=fe-C.(Avur)—fe-l (Avur)<(fe-C.(A,r)vfe-C (ur))
—(fe-l (A r)vie-l(ur)=(fe-C (A, r)—fe- 1. (A n)v(fe-C (ur)—fe-I (ur)) =fe-
Fr.(A,r)vfe- 1 (ur).Hence, fe-Fr.(Av u,r)<fe-Fr.(4,r)vfe-Fr (ur).

(8) fe-Fr.(Anur)=fe-Co(Anmur)—fe-l (Aaur)>(fe-C. (A, r)afe-C.(u,1))-(
fe- L. (A r)afe-l(ur)=(fe-C (A,r)—fe- (L) A(fe-C. (ur)—fe-l (ur)=fe-
Fr. (A, r)Afe- 1. (ur). Hence, fe- Fr. (A A1) >fe-Fr.(4,r)Afe-Fr (ur).

Defintion 3.6 Let (X,T) be a smooth topological space. For A<1* and rel,, the
r -fuzzy e -exterior of A, denoted by fe-Ext;(4,r) is defined as fe - Ext;(4,r)=fe-
I,A-A,r).

Definition 3.7 Let (X,T) be a smooth topological space. For A, uel* and rel,,
the r-fuzzy e-exterior of A, denoted by fé—EXtT (4,r) is defined as fé-EXtT (4,r1) =fe-
I,A-A,r).

Proposition 3.4 Let (X,T) be a smooth topological space. For A,uel* and
r €l,, the following statement

(1) f€-Ext, (4,r) <fe-Ext (Ar).

(2) fé—EXtT(/i,r)=fé—IT(i—ﬂ,r):i—fé—CT(/i,r).
(3) fé-ExtT(fé-ExtT(ﬂ,r),r):fé—|T(fé-CT(ﬂ,r))-
(4) 1f ASH thenfe-Ext, (4,r) = fe-Ext, (ur).
(5) fé-ExtT(ir):O

(6) fé-ExtT(ﬁ,r):i.

(7) £€-1 (A,r) <FE-Ext (f&-Ext,(A,r),r).
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(8) fe- Ext. (AV s1,1) <fe. Ext, (4, r)/\fé- Ext; (u,1).
(9) FE-Ext, (AA 1) >Fe-Ext (4,r)v fe-Ext (ur).

Proof. (1) Now, fe-C.(4,r)<fe-C.(4,r). This implies, i—fé-CT(/I,r)Zi—fé-
C,(4,r).Hence, fe- 1. (1-A,r) >fe- 1, (1—A,r). Therefore, fe - Ext, (1,r) > Ext; (4,r) .

(2) Proof of (2) is trivial.

(3) fe-Ext(fe-Ext,(4r)r)=fe-Ext(fe-I,A-Ar)r)="fe-Ext,(1-fe-
C/(Lr)r)=fe-I,A-A-fe-C(Lr)r)=fe- I . (1-1+fe-C(Ar),r)=fe-Il.(fe-
C (4. n).r).

(4) If A<y, then fe-C,(4,r)<fe-C,(ur). This implies 1-fe-C (4,r)>1—fe-
C. (u,r). Therefore, fe - I, A-A,r) >fe- I, A— 1) . Hence, fe-Ext (4,r)>fe-Ext (ur).

(5)fé-EXtT(ir):fé-IT(i—ir):fé-IT(6,r)=(_).Since 0 itselfisa r-fe-open set.

(6)fé-EXtT((_),r):fé-IT(i—a,r) Zfé-IT(i,r):i.Since 1 itselfisa r-fe-open set.

(7) fe-Ext, (fe- Ext; (4,r),r) =fe-Ext (e- 1, (1-A,r),r)=fe-Ext,1—fe-C; (4,r),r) =
fe-1.(fe-C.(A,r),r)>fe-1.(A,r). Hence, fe- 1, (4,r) <fe-Ext (fe-Ext. (4,r),r).

(8)f
e—Exty g (Av 1) ==l A—(Av ) r) =e—l; o (A- D) AQ—p) 1) <e—ly A=A, r) A=l o Q- g, 1) =

(9) fe-Ext,(Aaur)=fe-1,A—(AAu),r)=fe- 1 (A-A)vA-p),r)>fe-1,1-1,r)v
fe- 1, (1—,r) =fe-Ext; (4,r) v fe-Ext, (ur).
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