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1.INTRODUCTION:Fourier matrices play very important role in modular data and modular data is an important factor of
rational conformal field theory. The rational field theory has lots of application in Physics. The modular data are also used in the
study of fusion rings and C —algebras. (Vide [1, 2, 6, 7,10,and 17])In this section we discuss some elementary definitions and

some known methods of construction of complex Hadamard matrices.
1.1.HADAMARD MATRICES: An square matrix H with entries are +1 and —1, of order h is called Hadamard matrix

if HH =hl h-Where H =Transpose of H and |, =Identity matrix of order h. (vide [5])
1.2.COMPLEX HADAMARD MATRICES:An square matrix C of order N with entries +1,—1+ior—i is called

6
complex Hadamard if CC” =nl n Wherei =+/—1and C%is transposed conjugate of C .

The set of all complex Hadamard matrices of order n is denoted by H , .

Example: Complex Hadamard matrix of order 1,2 and 3 are given below:

11 1 1 1
F=[]F, = L _J and F,=|1 o o
1 o o

(Vide [14])

1.3EQUIVALENT COMPLEX HADAMARD MATRICES:Two Complex Hadamard matrix H, and H, are equivalent
if H,can obtained from H_, by a finite sequence of row permutations, column permutations or by multiplication of a row or
column by the numbers 1, -1, i, and -i.(Vide[16])

1.4.DEPHASED COMPLEX HADAMAED MATRIX:

When the entries in the first row and first column of a complex Hadamard matrix H are all equal to unity then it is called
dephasedcomplex Hadamard matrix or dephased form of complex Hadamard matrix. Two Hadamard matrices with the same

1 1 1 1
_ _ 1 i -1 —i|
dephased form are equivalent. Example of dephased complex Hadamard matrix: F4 = 1 11 1 (Vide [11])
1

-1 -1 i

2ﬂi((j—13T(1k—1))

1.5.FOURIER MATRIX:An square matrix of order m is called Fourier matrix F such that Fix=¢ =Wy,

\where j ,k=1,1,2,3,.....m. and i = +/—1 .The general form of a Fourier matrix is given below:

JETIRC006065 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 369


http://www.jetir.org/

© 2018 JETIR June 2018, Volume 5, Issue 6 www jetir.org (ISSN-2349-5162)

1 1 1 1
) S 7 U
w* ot ... .. ¥ ™ G
F,= ;o= M
_ _ 2
11 o™ 0™ L L o™

We note that Fourier matrices are well known complex Hadamard matrices.(Vide[15]). Following are the some are
important theorems of Fourier matrices:

THEOREM:15.1.Let F = le ® sz ® Fm3 ® Fm4 ®...® Fmr be a Kronecker product of Fourier matrices then F is
equivalent to th ® Fn2 ® Fn3 ® Fn4 ®..® Fns if and only if the sequence (1,1, Ny, N;,...,N; ) is obtained from the

sequence (M;,M,, M5, M, ..., ) using a series of operations from the list below

(i) permuting a sequence .

(ii) replacing a subsequence M, M, by m, =m.m, it M, and M, are relatively prime.

(i) Replacing a sequence element m by a subsequence M, M, if M, = M,M and M, ,M, are relatively prime.(Vide[12
and 15])

THEOREM:1.5.2.The Fourier matrix Fp is isolated amongst all P x P Complex Hadamard matrices for every prime P.
(Vide:[15])

THEOREM:1.5.3.All Complex Hadamard matrices of orders m =1,2,3are equivalent to the Fourier matrix Fm .
(Vide[15])

THEOREM:1.5.4.All complex Hadamard matrices of order 5 are equivalent to the Fourier matrix F5- (Vide[15])

1.6. COHERENT CONFIGURATION(C.C.):
Let C={C,,C,,C,,...,C,,} be a class of binary relations defined on a finite set of X and A, A,, A,,..., A, be adjacency

matrices of the relations C,,C,,C;,...,C,, respectively satisfying the following four conditions:

() {Au ALA. ArJ is a partition of all 1 matrix J\x\ of order |X| ;
(if) There exists a subset of{Ai, Ag, A3 ey Am} which is a partition of unit matrix I\x\ ;

(iii) The set{Al, Ag, Ag;---; An} is closed under matrix transposition.

(iv) Theproduct A A; forall i, j €{1,2,3,...,m}, is some linear combination of elements of the set{Al, ALA,.. Am}
with non-negative integral coefficients.
Then the set C ={C,,C,,C,,...,C..} is called a Coherent Configuration.(Vide[9]).

2.SOME METHODS FOR CONSTRUCTION OF HADAMARD MATRICES:
2.1.BY ELEMENTARY MATRIX TRANSFORMATIONS:

If M is a dephased form of complexhadamard matrix then its transpose M ' the conjugated matrix M and the Hermitian
transpose H ? all are complex Hadamard matrices in dephased form.(Vide[11])

2.2.DUPLICATION OF THE MATRIX SIZE METHOD:

H, H
IfH, and H, belong to H  then H :{ ! 2

4 4 } € H,,, .Furthermore ,if H and H, are taken to be in the dephased
1 T

form ,sois H .(Vide[11])
2.3.QUADRUPLICATION OF THE MATRIX SIZE METHOD:
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H, H, H, H,
H, -H, H, -H,
H, H, -H, —H,
H, —-H, —-H, H,

If Hl, Hz, H3, H4 € Hmare in the dephased form then H = € H,, and it has the

dephased form.This form is preserved,if the blocks H 21 H3 and H sare multiplied by diagonal unitary matrices

E,,E, and E; respectively each containing unity and (m—1) free phase.(Vide[11]

2.4 COMBINATION OF TWO COMPLEX HADAMARD MATRICES :
IF IfH, eH,,and H, € H,,then kronecker product H, ® H, € H  (Vide [11])

Some more methods of construction of complex Hadamard matrices using amicable and some special Hadamard matrices are
given in (Vide [14]).

3.MAIN WORKS:
In this section we forward some methods of construction of Fourier matrices of order 2,3,5,and 7 by the multiplication of
suitable permutation matrix with suitable linear combination of adjacency matrices of suitable coherent configuration.

3.1. CONSTRUCTION OF FOURIER MATRIX OF ORDER 2:

Let us consider X ={i:i=12} and a partiton C={C,,C,,C,,C,} of X xX.where C, ={(i,i):i=1},
C,={@):i=2},C, ={(i,)):i=2}, C, ={(i,i) :1=2}.Then  adjacency matrices A, A,,A; and A, of
C,,C,,C; and C, are respectively given below:

10 01 00 00

A {o O]AZ {o o]AS :L o]A“ :{o J

We see the following calculations:

(i)A =AAA =A, AN =0AA =0,AA =0AA =A AA =0
(i)A; =0 A A=A AA = A AA =A,AA =0.(ii)A; =0, AA =0,AA =A. (VA = A,
.Hence, product of any two adjacency matrices is some linear combinations of adjacency matrices {Al, AL A, A4} Also we see
that: (i).A + A, = |,. This implies that the set {A,, A, } is a partition of diagonal relation I,. (Il).A +A, + A, + A, =J,.
This implies that the set {A, A,, A;, A,} is a partition of all 1-matrix J,.of order 2.

(III)Ai =A, A2 =A, A\; =A, A4 = A, This implies that the set {A,, A, A, A, } is closed under matrix

transpositions.Hence, product of any two adjacency matrices is some linear combinations of adjacency matrices
{A A, A, A} Thus, the set C= {Cl, Cz . C3 \ C4} is a Coherent Configuration.Consider the matrix
11 1 1 . . .
F=1A+1A +1A +0A, F= L w} :L ’ } w=exp (2ril2)=cosz+isinz=-1 so w® =1

F is equivalent todephsed form of aFourier matrix of order 2.

3.2. CONSTRUCTION OF FOURIER MATRIX OF ORDER 3:
Let us consider X ={i :i =1,2,3} and a partition C ={C,,C,,C,,C,,C.} of X x X.Where C, ={(i,i):1 =1},
C,={1Li):i=23},C,={(i):i=23},C, ={(i,i):1 =23}, C, ={(2,i) : i =FU{(3,i) :i = 2}, Then
1 00
adjacency matrices A, Ay, Ay, A, and A of Cl,Cz,C3 ,C4 and C5 are respectively given below: A, ={0 0 0,
0 0O
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011 0 0O 0 0O 0 0O
A,=|0 0 O, AA=|1 0 O A,=/0 1 O, A=|0 0O 1| weseethefollowing calculations:
0 0O 1 00 0 01 010

M)A =AAA =A, AP =0,AA =0 AA =0AA =0AA =A AA =0AA =0.
(i).A; =0, A =2A, AN = A, A=A, A=A +A, AA =0, AA =0
(iii).A; =0,AA =0 AA =0 A A=A AA =A. (VA =AAA=AAA=A (A=A,

Hence,product of any two adjacency matrices is some linear combination of adjacency matrices{A,, A,, As, A, A }. Also we
see that: (l)A1 + A4 = |3-This implies that {Ai,A4} is a partition of diagonal relation 1,

(i).A +A + A+ A + A =J,. This implies that {A,A,, A,, A,, A} is a partition of all 1 matrix J, oforder 3.
(iii).Ail = Ai'AZ =A, A3 =A, A4 =A, A5 = A, This implies that the set {A,A,, Ay, A,, A} is closed under matrix

transposition.Thus, the set C Z{Cl, CZ’ Cg, C4, C5} is a Coherent Configuration. Consider the matrix

1 1 1
F :1"6& +1'A2 -I-]..A3 +a).A4 -I-C()ZAS. F= |:l 0] (02] . Where @ =eXp (271/3) so o' =1.F isequivalent
1 o o

to dephased form ofa Fourier matrix of order 3.

3.3. CONSTRUCTION OF FOURIER MATRIX OF ORDER 5:
Let us consider X ={i :i = 2,3,4,5} and a partition C ={C,,C,,C;,C,,C;,C,,C,}of X x X.Where

C,={(i,):1=1,C, ={(1):1=2345}, C, ={(i,):i =2,34,5}, C, ={(i,i) :1 =2,34,5},
C. ={{(2,1):1=3p A3 1) :1=22U{(4,1) :1=5}0{(5,1) :1 =4}},

Co ={{(2,1):1=43U{(3,1) 1 =5}u{(4,1):1=23U{(51) :1=3}},

C, ={{(21):1=5}0{(3,1):1=434{(4,1) :1 =3 U{(5,1) :1 =2}}. Then adjacency matrices
AALAA LA GA and A of C1’C2’C3 ,C4 ,C5,C6 and C7 are respectively given below:

10000 01111 00000 00000
00000 00000 10000 01000
A=[0 000 0,A={0000O0,A=1000O0A=00100
00000 00000 10000 00010
00000 00000 [t0000 00001
00000 ([00000 [000O0O0 0]
00100 00010 00001
A=/0 100 0 A=[00001,A=[00010
00001 01000 00100
00010 00100 |0100 0]

We see the following calculations:
()A =AAA =A, AN =0,AA =0,AA =0, (ii).A; =0,AA =4A A A = A, AA = A,
AA =0,AA =0,AA =0,AA =0,AA =0, AA=AAA=AAA=A+TA+A+A,
AA =0,AA =0,AA =0. AA, =0,AA, =0,AA, =0,A/A =0.

(iii.).A; =0, AA, =0, A A =0,AA =0, AA =0, (IV.).A; = A, AN = A AN = AL AA = A,

AP = A AA = A AA = A A A = A AA = A, AR = A AA = AL
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VDA =ALAA =A AN =~ AN =~ AN =A (VA=A AA =A AN =A,

(Vii.).A? = A,.We also see that (). A + A, = |5. This implies that {A ,A, } is a partition of diagonal relation |.
(ii).Al +A +A+A +A + A+ A =Jc. This implies that {A A AL A, AL A, A} is a partition of all 1 matrix
J. of order 5. (lll)Ai = AUAZ = A3,A3 = AZ,A4 = A4,A5 = AS’AB = Ag,A7 = A, This implies that the set

{A A, AL A, A, A, A} is closed under matrix transposition.Hence, product of any two adjacency matrices is some linear
combinations of adjacency matrices{A A, Ay, A, A, Ay, A }. Thus, the set C ={C..C,,C;,C,,C,,C;,C Yisa

2 4
Coherent Configuration. Consider the matrix. F =]..A1 +1.A2 -I-:l..A3 + a)A4 +w A5 -I-COSAB +w A7

1 1 1 1 1
1 o o o o
F=|1 0* o o' ®°|Where ®=€XD (27Ti /5) 0w =1.F isequivalent to dephased form of a Fourier
1 & o o o
1 o 0 o o]

matrix of order five.

3.4. CONSTRUCTION OF FOURIER MATRIX OF ORDER 7:

Let us consider X ={i:i=12,3,4,5,6,7}and a partition C={C..C,,C,,C,,C,,C;,C,,Cq,Co}of X x X.Where:
C, ={(i,1):1=1,C, ={(L1):1=23456,7},C, ={(11) :1=234,56,7},C, ={(i,i) :1=2345,6,7}
Cs ={{(2,1):1=5FU{(3,1):1 =2 U{(4,1) :1=6YU{(5,1) :1 =3fU{(6,1) :1 = TFU{(7,) :1 = 4}},
Co ={{(21):1=6YU{@3 1) :1 =U{(4,1) :1 = Z2U{(5,1) :1 = 6YU{(6,1) : 1 =5YU{(7,1) :1 = 3}},
Co ={{(21):i =4U{B1):i1=TrU{(4,1) ;i =3FU{(5,1) :1 =6}U (6,1) :1 = 2} U{(7,1) :1 =5}},
Co ={{(2,1):1=THU{(31) :1=6}U{(4,1) :i =5YU{(5,1) : 1 = 43U (6,1) : 1 = FU{(7,1) : 1 = 2} }. Then
adjacency matrices A, A, A AL AL AL AL A and Ajof C,,C,,C,,C,, C Gy, C, Gy ,amd C are respectively

givenbeloyv: ~ 4 ~ 4 ~
1000000 0111111 000O0O0O0ODO
000O0O0OOO 0 00O0O0OO0DO 1 0000O0O
000O0O0OOO 0 00O0O0OO0DO O 1 00000O0O
F,={0 0000O0O|F,={0000O0O0OFKR=1000O0O00O0
000O0O0OOO 0 00O0O0OO0DO 1 0000O0O
000O0O0OOTO 0 00O0O0OO0DO 1 0000O0O
0000000 [00000O0O |1000O0O0O0 O]
1 000 0 0 O] 01111 1 1] 000000 O]
000O0O0OOTO 000O0OODO 100000O00QO0
000O0O0OO0OTO 000O0OODO 10000O00QO0
A=000O0O0OOGOA=000O0O0O0DO0A=100O0O0O0C0O
000O0O0OO0OGO 000O0OODO 100000O00O0
000O0O0OOO 0 00O0O0OODO 1 0000O0O0O
0000000 (0000000 (100000 0]
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000000O0O 0000000 0000000
0100000 0000100 0000010
0010000 0100000 0001000
A,={0 00 100O0/A=000001DO0A=0100000
0000100 0010000 0000001
0000010 0000001 0000100
0000001 0001000/ 0010000
0000000 [0000000] [00000OO0 O
0010000 0001000 0000001
0000100 0000001 0000010
A/={0 00000 1/A=/0010000/A=0000100
0100000 0000010 0001000
0001000 0100000 0010000
0000010 (0000100 0100000

We see the following calculations:

()A =AAA =7, AA =0,AA =0AA =0, (ii.).A; =0,AA =3A,AA =A AN =A,
AA =0,AA =0,AA =0AA =0AA =0, AA=AAAN=AAA=AAA=A,
AA = AL AA =0,AA =0AA =0AA =0, AA=A+A+A+A+A+AAA =Q
AA =0, AA=0. AA, =0, AA =0,AA =0,AA =0,AA, =0.
(iii.).A; =0, A,A, =0, AA =0, AA =0,AA =0, (IV.).A; = A A A=A AA =AAA =A,
AP =0, AA =0, A A = Ay AR = Ay ARy = Ay, AR = A AA = A AR = AL AA = A,

AR =R AA = A AA = A AA = AL RA =R AR = A
(VA = AL AN = AL AA = ALAA = AL AA = A, (VA = A AA = A AN = ALAA = A,
Achs =P AAs = A AgA = A, A = Ay AAs =P AgA = AL AA = A

(Vil.).A) = A A A = AL AA = A AA = ALAA = AL (Viii)AS = A AA = A A=A
(ix.).AZ = A, .we see that (I).A + A, + Ay + A, + A+ A+ A, + A+ Ay = ;. This implies that
{AAALAL AL A A, Ay Ay} s apartition of all 1 matrix J; of order 7. (ll)Al + A, = |5 This implies that

{A A} is a partition of diagonal relation |.
(ii)A=AA=AA=AA=AN=AAN=~N=~AA=A A=A Tisimpies that the set
{AA AL A A LA A, Ay, Ay} s closed under matrix transposition.Hence, product of any two adjacency matrices is
some linear combinations of adjacency matrices{A,A,, As, Ay, Ay, Ay, Ay, A, A} Thus, the set

C Z{Cl, Cz, C3, C4, C5, CG, C7}is a Coherent Configuration. Consider the matrix.

F=LA 1A +LA +0A +0" A +0° A +0'A + oA +o'A

1 1 1 1 1 1 1
1 0o o o & o o°
1 &* o o o 0° &°
F=11 &* & o o o o°
1 o o 0° o o @
1 o o o & o o
1 &° & o 0 o o]
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; 7
Where @ = exp(27r| /7) SO =1F is equivalent to dephased form of a Fourier matrix of order 7.0n the basis of
above result we state the following conjecture:

3.5.Conjecture: there exist a coherent configuration C defined on a finite set X of size p where p is a prime number so that
the suitable linear combination of adjacency matrices of the coherent configuration C form a matrix equivalent to Fourier matrix
of order p.
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