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Abstract: The integral of function is normally described as the “area under curve”. In engineering, the integral has many 

applications for understanding physical system. However in practice, finding an exact solution for integral of function is difficult 

or impossible. Although the method used for evaluating integral is depend on the nature of problem. If the integrand is smooth 

then, Gaussian Quadrature is used. For singularities structure of integrand, Romberg integration is used. This paper presents the 

Romberg integration which is refinement of extended trapezoidal rule followed by extrapolation and FORTRAN subroutines to 

handle this. 
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I. INTRODUCTION 

 

     In practice, we have many improper integrals, which may be improper due to one or more of the following reasons; 

(i) Its integrand goes to finite limiting value at finite upper and lower limits, but cannot be evaluated right on one of those limits. 

(ii) Its upper limit is infinity, or lower limit is minus infinity.  

(iii) It has an integrable singularity at either limit. 

(iv) It has an integrable singularity at a known place between upper and lower limits. 

METHOD: Richardson extrapolation is, foundation of a numerical integration scheme called Romberg integration. In this 

scheme, the integral 

I(f) = ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
 

is approximated using the Composite Trapezoidal Rule with step size  

h k = (b - a)*2{−𝑘} 

Where 𝑘 is a non-negative integer. Then   for each k, Richardson extrapolation is used k- 1 times to previously computed 

approximations in order to improve the order of accuracy as much as possible. More precisely, suppose that we compute 

approximations 𝑇1,1 and 𝑇2,1  to the integral, using the Composite Trapezoidal Rule with one and two subintervals, respectively. 

That is                                                                 𝑇1,1 =
𝑏−𝑎

2
[𝑓(𝑎) + 𝑓(𝑏)] 

 

     𝑇2,1 =
𝑏 − 𝑎

4
[𝑓(𝑎) + 2𝑓 (

𝑎 + 𝑏

2
) + 𝑓(𝑏)] 

 

Suppose that f has continuous derivatives of all orders on [a; b]. Then, the Composite Trapezoidal Rule, for a general number of 

subintervals n, satisfies 

∫ 𝑓(𝑥)𝑑𝑥 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2 ∑ 𝑓(𝑥𝑗)] +

𝑛−1

𝑗=1

𝑏

𝑎

∑ 𝐾𝑖ℎ
2𝑖

∞

𝑖=1

 

Where   ℎ =
𝑏−𝑎

𝑛
, 𝑥𝑗 = 𝑎 + 𝑗ℎ   and   constants 𝐾𝑖  depend only on the derivatives of f. 

Algorithm (Romberg Integration) : Given a positive integer J, an interval [a; b] and a function 

𝑓(𝑥), the following algorithm computes an approximation to I(f) =∫ 𝑓(𝑥)𝑑𝑥     
𝑏

𝑎
that  is accurate to   order  2J. 

h = b - a 

for   j = 1,2 ….J  do 

                               

∫ 𝑓(𝑥)𝑑𝑥 =
ℎ

2
[𝑓(𝑎) + 𝑓(𝑏) + 2 ∑ 𝑓(𝑥𝑗)]

2{𝑗−1}−1

𝑗=1

𝑏

𝑎

 

           (Composite Trapezoidal Rule) 

for  k = 2,3….. j do 

 

                        𝑇{𝑗,𝑘} = 𝑇{𝑗,𝑘−1} +
𝑇{𝑗 , 𝑘 − 1} − 𝑇{𝑗 − 1, 𝑘 − 1}

4{𝑗−1} − 1
 

end 

h=h/2 

end 
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SPECIAL CASES:  

A number of modifications designed to deal with cases where the integrand posses singularities 

Consider integral of the form 

𝐼 = ∫ 𝑤(𝑥)𝑓(𝑥)𝑑𝑥
𝑏

𝑎
                                (1) 

Where f(x) posses no singularities in the range , a≤ 𝑥 ≤ 𝑏, while w(x) has a singularities at one or both endpoints of the range. 

Suppose we apply substitution x=x(t), where x(t) is monotonic function with a=x(𝛼), 𝑏 = 𝑥(𝛽) , such that 

𝑤(𝑥)𝑑𝑥 = 𝑔(𝑡)𝑑𝑡               𝑓𝑜𝑟 𝑡 𝑖𝑛 (𝛼, 𝛽) 

Then (1) becomes  

𝐼 = ∫ 𝑔(𝑡)𝑓(𝑥(𝑡))𝑑𝑡
𝛽

𝛼

 

 

By trapezoidal rule, we obtain generalized trapezoidal rule for I 

𝐼 = ℎ ∑ 𝐻𝑟𝑓(𝑥𝑟) +

𝑛

𝑟=0

𝐸(ℎ) 

Where 

ℎ =
𝛽 − 𝛼

𝑛
 

𝑥𝑟 = 𝑥(𝛼 + 𝑟ℎ) 

𝐻𝑟 = 𝑔(𝛼 + 𝑟ℎ) 

FORTRAN SUBROUTINE: We can view Romberg’s method as the natural generalization of the routine qsimp in to integration 

schemes that are of higher order than Simpson’s rule. The basic idea is to use the results from k successive refinements of the 

extended trapezoidal rule (implemented in trapzd) to remove all terms in the error series up to but not including O(N=2k). The 

routine qsimp is the case of k = 2.  

SUBROUTINE qromb(func, a, b, ss) 

INTEGER JMAX, JMAXP, K, KM 

REAL a, b, func, ss, EPS 

EXTERNAL func 

PARAMETER (EPS=1.e-6, JMAX=20, JMAXP=JMAX+1, K=5, KM=K-1) 

C USES polint, trapzd 

Returns as ss the integral of the function func from a to b. Integration is performed by 

Romberg's method of order 2K, where, e.g., K=2 is Simpson's rule. 

Parameters: EPS is the fractional accuracy desired, as determined by the extrapolation 

error estimate; JMAX limits the total number of steps; K is the number of points used in 

the extrapolation. 

INTEGER j 

REAL dss, h(JMAXP), s(JMAXP).  These store the successive trapezoidal approximations 

and h(1)=1, their relative step sizes. 

do  j=1,JMAX 

call trapzd (func, a, b, s(j),j) 

if (j.ge.K) then 

call polint(h(j-KM),s(j-KM),K,0.,ss,dss) 

if (abs(dss).le.EPS*abs(ss))  

 return 

end if 

s(j+1)=s(j) 

h(j+1)=0.25*h(j) This is a key step: The factor is 0.25 even though the stepsize is decreased by only 0.5. This makes extrapolation 

a polynomial in h2 as allowed  not just a polynomial  in h. 

end do  

pause 'too many steps in qromb' 

END 

The routine qromb, along with its required trapzd and polint, is quite powerful for sufficiently smooth (e.g., analytic) integrands, 

integrated over intervals which contain no singularities, and where the endpoints are also nonsingular.  

SUBROUTINE qromo (func, a, b, ss, choose) 

INTEGER JMAX, JMAXP, K, KM 

REAL a, b, func, ss, EPS 

EXTERNAL func, choose 

PARAMETER (EPS=1.e-6, JMAX=14, JMAXP=JMAX+1, K=5, KM=K-1) 

C USES polint 

Romberg integration on an open interval and Returns as ss the integral of the function func 

from a to b, using any specied integrating subroutine choose and Romberg's method. 

Normally choose will be an open formula, not evaluating the function at the endpoints. It 

is assumed that choose triples the number of steps on each call, and that its error series 

contains only even powers of the number of steps. The routines midpnt, midinf, midsql, 
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midsqu, are possible choices for choose. The parameters have the same meaning as in 

qromb. 

INTEGER j 

REAL dss , h(JMAXP), s(JMAXP) 

h(1)=1. 

do 11 j=1,JMAX 

call choose(func ,a, b, s(j),j) 

if (j.ge.K) then 

call polint(h(j-KM),s(j-KM),K,0.,ss,dss) 

if (abs(dss).le.EPS*abs(ss))  

return 

end if 

s(j+1)=s(j) 

h(j+1)=h(j)/9 

end do   

pause 'too many steps in qromo' 

END 

The differences between qromo and qromb   is  so slight that it is perhaps 

Gratuitous  to list qromo in full. It, however, is an excellent driver routine for solving 

all the other problems of improper integral. 

SUBROUTINE midinf (funk, aa, bb, s, n) 

INTEGER n 

REAL aa, bb, s, funk 

EXTERNAL funk 

This routine is an exact replacement for midpnt, i.e., returns as s the nth stage of refinement 

of the integral of funk from aa to bb, except that the function is evaluated at evenly spaced 

points rather than in x. This allows the upper limit bb to be as large and positive 

as the computer allows, or the lower limit aa to be as large and negative, but not both. 

aa and bb must have the same sign. 

INTEGER it, j 

REAL a, b, ddel, del, sum, tnm, func, x 

func(x)=funk(1./x)/x**2 This statement function effects the change of variable. 

b=1./aa These two statements change the limits of integration aa=1./bb accordingly. 

if (n.eq.1)                 then From this point on, the routine is exactly identical to midpnt. 

s=(b-a)*func(0.5*(a+b)) 

else 

it=3**(n-2) 

tnm=it 

del=(b-a)/(3.*tnm) 

ddel= del+del 

x=a+0.5*del 

sum=0. 

do 11 j=1,it 

sum=sum+func(x) 

x=x+ddel 

sum=sum+func(x) 

x=x+del 

end do 11 

s=(s+(b-a)*sum/tnm)/3. 

End if 

return 

END 

SUBROUTINE midsql(funk, aa, bb, s ,n) 

INTEGER n 

REAL aa ,bb, s, funk 

EXTERNAL funk 

This routine is an exact replacement for midpnt, except that it allows for an inverse square root 

singularity in the integrand at the lower limit aa. 

INTEGER it, j 

REAL ddel, del, sum, tnm, x, func, a, b 

func(x)=2.*x*funk(aa+x**2) 

b=sqrt(bb-aa) 

a=0. 

if (n.eq.1) then 

The rest of the routine is exactly like midpnt and is omitted. 
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Similarly, 

SUBROUTINE midsqu(funk,aa,bb,s,n) 

INTEGER n 

REAL aa,bb,s,funk 

EXTERNAL funk 

This routine is an exact replacement for midpnt, except that it allows for an inverse square root 

singularity in the integrand at the upper limit bb. 

INTEGER it,j 

REAL ddel, del, sum, tnm, x, func , a ,b 

func(x)=2.*x*funk(bb-x**2) 

b=sqrt(bb-aa) 

a=0. 

if (n.eq.1) then 

The rest of the routine is exactly like midpnt and is omitted. 

 

II. RESULTS AND DISSUSSION 

 

     The integral of function is typically assumed as the “area under curve”. As we know, In engineering, the integral has many 

important applications in reference to understand physical systems of concern problems. Practically, it is very difficult to find an 

exact solution for integral of function, that’s we use this methods and techniques to resolve many numerical problems. Depending 

on problems and difficulties, this method is imposed i.e. If the integrand is smooth then, Gaussian Quadrature is used. These 

methods are also highly useful in multidisciplinary branches of science i.e. earth-sciences, life-sciences and physical sciences. 
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