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Abstract 

Homotopy perturbation method is an approach, which is grounded upon the concept of 

homotopy, which is basically taken from the area of topology, it is a general analytical method. 

In present paper, a brief review regarding homotopy perturbation method (HPM) is given as 

why homotopy perturbation method came into existence and which advancement, this method 

contains in comparison with previous work. in this paper, some applications of homotopy 

perturbation method along with non-linear partial differential equations are also discussed in 

terms of finding the analytical solution.  

1. Introduction 

The concept of HPM is independent of notion of inclusion of a trivial parameter given in the 

equation. By implementing homotopy concept in topology, a homotopy can be formed including 

the parameter, which belongs to [0, 1], taken as a small parameter. HPM was given by he [1-7] 

in 1999. By going through He’s [4] paper given in 1999, the point came into notion that why 

Homotopy perturbation method came into existence. The theory presented in He’s paper 

contains some interesting facts regarding HPM. Like, finding analytical technique for solving 

the non-linear problems is a matter of interest for scientist and researchers. The mostly well-

known techniques for finding these analytical solutions are the perturbation methods but alike 

other techniques for finding analytical solutions, it got clear that perturbation techniques had 

their own limitations, 

(a) As such perturbation techniques depend upon the hypothesis that a trivial parameter must be 

present in the equation and this minor parameter’s existence becomes the reason for the 

restricted applicability of the perturbation techniques. 

(b) To fetch the value of this small parameter is usually a difficult task which demands some 

special techniques. When the appropriate value of small parameter is taken into account in such 

case only correct results are possible otherwise any not suitable selection of small parameter 

can lead to the unacceptable result. 

(c) The approximate solutions which are obtained by the perturbation practices are acceptable 

but generally for the small value of the parameter. 

So by going through He’ notion it is clear that all the limitations emerged from the assumption 

of minor parameter. He introduced a technique by implementing the homotopy approach. 
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According to He’s notion, there is no requirement of the slight parameters in respective 

equation, that is why the limitations of the perturbation techniques can be easily overcome.  

2. Basic notion of HPM 

For any non-linear differential equation, the methodology of HPM is discussed as follows by 

He (1999) [4]. Non-linear differential equation: 

  𝐵(𝑢) –  𝑔(𝑠)  =  0 , where s ∈ D                                     (1) 

Where B is general differential operator. 

Boundary condition: C(u, ∂ u / ∂ n ) = 0, r ∈ ∂ D                                                   (2) 

C is the boundary operator, g(s) is analytical solution, D is domain of computation, ∂ D is the 

boundary of computational domain. The general differential operator can be splitted into two 

parts linear and non-linear. l is known as the linear part, n is known as the non-linear part.  

Equation (1) can be updated as: [𝑙 +  𝑛] (𝑢) –  𝑔(𝑠)  =  0                    

or                                            𝑙(𝑢) –  𝑛(𝑢) –  𝑔(𝑠)  =  0                                       (3) 

By employing the homotopy technique [8-9], a homotopy was constructed as follows: 

𝑣(𝑠, 𝑞) ∶  𝐷 × [0, 1]  →  𝑅 

Which satisfied the following condition: 

𝐻(𝑣, 𝑞)  =  (1 − 𝑞) [𝑙(𝑣) –  𝑙(𝑢0)] + 𝑞 [𝐵(𝑣) − 𝑔(𝑠)] = 0         (4) 

 where q ∈ [0, 1], s ∈ D  

i.e.   𝐻(𝑣, 𝑞) = 𝑙(𝑣) − 𝑞 𝑙(𝑣) − 𝑙(𝑢0) +  𝑞 𝑙(𝑢0) + 𝑞 𝐵(𝑣) − 𝑞 𝑔(𝑠) = 0         (5) 

i.e. 𝐻(𝑣, 𝑞) = 𝑙(𝑣) − 𝑞 𝑙(𝑣) − 𝑙(𝑢0) + 𝑞 𝑙(𝑢0) + 𝑞 𝑙(𝑣) + 𝑞 𝑛(𝑣) − 𝑞 𝑔(𝑠) = 0 (6) 

i.e.                 𝐻(𝑣, 𝑞) = 𝑙(𝑣) − 𝑙(𝑢0) + 𝑞 𝑙(𝑢0) + 𝑞 [𝑛(𝑣) − 𝑔(𝑠)] = 0          (7) 

Where q belongs to [0, 1] known as an embedding parameter, 𝑢0 is known as initial 

approximation of the equation (1), which satisfies the boundary conditions. 

From equation (7), 

H(𝑣, 0) = 𝑙(𝑣) −  𝑙(𝑢0) = 0                                      (8) 

H(𝑣, 1) = 𝑙(𝑣) − 𝑙(𝑢0) + 𝑙(𝑢0) + 𝑛(𝑣) − 𝑔(𝑠) = 0 

i.e.                                      H(𝑣, 1) = l(𝑣) + n(𝑣) – g(s) = 0        

i.e.                                           𝐻(𝑣, 1) = 𝐵(𝑢) − 𝑔(𝑠) = 0                                   (9) 

Where 𝑙(𝑣) − 𝑙(𝑢0) and 𝐵(𝑣) − 𝑔(𝑠) are known as homotopic. 

According to this technique the imbedding parameter q is taken as small parameter and the 

solution of equation (7) can be expressed as a power series of this parameter q. 
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𝑣  = 𝑣0 + 𝑞 𝑣1 + 𝑞2 𝑣2 + 𝑞3 𝑣3 + ⋯ … … … ..              (10) 

By assuming that q = 1, 

We will obtain that  

 𝑣  = 𝑣0 + 𝑣1 + 𝑣2 + 𝑣3 + ⋯ … … … … ..                     (11) 

Approximate solution of equation (1) can be written as  

  𝑢 =  lim
𝑞→1

𝑣                                                       (12) 

i.e. u =  lim
𝑞→1

𝑣  =  𝑣0 + 𝑞 𝑣1 + 𝑞2 𝑣2 + 𝑞3 𝑣3 + ⋯ … … … … . .                (13) 

The joining of the perturbation technique and homotopy method is known as the Homotopy 

Perturbation Method (HPM), which eliminates the restrictions caused due to the traditional 

perturbation techniques.  

3. Homotopy perturbation method: applications to different non-linear equations 

3.1 Application of Homotopy Perturbation method upon 1D Burgers’ equation: 

Concept of application of Homotopy Perturabation method upon 1D Burgers’ equation is 

taken from the paper [10], 

1D Burgers’ equation is given as follows: 

𝑢𝑡 + 𝑢 𝑢𝑥 = 𝜈 𝑢𝑥𝑥                                              (14) 

Initial condition:  

 𝑢(𝑥, 0) = 𝑔0(𝑥)    where x ∈ [0, 1]                                (15) 

Boundary conditions:  

𝑢(0, 𝑡) = 𝑔1(𝑡)    , t > 0                                           (16) 

𝑢𝑥(0, 𝑡) = 𝑔2(𝑡)  , t > 0                                            (17) 

Constructing homotopy, 

(1-q) 
𝜕𝑈

𝜕𝑡
−

𝜕𝑈0

𝜕𝑡
 + q 

𝜕𝑈

𝜕𝑡
+ 𝑈

𝜕𝑈

𝜕𝑥
 - ν 

𝜕2𝑈

𝜕𝑥2
 = 0                             (18) 

On solving above equation, 

𝜕𝑈

𝜕𝑡
  −

𝜕𝑈0

𝜕𝑡
 = 𝑞 [− 

𝜕𝑈0

𝜕𝑡
 −  𝑈

𝜕𝑈

𝜕𝑥
+  ν 

𝜕2𝑈

𝜕𝑥2
]                            (19) 

Suppose that the solution of equation (19) is, 

𝑈 = 𝑈0 + 𝑞 𝑈1 + 𝑞2 𝑈2  + ……………….                       (20) 

By using equation (20) into equation (19) we will get the following recurrence relation, 
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𝑈𝑗 =  ∫ [𝜈
𝜕2𝑈𝑗−1 

𝜕𝑥2

𝑡

0
− ∑ 𝑈𝑘

𝜕𝑈𝑗−𝑘−1 

𝜕𝑥

𝑗−1
𝑘= 0 ] dt,                            (21) 

Where 𝑗 =  1, 2, 3, … … … … .. 

and approximate solution will be obtained as, 

𝑈 = 𝑈0 + 𝑈1 + 𝑈2 + ………………..                              (22) 

 

3.2 Application of Homotopy perturbation method in 2d coupled Burgers’ equation: 

taking the concept of HPM for non-liear coupled 2d Burgers’ equation from [10] following 

discussion is given. 2D non-linear coupled Burgers’ equation is given as follows, 

𝑢𝑡 + 𝑢 𝑢𝑥 + 𝑣 𝑢𝑦 =  
1

𝑅𝑒
(𝑢𝑥𝑥 + 𝑢𝑦𝑦)                            (23) 

 𝑣𝑡 + 𝑣 𝑣𝑥 + 𝑣 𝑣𝑦 =  
1

𝑅𝑒
(𝑣𝑥𝑥 + 𝑣𝑦𝑦)                             (24) 

Initial Conditions: 

𝑢(𝑥, 𝑦, 0) = 𝜙1(𝑥, 𝑦) , (𝑥, 𝑦) ∈ 𝐷                                    (25) 

𝑣(𝑥, 𝑦, 0) = 𝜙2(𝑥, 𝑦), (𝑥, 𝑦) ∈  𝐷                                    (26) 

Boundary conditions: 

𝑢(𝑥, 𝑦, 𝑡) = 𝜓1(𝑥, 𝑦, 𝑡), (x, y) ∈ ∂D, 𝑡 >  0                          (27) 

𝑣(𝑥, 𝑦, 𝑡) = 𝜓2(𝑥, 𝑦, 𝑡), (x, y) ∈ ∂D, 𝑡 >  0                          (28) 

Where D is the computational domain given by D = {(x, y) : a ≤ x ≤ b, c ≤ y ≤ d } 

u(x, y, t) and v(x, y, t) are the velocity components are to be determined. 𝜙1(𝑥, 𝑦) 

, 𝜙2(𝑥, 𝑦), 𝜓1(𝑥, 𝑦, 𝑡) and 𝜓2(𝑥, 𝑦, 𝑡) are the known functions and Re is the Reynolds number. 

In order to solve equation (23) and (24) along with the initial conditions (25) and (26) following 

homotopy will be formed. 

(1-q) 
𝜕𝑢

𝜕𝑡
−

𝜕𝑢0

𝜕𝑡
+ 𝑞 [

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
− (

1

𝑅𝑒
) (

𝜕2𝑢

𝜕𝑥2
+ 

𝜕2𝑢

𝜕𝑦2)] = 0         (29) 

(1-q) 
𝜕𝑣

𝜕𝑡
−

𝜕𝑣0

𝜕𝑡
+ 𝑞 [

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
− (

1

𝑅𝑒
) (

𝜕2𝑣

𝜕𝑥2
+ 

𝜕2𝑢

𝜕𝑦2)] = 0          (30) 

Where approximated solution of equations (29) and (30) is given as following, 

u = 𝑢0 + 𝑞 𝑢1 + 𝑞2𝑢2 +……………                       (31) 

v = 𝑣0 + 𝑞 𝑣1 + 𝑞2𝑣2 +……………                       (32) 

By implemented the values of u and v from equation (31) and (32) into equations(29) and (30), 

following recurrence relations will be obtained. 
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𝑢𝑗 = (
1

𝑅𝑒
) ∫ (

𝜕2𝑢𝑗−1

𝜕𝑥2
 +

𝜕2𝑢𝑗−1

𝜕𝑦2 ) 𝑑𝑡 − ∫ (𝑢𝑘
𝜕𝑢𝑗−𝑘−1 

𝜕𝑥
+ 𝑣𝑘

𝜕𝑢𝑗−𝑘−1 

𝜕𝑦
)

1

0

𝑡

0
 𝑑𝑡     (33) 

𝑣𝑗 = (
1

𝑅𝑒
) ∫ (

𝜕2𝑣𝑗−1

𝜕𝑥2
 +

𝜕2𝑣𝑗−1

𝜕𝑦2 ) 𝑑𝑡 − ∫ (𝑢𝑘
𝜕𝑣𝑗−𝑘−1 

𝜕𝑥
+ 𝑣𝑘

𝜕𝑣𝑗−𝑘−1 

𝜕𝑦
)

1

0

𝑡

0
 𝑑𝑡       (34) 

Where the approximated solution is given as follows, 

u = lim
𝑞→1

(𝑢0 + 𝑞𝑢1 + 𝑞2 𝑢2 + ⋯ …)                                  (35 ) 

v = lim
𝑞→1

(𝑣0 + 𝑞 𝑣1 + 𝑞2 𝑣2 + ⋯ …)                                    (36) 

4. Review of literature 

In previous years a lot of research had seen done by scientists and researchers  in order to 

develop the analytical solutions of different class of diffrential equations. Different novel 

techniques have been implemented to get the solution of non-linear partial differential 

equations. Liao [11-15] established a new method based on homotopy from the area of topology, 

known as the Homotopy perturbation method in 1992 afterwards He gave the series solution of 

this method for the non-linear partial differential equation. Many researcher have implemented 

He’ HPM in order to solve different class of differential equations. Ganji [16] gave the 

application of He’s homotopy perturbation method to different type of non-linear equations used 

in area of heat transfer. Odibat and Momani [17] employed the notion of modified HPM as the 

application to the Ricatti differential equation with fractional order. Cveticanin [18], 

implemented the concept of HPM in the are of pure non-liear differential equations. Ghori et al. 

[19] presented the application of HPM in the squeezing flow of a Newtonian fluid. Abbasbandy 

[20] implemented the notion of HPM for the concept of functional integral equations. Tari et al. 

[21] gave the solutions of different type of differential equations by implementing the notion of 

variational iteration method, homotopy perturbation method and homotopy analysis method. 

Ozis and Yildtim [22] employed the notion of He’ HPM for the travelling wave solution of KdV 

equation.      

5. Conclusion: 

In present review paper, the technique of homotopy perturbation method is discussed after 

reviewing the literature and this point came into light that HPM is a very important technique 

to discuss the analytical solution of class on non-linear partial differential equations. 

Applications of this method are also discussed for the 1D Burgers’ equation as well as for 2D 

coupled Burgers’ equation as per literatrure. It can be said that this review paper will help in 

further research regarding homotopy perturbation method  as it has the most useful and 

important points and discussion related with homotopy perturbation method. 
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