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scale 3 wavelets for the solution of (2+1)-dimensional non-linear partial differential equations such as 
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1 Introduction  

To study the dynamics of any real-time phenomenon happening around us, one of the most accurate 

approaches is by using a mathematical model of it. It is said that where there is a motion there is a differential 

equation corresponding to it. Mathematical modelling for a majority of real-time phenomena’s results into a 

partial differential equation. Partial differential equations are playing a very important role in predicting the 

world around us. It can be seen in the literature that the numbers of phenomenon in science and technology 

have been studies via non-linear partial differential equations. Most of the non-linear partial differential 

equations do not possess any closed-form solution. Moreover, finding the solution of such equations becomes 

more challenging when there is a nonlinearity in the higher dimensional equation.  

The main purpose of our study is to introduce a new hybrid scheme based upon the 𝜃 −weighted differencing 

and Haar scale 3 wavelets for the solution of following types of three-dimensional non-linear partial 

differential equations 

𝜑𝑡 − (∆𝜑)𝑡 − 𝛼∆𝜑 + 𝛽 ∇𝜑 + 𝛾 𝛻. (𝜑𝛻𝜑) + 𝛿𝜑
2 = 𝜇 𝛻. (𝐹(𝜑)) + 𝑓 (𝑥, 𝑦, 𝑡), (𝑥, 𝑦)  

∈ Ω, 𝑡 >  0 

(1.1) 

subjected to initial and boundary constraints 

𝜑(𝑥, 𝑦, 0) = 𝑔(𝑥, 𝑦)         ∀ (𝑥, 𝑦) ∈  Ω 
 

(1.2) 

𝜑(𝑥, 𝑦, 𝑡) = ℎ(𝑥, 𝑦, 𝑡)       ∀ (𝑥, 𝑦) ∈  𝜕Ω, t ∈ [0, 𝑇] 
 

(1.3) 

where Ω is any closed and bounded domain contained in ℛ2 with smooth or piecewise smooth boundary 

represented by 𝜕Ω.  𝐹(𝜑) is a non-linear function of 𝜑 , 𝑓 (𝑥, 𝑦, 𝑡),  is the source term and 𝛼 , 𝛽 , 𝛾, 𝛿, 𝜇 are 

the real constants. In the present study, we will restrict ourselves to the following special cases of the equation 

no. (1.1) under the boundary and initial constraints represented by equations (1.2)-(1.3). 

Case 1: On taking  𝛼 = 1 , 𝛽 = 1 , 𝛾 = 0, 𝛿 = 0, 𝜇 = 1 , Equation no. (1.1) reduced to  

𝜑𝑡 − (∆𝜑)𝑡 − ∆𝜑 + ∇𝜑 =  𝛻. (𝐹(𝜑)) + 𝑓 (𝑥, 𝑦, 𝑡), (𝑥, 𝑦)  ∈ Ω, 𝑡 >  0 

 

(1.4) 

which is known as NBBMB (non-linear Benjamin Bona Mahony Burgers) equation. 
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Case 2: On taking  𝛼 = 0 , 𝛽 = 0 , 𝛾 = −1, 𝛿 = 𝜋2, 𝜇 = 0 , Equation no. (1.1) reduced to  

𝜑𝑡 − (∆𝜑)𝑡 −  𝛻. (𝜑𝛻𝜑) + 𝜋
2𝜑2 = +𝑓 (𝑥, 𝑦, 𝑡), (𝑥, 𝑦)  ∈ Ω, 𝑡 >  0 

 

(1.5) 

which is known as non-linear Sobolev equation. 

Sobolev equations belong to the important class of partial differential equations in which the highest order 

derivative present in the differential equation contains mixed derivative. with respect to time and space. 

These types of equations have a convincing physical background because of its huge use in Soil moisture 

migration [1], drainage of liquids through rocks having cracks [2], heat conduction Continuum Mechanics[3], 

etc. On the same platform, BBMB equation appeared in the analysis of wave propagation in different 

mediums like surface waves with a long wavelength in liquids, Acoustic waves in harmonic crystals, 

Acoustic-gravity waves incompressible fluids, Hydromagnetic waves in cold plasma, etc[4]. The extensive 

appearance of these kinds of equations in the mathematical modelling of different phenomena occurring in 

science and technology have gained the attention of the scientific community. But the analytic solutions 

Sobolev equations are very cumbersome to achieve. Therefore, many researchers are involved in developing 

the various numerical and semi-analytic schemes for finding solutions to the different problems governed by 

these differential equations. Some of the methods which have been recently developed and applied to solve 

the two-dimensional Sobolev and BBMB equations are Expanded Mixed Finite Element Method 

(EMFEM)[5] , Local Discontinuous Galerkin Method (LDGM)[6], Collocation Spectral Method (CSM)[7], 

Crank-Nicolson Finite Volume Element Method(CNFVM) [8], Haar Wavelet Method[9].  

 

But the study of establishing the solution for (2+1) dimensional partial differential equations using the Haar 

scale 3 wavelets has not been attempted in the literature which motivated us to develop a new technique for 

the solution of these types of equations. Wavelets are one of the modernistic orthonormal functions which 

have a capability of dilation and translation. Because of these properties, numerical techniques which involve 

wavelets bases are showing the qualitative improvement in contrast with other methods. In literature, dyadic 

wavelets are in preponderance. In 1995, Chui and Lian [10] has developed the Haar scale 3 wavelets by using 

the process of multiresolution analysis. In 2018, Mittal and Pandit have used the Haar scale 3 wavelets [11]–

[14] for solving the various types of differential equations and found that these wavelet bases are equally 

competent in solving the various types of mathematical models governed by differential equations. Also, it 

was shown by them that the Haar scale 3 wavelet has a faster rate of convergence as compared to the dyadic 

wavelets. This gives us good hope of getting a better solver for these equations by developing a new hybrid 

technique based upon  𝜃 −Weighted Differencing and Haar scale 3 Wavelets for the solution of (2+1) 

dimensional partial differential equations. 

 

The manuscript follows the sequence of sections as described: In section 2, explicit forms of Haar scale 3 

parent wavelets with their families and procedure to find their integrals have been explained briefly. 

Representation of the solution using Haar scale 3 wavelets is explained in section 3. Section 4 explains the 

method of solution using Haar scale 3 wavelets. In section 5, solutions of three different (2+1)-Dimensional 

Partial Differential Equations equations are produced using the present method to analyze the efficiency and 

performance of the present method. In section 6, the conclusion drawn from the results and in future research 

idea is given. 

2 Explicit forms of Haar scale 3 Wavelets and their integrals 

The mathematical expressions for parent wavelets of the wavelet family  [10], [13]  are given below  

 
ℎ1(𝑡)     =    {

1         0 ≤ 𝑡 < 1
0      𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 
(2.6) 

 
 ℎ𝑖(𝑡) = 𝜓

1(3𝑗𝑡 − 𝑘) =
1

√2
{  

−1         𝛼1(𝑖) ≤ 𝑡 < 𝛼2(𝑖)
   2         𝛼2(𝑖) ≤ 𝑡 < 𝛼3(𝑖)

−1         𝛼3(𝑖) ≤ 𝑡 < 𝛼4(𝑖)

0                 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

,        𝑓𝑜𝑟      𝑖

= 2,4, … 3𝑝 − 1 

(2.7) 
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 ℎ𝑖(𝑡) = 𝜓

2(3𝑗𝑡 − 𝑘) = √
3

2
{

  1           𝛼1(𝑖) ≤ 𝑡 < 𝛼2(𝑖)
   0           𝛼2(𝑖) ≤ 𝑡 < 𝛼3(𝑖)

−1           𝛼3(𝑖) ≤ 𝑡 < 𝛼4(𝑖)

0                    𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

,       𝑓𝑜𝑟       𝑖

= 3,6, … 3𝑝 

(2.8) 

where 𝛼1(𝑖) =
𝑘

𝑝
, 𝛼2(𝑖) =  

3𝑘+1

3𝑝
, 𝛼3(𝑖) =

(3𝑘+2)

3𝑝
,  𝛼4(𝑖) =

𝑘+1

𝑝
, 𝑝 = 3𝑗  ,  𝑗 = 0,1,2, … , 𝑘 = 0,1,2, … , 𝑝 − 1.  

Here  𝑖 , 𝑗 , 𝑘   respectively represent the wavelet number, level of resolution (dilation) and translation 

parameters of wavelets family. The values of  𝑖 (𝑓𝑜𝑟 𝑖 > 1) can be calculated with the help of  𝑗 , 𝑘   by using 

the following relations  {
𝑖 − 1 = 3𝑗 + 2𝑘      𝑓𝑜𝑟 𝑒𝑣𝑒𝑛 𝑖

 𝑖 − 2 = 3𝑗 + 2𝑘     𝑓𝑜𝑟  𝑜𝑑𝑑  𝑖 
}.By using this relation for different dilation and 

translations of  ℎ2(𝑡), ℎ3(𝑡), we will get the whole wavelet family where ℎ2(𝑡)and ℎ3(𝑡) are also called 

mother wavelets and rest all the wavelets which we have obtained from mother wavelet are called daughter 

wavelets. 

The main difference which makes the Haar scale 3 wavelets better than the dyadic wavelets is that in dyadic 

wavelets one wavelet generates the next all the generations but in case of Haar scale 3 wavelets, two mother 

wavelets with different shapes are responsible for the construction of the whole family. Because of this fact, 

Haar scale 3 wavelets increase the convergence rate of the solution.   

 

Now one can easily integrate the equations [Eq. (2.6)-Eq. (2.8)] the desired number of times over the interval 

[A, B) by using following formula  

𝑞𝛼,𝑖(𝑡) =
1

Γ(𝛼)
∫  ℎ𝑖(𝑥)(𝑡 − 𝑥)

𝛼−1𝑑𝑥
𝑡

𝐴
  ;  0 ≤ 𝛼 ≤ 𝑚 ,       𝑚 = 1,2,3……   ,         𝑖 =

1,2,3, ……3𝑝 
(2.9) 

 

After evaluating the above integrals, we get  

 

 𝑞𝛽,𝑖(𝑡) =
𝑡𝛽

Γ(𝛽+1)
 𝑓𝑜𝑟   𝑖 = 1 (2.10) 

 

𝑞𝛽,𝑖(𝑡)′𝑠   𝑓𝑜𝑟    𝑖 = 2,4,6,8,⋯ , 3𝑝 − 1  are given below    𝑞𝛽,𝑖(𝑡) = 

1

√2

{
 
 
 
 

 
 
 
 

0                                                                                                                                     𝑓𝑜𝑟     0 ≤  𝑡 ≤ 𝛼1(𝑖)
−1

Γ(𝛽 + 1)
(𝑡 − 𝛼1(𝑖))

𝛽
                                                                                                𝑓𝑜𝑟   𝛼1(𝑖) ≤ 𝑡 ≤ 𝛼2(𝑖)

1

Γ(𝛽 + 1)
[−(𝑡 − 𝛼1(𝑖))

𝛽
+ 3(𝑡 − 𝛼2(𝑖))

𝛽
]                                                             𝑓𝑜𝑟    𝛼2(𝑖) ≤ 𝑡 ≤ 𝛼3(𝑖)

1

Γ(𝛽 + 1)
[−(𝑡 − 𝛼1(𝑖))

𝛽
+ 3(𝑡 − 𝛼2(𝑖))

𝛽
− 3(𝑡 − 𝛼3(𝑖))

𝛽
]                            𝑓𝑜𝑟 𝛼3(𝑖) ≤ 𝑡 ≤ 𝛼4(𝑖)    

1

Γ(𝛽 + 1)
[−(𝑡 − 𝛼1(𝑖))

𝛽
+ 3(𝑡 − 𝛼2(𝑖))

𝛽
− 3(𝑡 − 𝛼3(𝑖))

𝛽
+ (𝑡 − 𝛼4(𝑖))

𝛽
]  𝑓𝑜𝑟 𝛼4(𝑖) ≤ 𝑡 ≤ 1        

}
 
 
 
 

 
 
 
 

   

 

  (2.11) 

𝑞𝛽,𝑖(𝑡)′𝑠   𝑓𝑜𝑟    𝑖 = 3,5,7,9,⋯ , 3𝑝  are given by  𝑞𝛽,𝑖(𝑡) =    

√
3

2

{
 
 
 
 

 
 
 
 

0                                                                                                                      𝑓𝑜𝑟      0 ≤  𝑡 ≤ 𝛼1(𝑖)
1

Γ(𝛽+1)
(𝑡 − 𝛼1(𝑖))

𝛽
                                                                                                 𝑓𝑜𝑟   𝛼1(𝑖) ≤ 𝑡 ≤ 𝛼2(𝑖)

1

Γ(𝛽+1)
[(𝑡 − 𝛼1(𝑖))

𝛽
− (𝑡 − 𝛼2(𝑖))

𝛽
]                                                             𝑓𝑜𝑟    𝛼2(𝑖) ≤ 𝑡 ≤ 𝛼3(𝑖)

1

Γ(𝛽+1)
[(𝑡 − 𝛼1(𝑖))

𝛽
− (𝑡 − 𝛼2(𝑖))

𝛽
− (𝑡 − 𝛼3(𝑖))

𝛽
]                               𝑓𝑜𝑟   𝛼3(𝑖) ≤ 𝑡 ≤ 𝛼4(𝑖)    

1

Γ(𝛽+1)
[(𝑡 − 𝛼1(𝑖))

𝛽
− (𝑡 − 𝛼2(𝑖))

𝛽
− (𝑡 − 𝛼3(𝑖))

𝛽
+ (𝑡 − 𝛼4(𝑖))

𝛽
]       𝑓𝑜𝑟 𝛼4(𝑖) ≤ 𝑡 ≤ 1        }

 
 
 
 

 
 
 
 

   

  (2.12) 
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3 Approximation of solution  

Using the properties of Haar scale 3 wavelets as explained in section 3, any function 𝑥(𝑡) ∈ 𝐿2(𝑅) can be 

expressed as 

 
𝑢(𝑡) = ∑ 𝑎𝑖ℎ𝑖(𝑡)

∞
𝑖=0  = 𝑎1ℎ1(𝑡) + ∑ 𝑎𝑖𝜓

1(3𝑗𝑡 − 𝑘) +𝑒𝑣𝑒𝑛 𝑖

∑ 𝑎𝑖𝜓
2(3𝑗𝑡 − 𝑘)𝑜𝑑𝑑 𝑖>1     

(3.13) 

 

Here 𝑎𝑖′𝑠 are the wavelet coefficients whose values are to be determined by the proposed method. But for 

the computational purpose, one can consider the truncated series of wavelets up to 3p terms. we get  

 𝑢(𝑡) ≈ 𝑢3𝑝 =∑𝑎𝑖ℎ𝑖(𝑡)

3𝑝

𝑖=0

 (3.14) 

where  𝑝 = 3𝑗 ,  𝑗 = 0,1,2, … 

4 Description of Proposed Scheme  

This section is used to describe the procedure involved in the proposed scheme for getting the solution to the 

concerned problems. Consider the following equation 

 𝜑𝑡 − (∆𝜑)𝑡 −  𝛻. (𝜑𝛻𝜑) + 𝜋
2𝜑2 = 𝑓 (𝑥, 𝑦, 𝑡), (𝑥, 𝑦)  ∈ Ω, 𝑡 >  0 

 
(4.15) 

Using the 𝜃 −weighted finite differencing scheme for time discretization, the above equation becomes 

𝜑𝑛+1 − (𝜑𝑥𝑥
𝑛+1 + 𝜑𝑦𝑦

𝑛+1) − 𝜃∆𝑡 (𝜑𝑛+1𝜑𝑥𝑥
𝑛+1 +𝜑𝑛+1𝜑𝑦𝑦

𝑛+1 + (𝜑𝑥
2)𝑛+1 + (𝜑𝑦

2)
𝑛+1

−

𝜋2(𝜑2)𝑛+1) = 𝜑𝑛 − (𝜑𝑥𝑥
𝑛 + 𝜑𝑦𝑦

𝑛 ) + (1 − 𝜃)∆𝑡(𝜑𝑛𝜑𝑥𝑥
𝑛 + 𝜑𝑛𝜑𝑦𝑦

𝑛 + (𝜑𝑥
2)𝑛 +

(𝜑𝑦
2)
𝑛
− 𝜋2(𝜑2)𝑛) +(1 − 𝜃)∆𝑡𝑓𝑛 + 𝜃∆𝑡 𝑓𝑛+1   

 

(4.16) 

By applying the quasilinearization technique to linearize the non-linear terms as described below  

(𝜑𝜑𝑥𝑥)
𝑛+1 = 𝜑𝑛+1𝜑𝑥𝑥

𝑛 + 𝜑𝑛𝜑𝑥𝑥
𝑛+1 − 𝜑𝑛𝜑𝑥𝑥

𝑛   ,  

(𝜑𝜑𝑦𝑦)
𝑛+1

= 𝜑𝑛+1𝜑𝑦𝑦
𝑛 + 𝜑𝑛𝜑𝑦𝑦

𝑛+1 − 𝜑𝑛𝜑𝑦𝑦
𝑛  

(𝜑𝑥
2)𝑛+1 = 2𝜑𝑥

𝑛𝜑𝑥
𝑛+1 − (𝜑𝑥

2)𝑛  

(𝜑𝑦
2)
𝑛+1

= 2𝜑𝑦
𝑛𝜑𝑦

𝑛+1 − (𝜑𝑦
2)
𝑛

    

(𝜑2)𝑛+1 = 2𝜑𝑛𝜑𝑛+1` − (𝜑2)𝑛 

(1 − 𝜃∆𝑡(𝜑𝑥𝑥
𝑛 + 𝜑𝑦𝑦

𝑛 − 2𝜋2𝜑𝑛))𝜑𝑛+1 − (1 + 𝜃∆𝑡 𝜑𝑛)(𝜑𝑥𝑥
𝑛+1 + 𝜑𝑦𝑦

𝑛+1) − 2𝜃∆𝑡(𝜑𝑥
𝑛𝜑𝑥

𝑛+1 + 𝜑𝑦
𝑛𝜑𝑦

𝑛+1) =

𝜑𝑛 − (𝜑𝑥𝑥
𝑛 + 𝜑𝑦𝑦

𝑛 ) + (1 − 2𝜃)∆𝑡(𝜑𝑛𝜑𝑥𝑥
𝑛 +𝜑𝑛𝜑𝑦𝑦

𝑛 + (𝜑𝑥
2)𝑛 + (𝜑𝑦

2)
𝑛
− 𝜋2(𝜑2)𝑛) +(1 − 𝜃)∆𝑡𝑓𝑛 +

𝜃∆𝑡 𝑓𝑛+1   

subjected to initial and boundary constraints 

𝜑(𝑥, 𝑦, 0) = 𝑔(𝑥, 𝑦) ∀ (𝑥, 𝑦) ∈  Ω,  𝜑𝑗(𝑥, 𝑦, 𝑡) = ℎ(𝑥, 𝑦, 𝑡𝑛)  ∀ (𝑥, 𝑦) ∈  𝜕Ω, t ∈ [0, 𝑇] 

where 𝜑𝑛 = 𝜑(𝑥, 𝑦, 𝑡𝑛) ,  𝑓
𝑛 = 𝑓(𝑥, 𝑦, 𝑡𝑛)  , Ω = [0.1] × [0.1]               𝑛 = 1,2,3… 

 

(4.17) 

Now space variables are discretized with the help of two dimensional Haar scale 3 wavelets as explained 

below  

𝜑𝑥𝑥𝑦𝑦
𝑛+1 (𝑥, 𝑦) =∑∑  𝑎𝑖𝑙

𝑛+1ℎ𝑖(𝑥) ℎ𝑙(𝑦)

3𝑝

𝑙=1

3𝑝

𝑖=1

 

 

(4.18) 

Integrating w.r.t  𝑥  within the domain 0 to 𝑥 , the above equation leads to 
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𝜑𝑥𝑦𝑦
𝑛+1(𝑥, 𝑦) =∑∑𝑎𝑖𝑙

𝑛+1𝑞𝑖,1(𝑥) ℎ𝑙(𝑦) + 𝜑𝑥𝑦𝑦
𝑛+1(0, 𝑦)

3𝑝

𝑙=1

3𝑝

𝑖=1

 

 

(4.19) 

Now by integrating the above equation w.r.t   𝑥 within the domain 0 to 1, the value of  𝜑𝑥𝑦𝑦
𝑗+1(0, 𝑦) is given 

by  

𝜑𝑥𝑦𝑦
𝑛+1(0, 𝑦) = 𝜑𝑦𝑦

𝑛+1(1, 𝑦) − 𝜑𝑦𝑦
𝑛+1(0, 𝑦) −∑∑𝑎𝑖𝑙

𝑛+1𝑞𝑖,2(1) ℎ𝑙(𝑦)

3𝑝

𝑙=1

3𝑝

𝑖=1

 

 

(4.20) 

Now equation becomes  

𝜑𝑥𝑦𝑦
𝑛+1(𝑥, 𝑦) =∑∑𝑎𝑖𝑙

𝑛+1 (𝑞𝑖,1(𝑥) − 𝑞𝑖,2(1))  ℎ𝑙(𝑦) + 𝜑𝑦𝑦
𝑛+1(1, 𝑦) − 𝜑𝑦𝑦

𝑛+1(0, 𝑦)

3𝑝

𝑙=1

3𝑝

𝑖=1

 

 

(4.21) 

Again, integrating w.r.t 𝑥 within the limits we get 

𝜑𝑦𝑦
𝑛+1(𝑥, 𝑦) = ∑ ∑ 𝑎𝑖𝑙

𝑛+1 (𝑞𝑖,2(𝑥) − 𝑥 𝑞𝑖,2(1))  ℎ𝑙(𝑦) + 𝑥 𝜑𝑦𝑦
𝑛+1(1, 𝑦) + (1 −3𝑝

𝑙=1
3𝑝
𝑖=1

𝑥)𝜑𝑦𝑦
𝑛+1(0, 𝑦)  

 

(4.22) 

Integrate w.r.t y within the limits 0 to 𝑦 we get 

𝜑𝑦
𝑛+1(𝑥, 𝑦) = ∑ ∑ 𝑎𝑖𝑙

𝑛+1 (𝑞𝑖,2(𝑥) − 𝑥 𝑞𝑖,2(1)) 𝑞𝑙,1(𝑦) + 𝑥 (𝜑𝑦
𝑛+1(1, 𝑦) −3𝑝

𝑙=1
3𝑝
𝑖=1

𝜑𝑦
𝑛+1(1,0)) + (1 − 𝑥) (𝜑𝑦

𝑛+1(0, 𝑦) − 𝜑𝑦
𝑛+1(0,0)) + 𝜑𝑦

𝑛+1(𝑥, 0)  

 

(4.23) 

𝜑𝑦
𝑛+1(𝑥, 0) = (𝜑𝑛+1(𝑥, 1) − 𝜑𝑛+1(𝑥, 0)) − ∑ ∑ 𝑎𝑖𝑙

𝑛+1 (𝑞𝑖,2(𝑥) −
3𝑝
𝑙=1

3𝑝
𝑖=1

𝑥 𝑞𝑖,2(1)) 𝑞𝑙,2(1) − 𝑥(𝜑
𝑛+1(1,1) − 𝜑𝑛+1(1,0)) + 𝑥𝜑𝑛+1(1,0) − (1 −

𝑥)(𝜑𝑛+1(0,1) − 𝜑𝑛+1(0,0)) + (1 − 𝑥)𝜑𝑦
𝑛+1(0,0)  

 
(4.24) 

𝜑𝑦
𝑛+1(𝑥, 𝑦) = ∑ ∑ 𝑎𝑖𝑙

𝑛+1 (𝑞𝑖,2(𝑥) − 𝑥 𝑞𝑖,2(1)) (𝑞𝑙,1(𝑦) − 𝑞𝑙,2(1)) +
3𝑝
𝑙=1

3𝑝
𝑖=1

𝑥  𝜑𝑦
𝑛+1(1, 𝑦) + (1 − 𝑥) 𝜑𝑦

𝑛+1(0, 𝑦) + (𝜑𝑛+1(𝑥, 1) − 𝜑𝑛+1(𝑥, 0)) − 𝑥(𝜑𝑛+1(1,1) −

𝜑𝑛+1(1,0)) − (1 − 𝑥)(𝜑𝑛+1(0,1) − 𝜑𝑛+1(0,0))  
 (4.25) 

Integrate w.r.t y within the limits 0 to 𝑦 we get 

𝜑𝑛+1(𝑥, 𝑦) = ∑ ∑ 𝑎𝑖𝑙
𝑛+1 (𝑞𝑖,2(𝑥) − 𝑥 𝑞𝑖,2(1)) (𝑞𝑙,2(𝑦) − 𝑦𝑞𝑙,2(𝑦))

3𝑝
𝑙=1

3𝑝
𝑖=1 +

𝑥(𝜑𝑛+1(1, 𝑦) − 𝜑𝑛+1(1,0)) + (1 − 𝑥)(𝜑𝑛+1(0, 𝑦) − 𝜑𝑛+1(0,0)) + 𝑦(𝜑𝑛+1(𝑥, 1) −

𝜑𝑛+1(𝑥, 0)) − 𝑥𝑦(𝜑𝑛+1(1,1) − 𝜑𝑛+1(1,0)) − (1 − 𝑥)𝑦(𝜑𝑛+1(0,1) − 𝜑𝑛+1(0,0)) +

𝜑𝑛+1(𝑥, 0)  
 

(4.26) 

Similarly, by using the same procedure the expression for 𝜑𝑥𝑥
𝑗+1

, 𝜑𝑥
𝑗+1

 can be obtained as 

𝜑𝑥𝑥
𝑛+1(𝑥, 𝑦) = ∑ ∑ 𝑎𝑖𝑙  ℎ𝑖(𝑥) (𝑞𝑙,2(𝑦) − 𝑦 𝑞𝑙,2(1)) + 𝑦 𝜑𝑥𝑥

𝑛+1(𝑥, 1) + (1 −3𝑝
𝑙=1

3𝑝
𝑖=1

𝑦)𝜑𝑥𝑥
𝑛+1(𝑥, 0)  

 
(4.27) 

𝜑𝑥
𝑛+1(𝑥, 𝑦) = ∑ ∑ 𝑎𝑖𝑙

𝑛+1 (𝑞𝑖,1(𝑥) − 𝑞𝑖,2(1)) (𝑞𝑙,2(𝑦) − 𝑦 𝑞𝑙,2(1)) +
3𝑝
𝑙=1

3𝑝
𝑖=1

𝑦  𝜑𝑥
𝑛+1(𝑥, 1) + (1 − 𝑦) 𝜑𝑥

𝑛+1(𝑥, 0) + (𝜑𝑛+1(1, 𝑦) − 𝜑𝑛+1(0, 𝑦)) − 𝑦(𝜑𝑛+1(1,1) −

𝜑𝑛+1(0,1)) − (1 − 𝑦)(𝜑𝑛+1(1,0) − 𝜑𝑛+1(0,0))  (4.28) 

Putting the values of   𝜑𝑛+1 , 𝜑𝑥𝑥
𝑛+1 , 𝜑𝑦𝑦

𝑛+1 , 𝜑𝑥
𝑛+1, 𝜑𝑦

𝑛+1  and by using the boundary constraints and 

discretizing the space variable as 𝑥 → 𝑥𝑟 , 𝑦 → 𝑦𝑠   where 𝑥𝑟 =
2𝑟−1

6𝑝
   , 𝑦𝑠 =

2𝑠−1

6𝑝
, 𝑟, 𝑠 = 1,2, ……3𝑝    in 

the above equations we get the following system of algebraic equations  

∑∑𝑎𝑖𝑙
𝑛+1

3𝑝

𝑙=1

3𝑝

𝑖=1

𝑅𝑖,𝑙,𝑟,𝑠 = 𝐹(𝑟, 𝑠) 

  

 

(4.29) 

where  
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𝑅𝑖,𝑙,𝑟,𝑠 = (1 − 𝜃∆𝑡(𝜑𝑥𝑥
𝑛 + 𝜑𝑦𝑦

𝑛 − 2𝜋2𝜑𝑛)) (𝑞𝑖,2(𝑥) − 𝑥 𝑞𝑖,2(1)) (𝑞𝑙,2(𝑦) −

𝑦𝑞𝑙,2(𝑦)) − (1 + 𝜃∆𝑡 𝜑
𝑛) ( ℎ𝑖(𝑥𝑟) (𝑞𝑙,2(𝑦𝑠) − 𝑦 𝑞𝑙,2(1)) + (𝑞𝑖,2(𝑥𝑟) −

𝑥𝑟 𝑞𝑖,2(1))  ℎ𝑙(𝑦𝑠))  − 2𝜃∆𝑡 (𝜑𝑥
𝑛 (𝑞𝑖,1(𝑥) − 𝑞𝑖,2(1)) (𝑞𝑙,2(𝑦) − 𝑦 𝑞𝑙,2(1)) +

𝜑𝑦
𝑛 (𝑞𝑖,2(𝑥) − 𝑥 𝑞𝑖,2(1)) (𝑞𝑙,1(𝑦) − 𝑞𝑙,2(1)))                ∀ 𝑖, 𝑗  

 

(4.30) 

𝐹(𝑟, 𝑠) = (𝜑𝑛(𝑥𝑟 , 𝑦𝑠) − (𝜑𝑥𝑥
𝑛 (𝑥𝑟, 𝑦𝑠) + 𝜑𝑦𝑦

𝑛 (𝑥𝑟, 𝑦𝑠)) + (1 −

2𝜃)∆𝑡 (𝜑𝑛(𝑥𝑟 , 𝑦𝑠)𝜑𝑥𝑥
𝑛 (𝑥𝑟 , 𝑦𝑠) + 𝜑

𝑛(𝑥𝑟 , 𝑦𝑠)𝜑𝑦𝑦
𝑛 (𝑥𝑟 , 𝑦𝑠) + (𝜑𝑥

2(𝑥𝑟 , 𝑦𝑠))
𝑛
+

(𝜑𝑦
2(𝑥𝑟 , 𝑦𝑠))

𝑛

− 𝜋2(𝜑2(𝑥𝑟 , 𝑦𝑠))
𝑛
)+(1 − 𝜃)∆𝑡𝑓𝑛(𝑥𝑟 , 𝑦𝑠) + 𝜃∆𝑡 𝑓

𝑛+1(𝑥𝑟, 𝑦𝑠)) −

(1 − 𝜃∆𝑡 (𝜑𝑥𝑥
𝑛 (𝑥𝑟 , 𝑦𝑠) + 𝜑𝑦𝑦

𝑛 (𝑥𝑟 , 𝑦𝑠) − 2𝜋
2𝜑𝑛(𝑥𝑟 , 𝑦𝑠))) (𝑥𝑟(𝜑

𝑛+1(1, 𝑦𝑠) −

𝜑𝑛+1(1,0)) + (1 − 𝑥𝑟)(𝜑
𝑛+1(0, 𝑦𝑠) − 𝜑

𝑛+1(0,0)) + 𝑦𝑠(𝜑
𝑛+1(𝑥𝑟 , 1) −

𝜑𝑛+1(𝑥𝑟 , 0)) − 𝑥𝑟𝑦𝑠(𝜑
𝑛+1(1,1) − 𝜑𝑛+1(1,0)) − (1 − 𝑥𝑟)𝑦𝑠(𝜑

𝑛+1(0,1) −

𝜑𝑛+1(0,0)) + 𝜑𝑛+1(𝑥𝑟 , 0)) + (1 + 𝜃∆𝑡 𝜑
𝑛(𝑥𝑟 , 𝑦𝑠)) (𝑦𝑠 𝜑𝑥𝑥

𝑛+1(𝑥𝑟 , 1) + (1 −

𝑦𝑠)𝜑𝑥𝑥
𝑛+1(𝑥𝑟 , 0) + 𝑥 𝜑𝑦𝑦

𝑛+1(1, 𝑦𝑠) + (1 − 𝑥𝑟)𝜑𝑦𝑦
𝑛+1(0, 𝑦𝑠)) +

2𝜃∆𝑡(𝜑𝑥
𝑛(𝑦𝑠  𝜑𝑥

𝑛+1(𝑥𝑟 , 1) + (1 − 𝑦𝑠) 𝜑𝑥
𝑛+1(𝑥𝑟 , 0) + (𝜑

𝑛+1(1, 𝑦𝑠) − 𝜑
𝑛+1(0, 𝑦𝑠)) −

𝑦𝑠(𝜑
𝑛+1(1,1) − 𝜑𝑛+1(0,1)) − (1 − 𝑦𝑠)(𝜑

𝑛+1(1,0) − 𝜑𝑛+1(0,0))  +

𝜑𝑦
𝑛(𝑥𝑟  𝜑𝑦

𝑛+1(1, 𝑦𝑠) + (1 − 𝑥𝑟) 𝜑𝑦
𝑛+1(0, 𝑦𝑠) + (𝜑

𝑛+1(𝑥𝑟, 1) − 𝜑
𝑛+1(𝑥𝑟 , 0)) −

𝑥𝑟(𝜑
𝑛+1(1,1) − 𝜑𝑛+1(1,0)) − (1 − 𝑥𝑟)(𝜑

𝑛+1(0,1) − 𝜑𝑛+1(0,0)) )  
(4.31) 

The above system reduced to the system of algebraic equations and further it gets reduced to the following 

system of 4D-arrays    

𝐴3𝑝×3𝑝𝑅3𝑝×3𝑝×3𝑝×3𝑝 = 𝐹3𝑝×3𝑝 

 
(4.32) 

Further, the above arrays system is reduced to the following matrix system using the transformations 𝑎𝑖𝑙
𝑛+1 =

𝑏𝜆
𝑛+1  𝑎𝑛𝑑 𝐹𝑟𝑠 = 𝐺𝜇      

𝐵1×(3𝑝)2𝑆(3𝑝)2×(3𝑝)2 = 𝐺1×(3𝑝)2 

 
(4.33) 

Where 𝜆 = 3𝑝(𝑖 − 1) + 𝑙 and  𝜇 = 3𝑝(𝑟 − 1) + 𝑠 

Then the values of 𝑏𝜆
𝑛+1 can be calculated successively for different values of n=1,2… by solving the above 

system of equation using the Thomas algorithm via MATLAB Program. Original wavelet coefficients 𝑎𝑖𝑙
𝑛+1 

can be restored using the above transformation. These coefficients will be used in the equations to determine 

the final solution of the problem ) for different value of 𝑡𝑛 for n= 0,1, 2... 

5 Numerical experiments and error analysis 

To describe the efficiency of the present scheme, some numerical experiment has been conducted on (2+1)-

dimensional partial differential equations. 𝐿2 , 𝐿∞ and absolute errors have been calculated to check the level 

of accuracy of the present scheme with the help of following formulas at a fixed time t 

Absolute error =|𝑢𝑒𝑥𝑎𝑐𝑡(𝑥𝑟 , 𝑦𝑠, 𝑡) − 𝑢𝑛𝑢𝑚(𝑥𝑟 , 𝑦𝑠, 𝑡)| (5.34) 

𝐿∞ = max
𝑟,𝑠
|𝑢𝑒𝑥𝑎𝑐𝑡(𝑥𝑟 , 𝑦𝑠, 𝑡) − 𝑢𝑛𝑢𝑚(𝑥𝑟 , 𝑦𝑠, 𝑡)| (5.35) 

 

𝐿2 =

√∑ |𝑢𝑒𝑥𝑎𝑐𝑡(𝑥𝑟 , 𝑦𝑠, 𝑡) − 𝑢𝑛𝑢𝑚(𝑥𝑟 , 𝑦𝑠, 𝑡)|2
3𝑝
𝑙=1

√∑ |𝑢𝑒𝑥𝑎𝑐𝑡(𝑥𝑟, 𝑦𝑠, 𝑡)|2
3𝑝
𝑙=1

 (5.36) 

Numerical Experiment 1:  In this experiment, we considered the two-dimensional non-linear Sobolev 

equation of the following type 
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𝜑𝑡 − (∆𝜑)𝑡 −  𝛻. (𝜑𝛻𝜑) + 𝜋
2𝜑2 = 𝑓 (𝑥, 𝑦, 𝑡), (𝑥, 𝑦)  ∈ Ω, 𝑡 >  0 

With the following boundary and initial constraints 

(𝑖)𝜑 (x, y,0) = sin(πx) sin(πy)                 (𝑥, 𝑦) ∈ [0,1] × [0,1]   

(𝑖𝑖)𝜑 (𝑥, 𝑦, 𝑡)  = 𝑒𝑡 𝑠𝑖𝑛(𝜋𝑥) 𝑠𝑖𝑛(𝜋𝑦)    (𝑥, 𝑦) ∈  𝜕Ω, t ∈ [0, 𝑇]    

and the source term 

𝑓 (𝑥, 𝑦, 𝑡) = (1 + 2𝜋2)𝑒𝑡 𝑠𝑖𝑛(𝜋𝑥)𝑠𝑖𝑛(𝜋𝑦) + 3𝜋2𝑒2𝑡  𝑠𝑖𝑛2(𝜋𝑥)𝑠𝑖𝑛2(𝜋𝑦) −  2𝜋2(𝑒2𝑡 𝑠𝑖𝑛2(𝜋𝑥)𝑐𝑜𝑠2(𝜋𝑦) +
𝑒2𝑡 𝑐𝑜𝑠2(𝜋𝑥)𝑠𝑖𝑛2(𝜋𝑦))     
 

  

 

Fig.1a Fig.1b 

Fig.1c Fig.1d 

Figure 1: Graphical representation of Exact solution ( fig.1a ), Approximate solution( fig.1b ), contour view 

of the approx. solution (fig.1c) and absolute error ( fig.1d ) in the solution at t=1, ∆𝒕 = 𝟎. 𝟎𝟏 , 𝜽 = 𝟎. 𝟓 of 

numerical Experiment no 1. 

Results obtained by the proposed scheme has with the help of tables and surface plots. It is very much clear 

from Figure 1 that results achieved with the proposed scheme are roughly coinciding with the analytic 

solution.The  level of accuracy obtained for the solution is of order 10−4  which is a noteworthy achievement 

for these kinds of problems. The solution achieved can further be improved by increasing the number of 

collocation. In table 1 error norms obtained by the present scheme are also compared  with the other methods 

[15][9]  at different level of  resolution j and it  has been observed that with the increase in the collocation 

points (level of resolution), error norms  are decreasing which ensure the stability of the proposed scheme. 

We infer that our scheme is working good as compare to the methods [9], [15]. 

Table 1: 𝑳𝟐 , 𝑳∞  errors  in the solution at t=1,∆𝒕 = 𝟎. 𝟎𝟎𝟏 , 𝜽 = 𝟏 of  numerical Experiment no 2 

𝐽 𝐿2 𝐿∞ 𝐿2  [9] 𝐿∞ [9] 𝐿2 [15] 

0 3.8655E-

02 

1.0441E-

01 

1.7284E−01 5.8662E−02 3.1576E−02 

1 4.7240E-

03 

1.2236E-

02 

7.5881E−02 1.3147E−02 7.8313E−03 
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2 5.0009E-

04 

9.3648E-

04 

3.4724E−02 3.0030E−03 1.9572E−03 

3 1.7150E-

04 

6.2176E-

04 

1.3063E−02 5.5208E−02 ----- 

 

Numerical Experiment 2:  In this experiment, we considered the two-dimensional non-linear NBBMB 

(non-linear Benjamin Bona Mahony Burgers) equation of the following type 

𝜑𝑡 − (∆𝜑)𝑡 − ∆𝜑 + ∇𝜑 =  𝛻. (𝐹(𝜑)) + 𝑓 (𝑥, 𝑦, 𝑡), (𝑥, 𝑦) ∈ Ω, 𝑡 >  0 

With the following boundary and initial constraints  

(𝑖)𝜑 (𝑥, 𝑦, 0) = sin(𝑥 + 𝑦)         (𝑥, 𝑦) ∈ [0,1] × [0,1] 
(𝑖𝑖)𝜑 (𝑥, 𝑦, 𝑡)  =  𝑡 𝑠𝑖𝑛(𝑥 + 𝑦)          (𝑥, 𝑦) ∈  𝜕𝛺, 𝑡 ∈ [0, 𝑇] and  

The source terms 

𝑓(𝑥, 𝑦, 𝑡) = (3 + 2𝑡 − 2𝑡2 cos(𝑥 + 𝑦))𝑠𝑖𝑛(𝑥 + 𝑦) + 2 𝑡 cos (𝑥 + 𝑦)  
 

The numerical solution obtained by using the proposed scheme at 𝑡 = 𝑡𝑛+1 , 𝑛 = 0,1,2… is given by   

𝜑(𝑥, 𝑦, 𝑡𝑛+1) = ∑ ∑ 𝑎𝑖𝑙
𝑛+1 (𝑞𝑖,2(𝑥) − 𝑥 𝑞𝑖,2(1)) (𝑞𝑙,2(𝑦) − 𝑦𝑞𝑙,2(𝑦))

3𝑝
𝑙=1

3𝑝
𝑖=1 + 𝑥(𝜑𝑛+1(1, 𝑦) −

𝜑𝑛+1(1,0)) + (1 − 𝑥)(𝜑𝑛+1(0, 𝑦) − 𝜑𝑛+1(0,0)) + 𝑦(𝜑𝑛+1(𝑥, 1) − 𝜑𝑛+1(𝑥, 0)) − 𝑥𝑦(𝜑𝑛+1(1,1) −

𝜑𝑛+1(1,0)) − (1 − 𝑥)𝑦(𝜑𝑛+1(0,1) − 𝜑𝑛+1(0,0)) + 𝜑𝑛+1(𝑥, 0)  

Where the wavelet coefficient 𝑎𝑖𝑙
𝑛+1 has been determined will the help of scheme discussed in section 4.  

Table 2: 𝑳𝟐 , 𝑳∞  errors in the solution at the different values of t with  𝜽 = 𝟎. 𝟓  and  J=3 for numerical 

Experiment no 2   

𝑡 𝐿2 𝐿∞ 𝐿2 [9] 𝐿∞ [9] 

0.1 4.9037E-04 7.3137E-05 9.0478E−04 9.7897E−05 

0.2 1.6986E-04 5.4437E-05 1.9331E−03 2.0530E−04 

0.3 9.1296E-05 4.1336E-05 -- -- 

0.4 1.2961E-04 7.6725E-05 -- -- 

0.5 1.8913E-04 1.2210E-04 5.2227E−03 5.6699E−04 

0.6 2.4703E-04 1.7748E-04 -- -- 

0.7 3.0204E-04 2.4279E-04 -- -- 

0.8 3.5479E-04 3.1806E-04 -- -- 

0.9 4.0587E-04 4.0327E-04 -- -- 

1 4.5574E-04 4.9842E-04 8.5980E−03 9.8933E−04 

Solution for the given problem has been calculated with the help of the proposed scheme and the result 

achieved have been compared with an exact solution available in Figure 2. Figure 2 is depicting the good 

agreement in the exact and approximated solutions. Further, 𝐿2 and 𝐿∞ has been calculated for different 

value of 𝑡 at the level of resolution J=3 and presented in Table 2 which clearly demonstrates the efficiency 

of the proposed scheme. The level of accuracy obtained is of order 10−5 for this problem at J=3 which can 

be further improved by increasing the level of resolution.Moreover, in table 5 error norms obtained with 

proposed are also compared with the method [9]  and it outperforms over method [9]. 
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fig 2a fig 2b 

fig 2c fig 2d 

Figure 2: Graphical representation of Exact solution ( fig.2a ), Approximate solution( fig.2b ), contour view 

of the approx. solution (fig.2c) and absolute error ( fig.2d ) in the solution at t=1, ∆𝒕 = 𝟎. 𝟎𝟏 , 𝜽 = 𝟎. 𝟓 of 

numerical Experiment no 2. 

6 Conclusion  

A new numerical method is developed and implemented on (2+1) dimensional partial differential equations. 

In the proposed hybrid method θ-weighted differencing scheme is used with the collocation method by 

considering the two-dimensional Haar scale 3 wavelets as the base function. The proposed method is tested 

on two nonlinear (2+1) dimensional partial differential equations i.e Sobolev and BBMB (Benjamin–Bona–

Mahony–Burgers) Equations and it is found that the scheme outperforms over the other method. 

Implementation of the proposed scheme is very easy on computer environment. Similar programming 

modules can be used to solve the different partial differential equations with little modifications.  
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