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Abstract 

We studied the linear stability analysis of two Newtonian and incompressible liquid layer flows down an 

inclined rigid surface in absence of surfactant but presence of shear stress at free surface. In this case, we find 

two modes (GL and LL) in which we are focusing our study on GL mode instabilities. When shear stress is 

imposed on GL interface then this mode remains stable for very small value of shear stress but becomes 

unstable at high value for long wave and finite wave limit. In methodology, we MATLAB code to generate 

initial guess values and finally C code is used to generate data in detail. 
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Introduction 

The problem of linear stability of two Newtonian and incompressible liquid layered configurations is widely 

studied due to its wide variety of applications in lubrications, heat transfer [1] and in coatings [2]. It also has the 

applications in biological [3, 4] flows like blood flows in arteries and veins. 

This research article is related to the effect of shear stress  on the GL mode instabilities of various type of 

interfacial flow configurations have been studied [5, 6, 7, 8, 9, 10]. The numbers of research paper have been 

published on interfacial flow on inclined and vertical rigid surfaces. Flow in microfluidic devices and lung 

airways [11] have also been studied. In lung airways, researcher found the effect of natural surfactant and liquid 

layer lining on the liquid flow. The application of lung-airways is in disease like asthma attack. Time of asthma 

attack can be delayed by using up to certain percentages by using inherently present surfactant on the lung 

airways. Pozrikidis et al [3] also studied the problem concerning the fluid flow on inclined solid surfaces in 

presence of insoluble surfactant and they found the effect of surfactant is stabilizing on the marangoni mode as 

well as on GL mode perturbations. Wei [12] studied the problem of single liquid layer flowing down an 

inclined rigid surface in presence of insoluble surfactant on GL interface and in presence of shear stress at GL 

interface as well. Our research problem based on basic above study with different configuration and effects. In 
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this article, we have shown the effect of angle on the growth rate of perturbations of surfactant and LL mode for 

various viscosity ratios. 

Problem Formulation 

We consider two Newtonian and incompressible liquid layers falling down a rigid surface. The viscosity of 

layer A and B is μa and μb and the density ρa and ρb respectively. The angle of inclination of rigid plane from 

horizontal is θ. The surfactant which is introduced at LL interface has a concentration Γ* (x, t) and surface 

tension is denoted by γ*. This flow is governed by the equation of continuity and equation of motions and one 

constitutive equation for monolayer of insoluble surfactant which is present at LL interface. 

 

We are not showing here boundary conditions in vector or tensor form and linearization of governing equations 

and boundary conditions. Actually, first we linearize the governing equations and boundary conditions by using 

Taylor expansion then neglecting the nonlinear terms from equations. After this, we derive the Orr-Sommerfeld 

4th order differential equation and solve by using matrix computation analytically and numerically. 

Result and Discussion 

In this research paper, we study the effect of imposed shear stress on the growth rate of gas-liquid. Here, we 

have verified and validated our code with Wei [12] and some other research paper as well. Results of this article 

are also matching with the analytical solution (not shown here) or long wave solution. Two liquid layers with 

different viscosities are flowing down an inclined surface in absence of interfacial insoluble surfactant and 

presence of shear stress on free surface. 
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Figure 1: Plotted between growth rate (y-axis) and wavenumber (x-axis) for various values of shear stress.  

Figure 1 shows the effect of imposed shear stress on the growth rate of GL mode instabilities for the data:  Re = 

0, H = 0, b = 0.5, 𝜇𝑟 = 2.5, Ma1 = Ma2 = 0, θ =  11.250. The growth rate of GL mode instabilities decreases at 

low value of imposed shear stress and when we increase the value of shear stress then it becomes unstable even 

in longwave range but becomes stable in high values of finite wave range. If we further increase the value of 

shear stress (T= 5) then GL mode becomes unstable in longwave limit and at a point in finite wave range it 

becomes stable for a short period of time and further becomes unstable then again stable for short wave limit. If 

system becomes unstable in any value of wavenumber then it does not show reliability to provide a stable 

configuration. Such type of system can be used for making system unstable at specified value of wave number. 

 

Conclusion 

We studied the effect of shear stress on the suppressing/enhancing the growth rate of free surface instabilities 

for two liquid layer configuration. Imposed shear stress shows the stabilizing effect in low wave range for very 

small value of shear stress but this mode becomes unstable when the value of shear stress increases but further 

becomes stable in finite wave range. 
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