© 2025 JETIR December 2025, Volume 12, Issue 12 www.jetir.org (ISSN-2349-5162)

JETIR.ORG
serie » JOURNAL OF EMERGING TECHNOLOGIES AND

AL 4
P,

INNOVATIVE RESEARCH (JETIR)

An International Scholarly Open Access, Peer-reviewed, Refereed Journal

Paired and Inverse Paired Domination Number of
Wheel Related Graphs

Parashree Pandya*, Nirav B. Vyas'
*TAtmiya University, India

Abstract: The set of edges with no common end vertex is called a matching. A matching is perfect if every vertex of the graph is
incident to an edge of the matching. The subset of vertex set of a graph is a paired dominating set if it is dominating and s ubgraph
induced by the set contains a perfect matching. The paired domination number Koz is the cardinality of a minimum paired dominating
set for a graph. And the set with minimum cardinality is known as minimum paired dominating set. Let a subset D of the vertex set
V(G) be the minimum paired dominating set for the graph G. If the set V(G) — D contains a paired dominating set D’ of the graph G,
then D' is aninverse paired dominating set with respectto D. The inverse paired domination number y;rl (G) is the minimum cardinality

of an inverse paired dominating set. The present paper is aimed to report some results and investigations in the context of inverse paired
dominating sets in wheel related graphs.
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I. Introduction

In the paper, we begin with simple, finite, connected and undirected graph G = (V(G), E (G)) with vertex set V (G) and edge set E(G).
The concept of dominating set is well studied by Berge [1] in 1958 and Ore [10] in 1962. A systematic survey on dominating sets and
related concepts can be found in Haynes et al. [3]. The discussion on some advanced topics on the theory of domination is carried out
by the same authors in [4].

The concept of inverse domination was introduced by Kulli and Sigarkanti [8] while in[9] Kulli and Nandargi have explored the concept
of inverse domination and introduced some different parameters of inverse dominating sets such as inverse independent dominating set,
inverse paired dominating set and inverse induced paired dominating set. For any undefined termin graph theory we refer to Clark and
Holtan [2].

Paired domination number for k" power of path and cycle have been investigated by Isaac and Pandya in [5] and also studied paired
domination of degree splitting graph of path and cycle. Further paired domination number of some path and cycle related graphs are
investigated in [6] by the same authors.

For the definition of wheel and related graphs, we have referred a paper by C. Kaithavalappil etal. [7] and a paper by Vaidya and Pandit
[12].

Background

Definition 1.1. The set of edges with no common end vertex is called a matching. A matching is perfect if every vertex of the graph is
incident to some edge of the matching.

Definition 1.2. The subset D of a vertex set V(G) of a graph G is a paired dominating set if it is a dominating set and subgraph induced
by it contains a perfect matching. The paired domination number Yor is the minimum cardinality of a paired dominating set D for a

graph G and D is known as minimum paired dominating set.

Definition 1.3. Let D be the minimum paired dominating set for a graph G. If V(G) — D contains a paired dominating set D' of G, then
D' is called an inverse paired dominating set with respect to D. The inverse paired domination number, denoted by y;rl (G) of G, isthe

minimum cardinality of an inverse paired dominating set of G.

Definition 1.4. A wheel graph, denoted by W,,, is the graph obtained by joining all the vertices of a cycle C,, to a common vertex known
as the apex vertex. The vertices of cycle C,, is known as rim vertices. It is also defined as W, = C,, + K;.
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Definition 1.5. A double wheel graph, denoted by DWW, is the graph obtained by joining two disjoint cycles to an external vertex. It is
also defined as DW,, = 2C,, + K.

Definition 1.6. A gear graph, denoted by G, is the graph obtained from wheel graph by adding vertex between two adjacent rim
vertices.

Definition 1.7. A helm graph, denoted by H,,, is the graph obtained from wheel graph by attaching pendant vertex to every rim vertex.

Definition 1.8. A closed helm graph, denoted by CH,,, is the graph obtained from helm graph by joining pendant vertex u; to u;,, to
form an outer cycle.

Definition 1.9. Aflower graph, denoted by E,, is the graph obtained from helm graph by joining each pendant vertex to the apex vertex.

Definition 1.10. Asunflower graph, denoted by S,,, is the graph obtained from wheel graph by adding the vertex u; with respect to each
rim vertex v; and join them with v; and v;,, while joining u,, with v,, and v,.

Definition 1.11. A closed sunflower graph, denoted by CS,,, is the graph obtained from sunflower graph by joining u; to u;,; and u,
to u, to form an outer cycle.

Definition 1.12. A blossom graph, denoted by Bl,,, is the graph obtained from closed sunflower graph by joining each u; to the apex
vertex.

The inverse paired domination number of cycle, wheel and complete bipartite graphs have been investigated by Vaidya and Pandya in
[7]. They also investigated inverse paired domination number of k** power of path and cycle and total graphs of path and cycle.

We state the following existing results for our ready reference.

Observations [3], [5], [11]

1 V() = 2[51
2. ypr(Wn) = 2.
3 Vo (T(C)) = 2[3].
4, yz_wl (¢, = g where n = 0(mod 4).
5. Vol W) = 2[7].
6. Vor (M) = 2[].
1. Main Results

Theorem 2.1 The paired domination number ypr(DWn) = 2.

Proof: Consider the double wheel graph with disjoint cycles as C,,. Clearly the apex vertex is adjacent to every vertex. Therefore, it
dominates whole vertex set. To dominate pairwise, consider any vertex v; from any cycle and along with apex vertex, it forms a
minimum paired dominating set. Hence, ypr(D W,) = 2.

Illustration: Consider the double wheel graph DWj. As shown in Figure 1, the set of solid vertices represents the paired domination
set and hence )/pr(DWS) =2.

Figure 1 Paired domination set in DWy

Theorem 2.2 For n > 2, the inverse paired domination number y;rl(DWn) = 4[2].
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Proof: Consider the double wheel graph with disjoint cycles as C,,. Let w be the apex vertex, v; be the vertices of first cycle and w; be
the vertices of second cycle. Consider {w, v, }as the minimum paired dominatingset. As n > 2, consider the set which dominates cycle

individually pairwise. Hence by known result, the inverse paired domination number y;ﬁ(DWn) = 2[2] + 2[2] = 4[2].

lllustration: Consider the double wheel graph DWjg. As shown in Figure 2, the set of solid vertices represents the inverse paired
domination set and hence y;rl(Dwg) = 8.

Figure 2 Inverse paired domination in DWg
Theorem 2.3: The paired domination number ypr(Gn) =2 [2].

Proof: From the definition of gear graph, it formed by adding vertex between two rimvertices of wheel graph. Therefore, the rim vertices
along with newly added vertices forms a cycle with 2n vertices. Hence, ypr(Gn) =2 [24—"] =2 [2].

Observation: For odd n, the paired domination number for the graph G,, will be "TH which is more than the number of remaining
vertices and hence we cannot find an inverse paired dominating set.

Illustration: Consider the gear graph Ge. As shown in Figure 3, the set of solid vertices represents the paired domination set and hence
Vpr(Ge) = 6.
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Figure 3 Paired domination set in Gg

Theorem 2.4: For even n, the inverse paired domination number ]/;rl(Gn) =n.

Proof: Consider even n. By the construction of gear graph, it forms a cycle of length 2n with alternate vertices adjacent to the apex

vertex. As n is even, 2n is a multiple of 4. And we know y;rl cy = g where n = 0(mmod 4), the inverse paired domination of gear

graph, ¥;1(G) = 2 = n.

Illustration: Consider the gear graph G¢. As shown in Figure 4, the set of solid vertices represents the inverse paired domination set
and hence y;rl (Gg) = 6.

Figure 4 Inverse paired domination set in G

Theorem 2.5 The paired domination number ypr(Hn) = {n,niseven.n + 1,n is odd.

Proof: From the definition of helmgraph, it formed by adding pendent vertex to each rimvertices of wheel graph W;,. Consider V (H,,) =
(W, V1,05, V3, , Uy, Ug, Uy, U, -+, Uy, } Where w is the apex verteX, v;’s are rim vertices and u;'s are pendant vertices. If n is even, the
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set of vertices {v,,v,,vs, -, v,} forms a minimum pair wise dominating set while for odd n, the set of vertices {w,v,,v,, v3, -+, v, }
forms a minimum pair wise dominating set.

Hence, ]/pr(Hn) = {n,niseven.n + 1,nis odd.

Illustration: Consider the helm graph H,;,. As shown in Figure 5, the set of solid vertices represents the paired domination set and
hence Ypr(Hm) =10.
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Figure 5 Paired dominaﬁon set in Hqg

Observation: The helm graph contains pendant vertices hence inverse paired domination number is not possible.
Theorem 2.6 The paired domination number y,, (CH,) = 2 ([%] + 1).

Proof: From the definition of closed helm graph, it formed by joining all pendent vertex of helm graph to form an outer cycle. Consider
V(CH,) = {w, v1,V,,V3, **, Uy, Uy, Uy, Us, -+, Uy } Where w is the apex vertex, v;'s are rim vertices and u;'s are vertices joined to all
rimvertices. Consider the set {w, v,}. It pairwise dominates all rim vertices and an apex vertex. To dominate the remaining vertices in

outer cycle, consider it as a cycle having n vertices. Thus, we need 2[”7_1] vertices. And hence ypr(CHn) =2 ([n%l] + 1).

Illustration: Consider the closed helm graph CH,,. As shown in Figure 6, the set of solid vertices represents the paired domination set
and hence ]/pr(CHlo) = 8.

Uy s

Figure 6 Paired domination in CHy,

Theorem 2.7 The inverse paired domination number )/;rl(CHn) = {n,nis even.n+ 1,nis odd.

Proof: Consider V(H,) = {w, vy, v,,V3,**, Up, Uy, Uy, Uz, -+, U } Where w is the apex vertex, v;'s are rim vertices and u;s are pendant
vertices. Consider D be the minimum paired dominating set for closed helm graph as mentioned in previous theorem.

If n is even, consider D’ = {u,, v,, V3, vy, -, 1, }. Clearly, D' € V — D and D’ is a pair wise dominating set for the graph CH,,. Thus,
D' is an inverse paired dominating set and it is minimum as by removal of any pair of vertices, it will not be a paired dominating set.

If n is odd, consider D' = {u,,u,, v,,v3,V4,-, v, }. Clearly, D' € V — D and D' is a pair wise dominating set for the graph CH,,. Thus,
D' is an inverse paired dominating set and it is minimum as by removal of any pair of vertices, it will not be a paired dominating set.

Hence from both the cases, y;: (CH,) = {n,niseven.n+ 1,nis odd.

llustration: Consider the closed helm graph CH,,. As shown in Figure 7, the set of solid vertices represents the inverse paired
domination set and hence y;rl(CHlo) = 10.
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Figure 7 Inverse paired dominationin CH,,,

Theorem 2.8 The paired domination number ypr(Fn) = 2.

Proof: Consider V(F,) = {w,v1,v,,V3,, Uy, Uy, Uy, Us, -+, Uy } Where w is the apex vertex, v;'s are rim vertices and u;/s are vertices
joined with rim vertices and adjacent to the apex. Clearly, by the definition of flower graph, the apex vertex dominates every vertex of
the graph. Therefore, to dominate it pairwise, consider any other rim vertex along with the apex and set so form dominate the graph
pairwise. Hence, y;rl(Fn) = 2.

llustration: Consider the flower graph F;,. As shown in Figure 8, the set of solid vertices represents the paired domination set and
hence )/pr(Fw) =2.

Figure 8 Palred domlnatlon setin Fyq

Theorem 2.9 The inverse paired domination number )/;rl(Fn) = {n,nis even.n+ 1,nis odd.

Proof: Consider V(F,) = {w,v1,v,, V3, Uy, Uy, Uy, Us, -+, Uy } Where w is the apex vertex, v;s are rim vertices and u;s are vertices
joined with rim vertices and adjacent to the apex. Consider D = {w,u,}. It is a minimum paired dominating set for the graph E,.

If nis even, consider D' = {v;,v,,V3,Vy, -+, v, }. Clearly, D' € V — D and D' is a pair wise dominating set for the graph E,. Thus, D’
is an inverse paired dominating set and it is minimum as by removal of any pair of vertices, it will not be a paired dominati ng set.

If n is odd, consider D' = {uy,v4,V5,V3, V4, -+, v, }. Clearly, D’ ¢V — D and D' is a pair wise dominating set for the graph E,. Thus,
D' is an inverse paired dominating set and it is minimum as by removal of any pair of vertices, it will not be a paired dominati ng set.

Hence from both the cases, y;ﬁ (F) = {n,niseven.n+ 1,nis odd.

lllustration: Consider the flower graph F;,. As shown in Figure 9, the set of solid vertices represents the inverse paired domination set
and hence y;}(Fm) = 10.
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Figure 9 Inverse paired domination set in F;,
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Theorem 2.10 The paired domination number ypr(Sn) = 2[3].

Proof: Consider V(S,) = {w,vq,v,, V3, , U, Uy, Uy, Us, -+, U, } Where w is the apex vertex, v;s are rim vertices and u/s are vertices
joined with rim vertices to form a sunflower graph. Consider any two adjacent vertices v; and v;. Clearly, it dominates two adjacent rim
vertices and three u;s. Therefore, to dominate all vertices, we need to consider 2[2] vertices in a paired dominating set. Hence,

Vi (Sn) = 251

Illustration: Consider the sunflower graph S;,. As shown in Figure 10, the set of solid vertices represents the paired domination set
and hence Vpr(512) = 8.
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Figure 10 Paired domination set in S,

Observation: For sunflower graphs, we cannot find inverse paired dominating set.
Theorem 2.11 The paired domination number ypr(CSn) =2 ([%] + 1).

Proof: Consider V(CS,) = {w, vy, v, V3, -+, U, Uy, Uy, Uz, -+, U, } Where w is the apex vertex, v;s are rim vertices and u; s are vertices
adjacent to rim vertices and joined to form an outer cycle to form a closed sunflower graph. Consider the set {w, v;}. It pairwise
dominates all rim vertices, u,, u,, and an apex vertex. To dominate the remaining vertices in outer cycle, consider it as a cycle having n

vertices. Thus, we need 2["7_2] vertices. And hence y, (CS,) = 2 ([nT_Z] + 1).

Illustration: Consider the closed sunflower graph CS,,. As shownin Figure 11, the set of solid vertices represents the paired domination
set and hence ypr(CSn) = 8.

Figure 11 Paired domination set in CS;,
Theorem 2.12 The inverse paired domination number )/;T1 (€S, = 2[2]

Proof: Consider V(CS,) = {w, vy, V5,3, , Uy, Uy, Uy, Uz, -+, U, } Where w is the apex vertex, v;s are rim vertices and u; s are vertices
adjacent to rim vertices and joined to form an outer cycle to form a closed sunflower graph. By the construction of graph, the closed
sunflower graph is same as total graph of cycle T(C,) but without the apex vertex. As we consider apex vertex in a paired dominating
set of the graph, we cannot consider it in inverse paired dominating set and hence inverse paired dominating set of closed sunflower
graph is same as inverse paired dominating set of total graph of cycle.

Therefore, ¥51(CS,) = ¥pr (T(Ca)) = 2[51.

Illustration: Consider the closed sunflower graph CS;,. As shown in Figure 12, the set of solid vertices represents the inverse paired
domination set and hence y;rl (€S,,) =8.
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Figure 12 Inverse paired domination setin CS;,

Theorem 2.13 The paired domination number ypT(Bln) =2.

Proof: Consider V(Bl,) = {w, vy, v,,V3,*, U, Uy, Uy, Uz, -+, Uy, } Where w is the apex vertex, v;s are rim vertices and u;s are vertices
adjacent to rim vertices and joined to forman outer cycle as well as adjacent to the apex vertex to form a blossom graph. Co nsider the
set {w, v, }. It pairwise dominates all vertices. Therefore, it is a minimum paired dominating set and hence, ypr(Bln) =2

Illustration: Consider the blossom graph Bl;,. As shown in Figure 13, the set of solid vertices represents the paired domination set and
hence Y,,r(Blu) =2.

Figure 13 Paired domination set in Bl;,

Theorem 2.14 The inverse paired domination number y;ﬂl (Bl = 2[2]

Proof: Consider V(BL,) = {w,v1,v,,V3,+, Uy, Uy, Uy, Us, -+, Uy, } Where w is the apex vertex, v;'s are rim vertices and u; s are vertices
adjacent to rim vertices and joined to form an outer cycle as well as adjacent to the apex vertex to form a blossom graph. Consider
{w, v,} as minimum paired dominating set. Now to form an inverse paired dominating set, we can not consider the apex vertex.
Therefore, the set will be same as the set we have considered to dominate the sunflower graph. Hence, y;rl(Bln) =¥pr(SE) = 2[2].

Illustration: Consider the blossom graph Bl;,. As shown in Figure 14, the set of solid vertices represents the inverse paired domination
set and hence y;rl (Bly,) = 8.

Figure 14 Inverse paired domination in Bl;,
Future Trends

The concept of paired domination is very much useful to restore the communication network between two vertices(nodes) while the
concept of inverse paired domination helps in creation of backup plan which enhances security of a network. We have investigated the
exact values of paired and inverse paired domination number of some wheel related graphs. To investigate the bounds or exact values
of paired and inverse paired domination number for various graph families is an open area of research. One can investigate the family
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of graphs for which paired and inverse paired domination remains same.

Conclusion

In the present paper, we have investigated the exact paired as well as inverse paired domination number of some wheel related graphs.
Here we have included graphs like double wheel graph (DW,,), gear graph (G,,), helm graph (H,,), closed helm graph (CH,,), flower
graph (E,), sunflower graph (S,,), closed sunflower graph (CS,,) and blossom graph (BL,).
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