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Abstract:

Nonlinear physics, spanning wave dynamics, chaotic systems and integrable models, remains a dynamic and rapidly evolving
discipline. This review highlights recent theoretical, computational and applied advances in non-linear physics: quantum
geometry in condensed matter, nonlinear electrodynamics and photonic metasurfaces and notable developments in stochastic
nonlinear equations. Through these thematic lenses, we highlight emerging methods, phenomena, and theoretical frameworks that
reflect the dynamic evolution of nonlinear physics.
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I. INTRODUCTION

Nonlinear physics is one of the most dynamic areas of modern science, encompassing nonlinear wave dynamics, chaotic systems,
and integrable models. In nonlinear regimes, small perturbations can lead to complex emergent behaviour — solitons, turbulence,
and bifurcations — that are central to physical systems across scales.

In the past few years, nonlinear physics has evolved through close interaction between nonlinear dynamics, quantum materialsand
computational physics.This review focuses on three domains that capture the frontiers of nonlinear science.

1. Quantum geometry in condensed mattersystems, where geometric quantities such as Berry curvature and quantum
metrics determine nonlinear responses and topological effects.

2. Nonlinear electrodynamics and photonic metasurfaces, where engineered nonlinearities enable the manipulation of
electromagnetic waves and solitons.

3. Stochastic nonlinear equations, which incorporate randomness, noise, and fluctuations in nonlinear systems, thus
effecting soliton stability, bifurcation, and chaos.

By integrating these themes, we illustrate how theoretical innovation, computational advances, and experimental techniques are
reshaping nonlinear physics as an interdisciplinary field.

Quantum Geometry In Condensed Matter Systems

Quantum geometry describes the intrinsic geometric properties of quantum states. Two key geometrical quantities, the Berry
curvature and quantum metric tensor, play central roles in nonlinear transport, optical responses, and superconductivity.

Liu et al. (2025) demonstrated that quantum geometric tensors underpin nonlinear Hall effects and superconductivity in
topological materials. Likewise, Jiang et al. (2025) showed that nonlinear optical responses such as harmonic generation and shift
currents are strongly modulated by geometric dipoles in momentum space. These findings position quantum geometry as a
fundamental ingredient in next-generation quantum devices.

Quantum geometry not only governs transport but also impacts wave packet propagation, quantum chaos, and band-structure
topology, linking condensed matter theory to wave dynamics and soliton physics.
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Emerging Research Directions
e Geometric Tensors in nonlinear response theory:

Incorporating the Berry curvature and quantum metric into higher-order response frameworks allows prediction of new
nonlinear optical and transport effects, such as quantum-geometric photocurrents and nonlinear Hall phenomena.

e Tailored material design:
The ability to engineer materials with specific geometric properties (e.g., large Berry curvature dipoles) may enable
devices with tunable nonlinear responses, bridging condensed matter physics with optoelectronic applications.

e Wave dynamics in geometric bands:
Quantum geometry modifies wave packet trajectories, potentially giving rise to soliton-like modes in flat-band systems.
The exploration of integrability and chaos within such geometric manifolds represents a frontier for nonlinear quantum
dynamics.

I1. NONLINEAR ELECTRODYNAMICS AND PHOTONIC METASURFACES

Nonlinear Electrodynamics (NLED)

Nonlinear electrodynamics (NLED) generalizes Maxwell’s equations by introducing nonlinear relationships between the electric
and magnetic fields and their sources. Modern NLED theories have revived interest in such theories for both field-theoretic and
cosmological contexts.

For instance, Kruglov and Ovgun (2023) derived new families of NLED models that maintain finite self-energy for point charges
and avoid birefringence, ensuring physical consistency at high field strengths. Another study by Benaoum et al. (2024)
demonstrated that NLED effects can drive inflationary expansion in cosmology, linking nonlinear field theory with gravitational
dynamics.

These developments illustrate how nonlinear electrodynamics serves as both a theoretical testing ground for field theory and a
practical framework for high-field physics.

Photonic Metasurfaces and Nonlinear Wave Dynamics

Photonic metasurfaces — planar arrays of sub wavelength scatterers — have revolutionized optical control by enabling tailored
phase, amplitude, and polarization manipulation. When nonlinear materials are incorporated, these metasurfaces exhibit
phenomena such as harmonic generation, self-focusing, and soliton formation.

Kivshar (2018) introduced the concept of all-dielectric meta-optics, where Mie-resonant dielectric nanoparticles produce strong
local field enhancement without Ohmic losses. More recently, Fang et al. (2024) reviewed advances innonlinear metasurfaces for
imaging, quantum light generation, and frequency conversion, where soliton-like propagationandchaotic modulation are
observed.

Expanded Research Challenges and Opportunities

e Multiscale simulation of nonlinear fields:
Bridging atomic-level nonlinearity with macroscopic electromagnetic fields remains computationally challenging. New
hybrid solvers and machine-learning-assisted simulations are essential for predicting nonlinear metasurface responses
across scales.

e Soliton and chaos engineering:
Nonlinear metasurfaces can be designed to sustain stable optical solitons or exhibit controlled chaotic dynamics. This
could enable reconfigurable photonic systems for information processing and secure communication.

e Integration with guantum photonics:
Combining nonlinear metasurfaces with quantum emitters or entangled photon sources opens routes to on-chip quantum
nonlinear optics, potentially linking quantum geometry concepts with nonlinear field propagation.

I11. STOCHASTIC NONLINEAR EQUATIONS

Most real-world nonlinear systems are influenced by stochasticity — random fluctuations in parameters, external forces, or
boundary conditions. Such systems model realistic environments in optics, fluids, and quantum systems. The study of stochastic
nonlinear equations provides insight into how such noise modifies stability, bifurcation, and soliton dynamics.

Recent theoretical and computational work has focused on the stochastic nonlinear Schrddinger equation (SNLSE), stochastic
reaction—diffusion systems, andstochastic partial differential equations (SPDEs) with multiplicative or additive noise. These
models bridge deterministic chaos with probabilistic structure.
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Computational and Theoretical Perspectives
e Physics-informed neural networks (PINNS):

PINNs and radial basis neural networks have been adapted to solve stochastic nonlinear equations thus, greatly
improving computational efficiency (Liu et al., 2025).

e Stochastic soliton theory:

Analytical techniques such as the Hirota bilinear method and F-expansion have been extended to include noise terms,
revealing conditions under which solitons persist or decay in stochastic environments (Zhang et al., 2024).

e Bifurcation and chaos under noise:

Adding stochasticity to nonlinear systems can either suppress or induce chaos, depending on noise strength. Recent
models explore stochastic bifurcation diagrams and transitions between regular and chaotic states.

e Regularity and existence theory:

The survey by Pronk (2025) outlines maximal regularity results for SPDESs, establishing rigorous foundations for
modeling stochastic nonlinear waves and turbulence.

IV. CROSS-CUTTING THEMES AND FUTURE DIRECTIONS

Integrating Geometry, Nonlinearity, and Stochasticity
The themes of quantum geometry, nonlinear field dynamics, and stochastic behaviour are increasingly interconnected.

e Quantum geometry governs band topology and wavepacket motion, linking microscopic geometry to macroscopic
nonlinear transport.

¢ Nonlinear metasurfaces emulate integrable equations (e.g., nonlinear Schrédinger and Korteweg—de Vries equations) at
the nanoscale, providing experimental realizations of soliton dynamics.

e Stochastic nonlinear equations reveal how noise and fluctuations modify deterministic chaos, bridging statistical
mechanics with nonlinear wave theory.

Together, these developments reflect how nonlinear physics is not just theoretical abstraction—it underpins advances in
materials science, photonics, and fundamental field theory.

Future Outlook

A number of open questions define the future outlook for this field. One key challenge is determining how quantum geometry can
be engineered to produce desired nonlinear responses, an effort which would enable precise control of transport and optical
nonlinearities in quantum materials; this will likely require ab initio band-structure modeling combined with nonlinear response
calculations. Another important direction is exploring whether metasurfaces can implement analogs of integrable partial
differential equations—such as the nonlinear Schrédinger or KdV equations—thereby linking nonlinear optics and mathematical
physics. Progress in this area may come from fabricating nonlinear meta-atom lattices capable of supporting soliton-like modes. A
further question concerns how stochastic forcing influences soliton stability and the onset of chaos — an issue essential for
understanding realistic, noise-driven systems, and can be pursued by integrating stochastic perturbation theory with high-
performance simulations. Finally, assessing whether neural operators can accurately model stochastic nonlinear PDEs is crucial
for tackling high-dimensional systems, motivating the development of physics-informed neural operators.

V. CONCLUSION

Nonlinear physics continues to unify multiple frontiers—from quantum geometry to meta-optical structures and
stochasticprocesses. The past few years have seen remarkable progress in understanding how geometric structures govern
nonlinear responses in materials, how engineered photonic systems realize nonlinear field theories, and how stochastic effects
influence soliton and chaotic dynamics.

The unification of theoretical frameworks, data-drivencomputation and experimental validation will define the next phase of
nonlinear research. By bridging geometry, nonlinearity, and stochasticity, future studies will uncover deeper universal principles
underlying complexity in physical systems.
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